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PREFACE 


Books in the field of wing and airfoil theory have been written either 
at a very elementary level for the college junior or at a high level for 
the advanced student. Few, if any, papers have been presented at a 
level directly suitable for the college senior or first-year graduate stu¬ 
dent. Noting this situation in 1941, the author started a course at the 
between^' level, which has finally emerged as this textbook after some 
delay because of wartime exigencies. The material has been used in 
mimeograph form at the Georgia Institute of Technology in a one-year 
course. 

It was impossible to avoid limited use of some mathematical tools not 
customarily found at undergraduate levels, and hence two chapters (the 
first two) have been provided to afford the student a very light covering 
of vector analysis and complex variables. The more advanced students 
may start with Chapter 3. 

While this book is an integrated ^^hole and represents \\hat the author 
feels is needed in a low-level course on ving and airfoil theory, the general 
aerodynamicist may prefer to omit Chapter 7 (Thin-airfoil Theory) and 
Chapter 8 (Arbitrary Airfoil Theory) in favor of more attention to the 
flow field for the entire airplane (Chapters 9 through 13). The omission 
of these two chapters vill in no way interfere with a clear understanding 
of the remainder of the book. 

For the instructor\s information, this book has been used in two forms: 
(1) Followed straight through, three hours a week for a school year, 
with all equations derived b}^ the students, all problems worked, and a 
maximum of use made of the references. (2) As a considerably shorter 
course in vhich Chapter 1 (Vector Analysis) vas omitted, along with 
all references to vectors in the text and parallel reading. In this case 
more attention is given to the use of the relations, and less to their deriva¬ 
tion. It is hoped that the book will therefore be useful at two levels. 

So much of the spadework in this textbook vas completed by all the 
graduate students vith whom I have had the pleasure of working that I 
hesitate to single out any for special thanks. Considering the risk, how¬ 
ever, I feel it necessary to mention four: A. L. Ducoffe, Melvin Towsley, 
H. E. Wilson, and J. K. Cumberpatch. To them, and to the other 
graduate and undergraduate students vho have labored \\ith this manu¬ 
script in mimeograph form, go my heartfelt thanks. 

vu 
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PREFACE 


In addition I wish to thank Dr. M. J. Thompson of the University of 
Texas for permission to draw upon his lecture notes in part of Chapter 7. 
Any errors in this book are, of course, my responsibility. 

Alan Pope 

Atlanta, Ga. 

February, 1951 
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CHAPTER 1 

VECTOR ANALYSIS 


1.1. Vectors. On numerous occasions in aerodynamic theory, the 
use of vectors and vector notation greatly reduces the mathematical 
steps reciuired by ordinary means. Actually this text does not lean 
heavily upon vector notation, but in order that the student may read 
additional works in this field it is quite necessary to have a good grasp 
of vector fundamentals. 

A quantity may be vector or scalar. Scalar 
(juantities have magnitude only, as, for 
c'xarnple, tempcratt/ir, density^ or prcssiirc. 

We shall indicate scalars In^ simple, unadorned 
letters such as A. Vector quantities have 
direction as well as magnitude: examples 
are forces^ vclociticSy acceleration, and weight. 

Vectors are indicated by boldface type or by a bar A or a wiggle A. 

A vector may be considered as a whole A or as a scalar quantity A 
with a direction indicated by a unit vector ai, as 

A = a,.t (1.1) 

and although Oi is a vector, it has no identifying mark and must be 
recognized l)y its place in an eciuation. 

1.2. Components of a Vector. The components of a vector A making 
angles a, p, and y with the .r, y, and z axes are, respectively, A cos a, 
A cos 13, and A cos y. Letting directions along the x, y, and z axes be 
indicated by unit veciors i, j, and k, we have 

A = /.I cos o: f . 7.1 cos /? + kA cos y 
or, introducing anotluM’ typo of nomenclature, 

A = lAj, 1 jAy A' kAg (1-2) 

From Fig. 1.2 we see that 

|A| = IVJ7+M/ + 

1 


■/ 



(1.3) 
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1.3. Addition of Vectors. From Fig. 1.3 we see that 

A + B = i{A. + Bx) + j{Ay + By) + k{A, + B.) (1.4) 



Example 1.1. Find the resultant and the length of the resultant of 

Pi + Ps + Ps 

Pi = 3f +j -k 
Pj = 4i + 2] + 31; 

Ps = 3i — 2j "h 4k 

R = (3 + 4 + 3)i + (1 + 2 — 2)j + ( —1 + 3 + 4)1; = lOi + j + 61: 

1R| = VW7 

1.4. Subtraction of Vectors. It also follows from Fig. 1.3 that 

A - B = i(A, - B,) + jiAy - By) + HA. - B.) (1.5) 


or 


A - B = A + (-B) 


(1.6) 
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1.6. Vector Cross Product. The cross product 
defined by 


A X B = c AB sin 6 


of two vectors is 
(1.7) 


where e is a unit vector whose direction is perpendicular to the plane of 
A and B in the right-hand screw direction of A rotated toward B and 
6 is the angle between A and B. 

Since sin 0° = 0, 


ixi=jxj = kxk=‘0 

Also, since sin 90° = 1.0, 

i xj = k; j xk = i; kxi 
Let 

P = + jPy + kP^ 

and 


= 3 


Q == iQx + jQy + kQ, 

Then the cross product P x Q from Eqs. (1.2), (1.7), and (1.9) is 

P X Q = (zPx + jPy + kP^) X (iQx + jQv + kQ,) 

= i(PyQ. - P.Qy) + 3(P.Q. - pm + kiPJQy - PyQ,) 


( 1 . 8 ) 


(1.9) 


( 1 . 10 ) 


Consider the determinant 


D = 


\Qx Qy 

Expanding D in the usual manner, we get 


( 1 . 11 ) 


D = i(PyQ, - P,Qy) -h j(PJ3x - PxQ.) + k{PjQy - PyQ,) (1.12) 


Since Eqs. (1.10) and (1.12) are identical, we conclude that the cross 
product may be directly represented by a determinant as 


PxQ 


i j k 
Px Py P. 
Qx Qy Q, 


(1.13) 


It is well to emphasize that the cross product of two vectors is a 
vector itself, (Later we shall introduce a vector product that is a 
scalar.) 
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It follows from the above tliat 

A X B = —B X A (1.14) 

Example 1.2. Find A X B if A = — 4/r and B = (if — 2j + Hk, 

i j I' 

AxB = 3 2 -4 

6 -2 +8 

= i‘(16 - 8) + i(-24 - 24) + A-(-() - 12) 

= Si - 4Sj - 18A; 

1.6. Cross-product Significance 

1. If 

AxB=0 (1.15) 

A and B are parallel. 

2 . 

(P + Q)xR = PxR + OxR (1.1b) 


The validity of Kq. (1.16) may be checked by writing P + Q as 
i(Px + Qx), etc., and crossing it into R = iRx + f^'Rz tmd com¬ 

paring the result obtained with the expansions of P x R + Q x R. 



Iio. 1.4. In.. 1.5. 


3. Cross prodvet as an area. By definition, 

A X B = eAB sin 6 


and 


B sin d = altitude of shaded parallelogram (Fig. 1.4) 
|A X B| = area of shaded parallelogram 
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4 Cross 'product for rotation Let a particle rotate (see Fig 1.5) with 
an angular velocity co in a circle of radius r sin B Its linear velocity 

U = €wr sin ^ = <»> X r (117) 


5 Cross products for covples The moment about 0 is (Fig ! 

If,) 

M = R 2 Mn $2 F — sin Bi F 

M = (R2-R,)xF 

/ o/ A / 

— 

But from Fig 1 (i 

/ 0^ 


1 

II 

/ / 

R 

Hence 

/ / 


M = R X F (1 18) 

/ ' ^ 


It may be noted that the disappear¬ 

/ A 


ance of the position vectors Ri and / 

/ / 


R 2 substantiates the well-known 

y / 


principle that the moment cjf a couple 

/ 


IS the same about any point / 

1.7. Dot, or Scalar, Product. The 
doty or scalar, product of two \(‘ctors 1/ 

IS defined by the relation W 

'/ 


A-B = ABco^B (1 19) ^ 

rio 16 



where 6 — angle between A and B. 

W( se(* iininefliately that if A • B = 0 A and B are perpendicular 
B (OS 0 IS called the (omporietd of B along A, and the dot product can 

hence lepiesent the work done by 
B along A. 

Since the dot product results in 
a scalai 




A-B = B-A 


(1 20 ) 


w. and 


1 lo 1 7 

Example 1.3. Show that 

A-B = A.B, -h AyBy + A,B, 

A = i4x jAy + kAg 


i‘>=j-l = k'k = l (1 21) 
i-l=j‘k=k'i = 0 (1 22) 


Wilting 

and 


B = tB, + jRy + kB. 

and applying Eqs (1 21) and (1 22) as vie take the dot product, we have 
A* B = AfBj d" AijBy d* A^Bx 


(1 23) 
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1.8. Division of Vectors. From Fig. 1.8 

A-B = AC 

If we could directly divide a vector equality, we could cancel out A, 
leaving 

B = C 

an obviously erroneous conclusion. We shall therefore not include vector 
division. 

1.9. Triple Product, A • B x C. Recalling that the dot product A • B 
yields a scalar and the cross product B x C yields a vector, we conclude 
that to form a triple product A • B x C we must first take the cross 



Km. l.S. lui. 1.0. 

product as we could not take tlie cross product between a scalar and a 
vector. That is, 

A-BxC = A-(BxC) (1.24) 

Consider the parallelepiped in Fig. 1.9. It is seen that B x C = h, 
the area of the base; and h-A = A*BxCis the volume of the parallele¬ 
piped since A cos d is its altitude. 

We further note that A • B x C is a scalar. From Fig. 1.9 

A-BxC = C-AxB = B-CxA (1.25) 

Other than cyclic permutation changes the sign. If A, B, and C lie 
in a plane, the volume of the parallelepiped is zero and A • B x C = 0. 

The actual evaluation of the triple product can be made through the 
use of a simple determinant as follows: From Eq. (1.13) 

i 3 k 

B X C = Bx By Bt = i{ByCz — BtCy) • • • 

Cx Cy a 
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Then 


A • B X C = + M, + kA.) • [KByC, - B.Cy) + • 

** AxByCg AgBgCy • • • 


Expanding 


and hence 


Ax Ay A, 
Bx By Bg 
Cx Cy C, 


= AxByCg - AxBgCy 


ABxC = 


Ax Ay A, 
Bx By Bg\ 
Cx Cy C, 


(1.26) 


1.10. Triple Vector Product, A x (B x C). "i'he triple vector product 


A X (B X C) = B(A • C) - C(A • B) (1.27) 


where the operations in the parentheses are t o be performed first. Proof 
of Eq. (1.27) is left to the student. 

1.11. Direction Cosines. The direction cosines are the cosines of the 
angles between a given vector and the three a.\es. They are designated 
I, m, and n for the x, y, and z axes, respectively. 

For the vector 


I = 


R = iRx “b jli'/ “t' kRz 

R. Ry 

IR]’ ■ iRl’ 


Rz 

|R| 


(1.28) 

(1.29) 


Example 1.4. Find the direction cosines of the vector A = 3t — 4j + 2A:. 

lAl = W^+ (-4)“= 5.38 
i = ^ = 0.558; a = 56.2“ 

m = ^ = -0.743; /3 = 138.0“ 

2 

n = ^ = 0.372; y = 68.2° 


1.12. Angle between Vectors. The definition of the dot product 
leads directly to the angle between two vectors, as follows: From Eq. 
(1.19) 

A-B = ABcos^ ( 1 . 30 ) 

and hence 


cos 6 = 


AgBx 4 “ AyBy + AgBg 

mB\ 


(1.31) 
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Example 1.6. Find the angle between vector A = 2i + i — 3A; and vector 
B = —Zi — y + A;. 

A • B = + AyBy + A,B, = -6 - 1 - 3 = -10 

|A| = |V 2^ + P + (-3)^1 = |\/141 
|B| = |\/(-3)* + (-1)* + 11 = IvTTl 

cos e = = -0.806, d = 143‘’42' 

v/l54 


1.13. Vector Derivatives. The derivatives of vectors follow quite 
directly. Let 

r = i.v + jy + kz 

Then 


dr = i dx + j dy -t k dz (1.32) 

and 


* 

dl 




dt 


di 


dt 


1.14. Derivative of the Cross Product. The derivative of the cross 
product 

W rA V //R ./A 

(1.33) 


djk x B) ^ 

dt dt'^dt 


is developed as follows: From Kq. (1.10) 

A X B = iAyB^ - iAJiy 

and hence 


d(AxB) . . dBz dAy dBy dAz 


Consider 


and 


A X — = 1*4 — 1*4 

(it " di dt 


^ X B = iB, - iBy 
dt dt ^ dt 


(1.30) 

(1.3()) 


It will be seen that Eq. (1.35) plus Kq. (1.3()) eciuals E(i. (1.34), thus 
verifying Eq. (1.33). 

1.16. Derivative of the Dot Product. Tn a manner similar to that of 
Sect. 1.14, the following equation may be developed: 


. (it dt ^ dt ^ 


(1.37) 


Proof of Eq. (1.37) is left to the student. 

1.16. Fields. If each point of a region has a value of some quantity, 
the region is called a field. If the quantity is scalar (for example, tern- 



VECTOR ANALYSIS 


9 


perature), the field is scalar; if the quantity has direction (velocity, force, 
etc.), the field is a vector field. 

If / is a scalar having a value P(x, y, z) at each point, and r is the 
vector to that point from the origin, then / is a function of r in that for 
each value of r = ix + jy + kz there corresponds a point P and a par¬ 
ticular value for /. It can be seen that the use of the position vector r 
enables scalar problems to be reduced to vector notation. 

If / is a vector, then / is a vector function of r in the same manner. 

1.17. The Gradient del. Suppose a function 

<t> = Vy Z) 

has a position vector 

r = ix + jy + kz 
Then the total derivative of 0 


1. ^4> j I 1 I j 


may be written as 


d<l> 


‘3-+4*+‘'x 

dx dy dz 




dx + j dy + k dz) 


and the quantity in tlu' first parentheses is called the gradient of 

<^ (= del <l> = V<t>) 

Quantities which act upon others are called operators, and the operator 
del is hence 


• 20 ® 


10 ® 


.30* 


-J 

20 ® 


By definition it operates only on if 
quantities on its right. Equation 
(1.38) shows that is a vector 

that has in each direction a com¬ 
ponent equal to the derivative in 
t hat direct ion. 11 is shown in more 
advanced texts tha t itself ))oints 

in the direction of the maximum 
rate of change of <j>. and its magnitude is that of tlie maximum rate of 
change . 

For example, consider a field in wliich the temperature varies as in 
Fig. 1.10. The change along .r is 5° per foot and along y is 10° per foot. 


2 

Feet 
Fio. 1.10. 


Hence 


dx 


5, and — = 10. The gradient of 7", VT = bi + lOj, 
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1.18. Applications of the Gradient. By dehiution, V is both an 
operator and a vector; and also by definition it operates only on quanti¬ 
ties on its right. For example, 


V4> 


. dij> 



+ k 


dz 


(1.39) 


Del ^ is a vector, although is a scalar. We may take V • V or V x V, 
but, for example, V • V does not equal V • V as V operates only on terms 
on its right side. 

Example 1.6. Show that V X r = 0. 

i j k 

_ ± ± ± 

^ ^ dx dy dz 

X y z 

which holds as long as x, 2 /, z are independent variables. 

Additional applications of del will be considered in Sect. 1.20. 

1.19. Successive Applications of the Gradient; the Laplacian. At a 
later time it will be advantageous to use successive applications of the 
gradient such as V • V</». This term may be expanded as follows: 




V • V</) 


Defining 




dy dz 


) 


d^ d^ ^ 

dx^ dy‘‘ dz'^ 


V2 = V . V 


d^ ^ 
dx^ dy^ dz^ 


we call the Laplacian. Note that V is a vector operator, while V- is 
a scalar operator. 

1.20. Important Exercises. Students should demonstrate the validity 
of the following: 


1. V . (V, + V*) = V . Vi + V . V 2 

2. V X (Vi + V 2 ) = V X V, + V X V 2 

3. V • <#.U = (^V • U -t- U • V<f. 

4. V X 4.U = 4 .V X U + V0 X U 

5. V-UxV = V-V.xU-U-VxV 

6 . V X U X V = V • VU - U • VV -h U (V • V) - V (V • U) 

7. V X V<t> = 0 

8 . V • V X U = 0 

9. V X V X V = V (V . U) - 
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10. V • r » 3 

11. Vxr = 0 

PROBLEMS 

1.1. Find the sum of vectors A, B, and C if 

A = 3i - 4j + 3A; 

B = 2i + 4j - 6k 
C = -2i + 3j - 2k 

1.2. Find the resultant A — B if 

A = 6i + 2k and B = 2z — Sj + 4fc 

1.8. Find A X B if 

A = —2i — 3j + 4i 
B = 3t + 4j - 4k 

1.4. Find A - B if 

A = -2i - 3; + 4ik 
B = 3t + 4j — 4k 

1.6. Discuss vectors M and N if 

M = 2i + 3; - 4k 
N = 7i + 10.5; - 14A; 

1.6. Find the angle between A and B if 

A = -2i - 3; + 4/b 
B = 3t + 4j - 4k 

1.7. Find the angles A = 3i + 2j — 4k makes with the three axes. 

1.8. Find the angle l^etween the vectors P and Q if 

P = 2i + 3/ - 4A- 
Q = 3i — 2j + ()/; 

1.9. Find the vector A x B if 

A = 2i + 4j - Sk 
B = Ot — 4j + k 

1.10. Find P • Q for the vectors of Prob. l.S, 

1.11. Find B X A for the ve(‘tors of Prol). 1.9. 

1.12. Write out V(V • A) 

1.13. Show that, iff = ir + ;// + A'z, V • r =*=3. 

1.14. Find the angle P = 2i + 3; — 2k makes with the x axis. 

REFERENCES 

1.1. H. B. Phillips, ‘'Vector Analysis,"' John Wiley & Sons, Inc., New’ York, 
1933. 



CHAPTER 2 

COMPLEX VARIABLES AND FOURIER SERIES 


2.1. Complex Variables. It is possible to write a vector that exists 
only in the xy plane as 

= .T + iy (2.1) 

where z is called a complex variable, lender those conditions a; is a ^^real'’ 
quantity, iy an ‘‘imaginary’* quantity,* and i = \/— 1 . (This i has 

absolutely no connection with the 
unit vector i used in vector notation 
to indicate direction along the x 
axis.) The physical significance of 
Eq. ( 2 . 1 ) is shovm in Fig. 2.1, where 
it may be seen that z is the vector 
from the origin to a point P and the 
real and imaginary quantities plot 
along the abscissa and ordinate, 
respectively. 

If we define the length of z as r, and the angle z makes with the positive 
X axis as then 

z = r cos 6 + ir sin 6 

= r (cos 6 i sin 6) ( 2 . 2 ) 

Through the use of the calculus we may n'place th(‘, ciuantity in the 
parentheses by a shorter term. For instance, let 

7?7 = cos 6 + i sin 6 

Then, differentiating, 



or 


din 

le 


— sin 6 + i cos 6 — 2 (cos d i sin d) 


dm 

m 


ide 


Integrating and noting tliat the constant of integration is zero, we get 

m — e'^ = cos 6 -{■ i sin B ( 2 . 8 '* 

* It is regret talkie that this partieular term was seleeted, sineo imaginary cpiantities 
are no more unreal than any otluTS. 
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80 that Eq. (2.2) may evidently be written 

z = > ( 2 , 4 ) 

The term r is called the modulus of 2 ; (— mod z) and 9 the argument of 
z (= BXgz). 

The use of complex variables enhances the possibility of mathematical 
manipulation since the rules of algebra are readily applicable. Thus if 
Z\ = and Z 2 == 

2,22 = (2.5) 

?i = !i ^*(91-02) 

Z 2 r2 

The logarithm of a complex variable comes directly from Kq. (2.4) as 
In z = In re'^ = In r + iB 
The conjugate of c, written 2 , is defined as 

z = X — iy 

It has the same absolute value as 2 , From the a}>ove, 

22 = X- + y- 

z - z = 2iy (2.6) 

2 + 2 = 2a' 

hajuation (2.5) above leads to the connection between i and the vertical 
axis. When 6 = w/2, c‘® = cos 6 + i sin 0 = i. Since multiplying a 
V(‘clor by rotates it through B° to the left, it is seen that multiplying 
a vector by z (= when 6 = 7r/2) rotates it 90° to the left. Thus 
2 = X + i?/ IS an orthogonal representation. It may also be shown that 
multiplying a vector (or complex variable) by f- (= —1) rotates it 180° 
to the left. 

2.2. Properties of Complex Variables. Since w e have put 2 = x + ty, 
consider a function 

w = f{z) 

Note that, if x or ?/ changes, 2 will change and also w. But the con¬ 
verse is not exactly true; a change in w requires a change in 2 , but not 
necessarily a change in x and y. It may be inferred that the partial 
derivatives denoting change produced by varying one variable only will 
be of importance. 

Let us assign some value to w in terms of 2 , say 

w — z^ 


(2.7) 
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Then 

w — (x + iyY — + 2ixy — y^ 

We see that there is a real and an imaginary part, and it develops that 
the two always appear together. Let us call the real part ^ and the 
imaginary part Then 

V) ^ iyp ( 2 . 8 ) 

Interesting meanings will be attached to the terms of Eq. (2.8) later on. 
2«3. Properties of <l> and From the relation 


we have 


z = X + iy 

dz . dx ^ 

^ ^ dz ~ 

dy ^ dz 


(2.9) 


Now, if a quantity is a function of one variable, the partial derivative 
with respect to that variable is the same as the total derivative. Hence, 


as w varies 

with 2, 





dw 

dw dw dx 


(2.10) 


dz 

dz dx dz 

or 

dw 

_ dw _ dw dy _ 




dz 

dz dy dz 




II 

1 

+ 

l-^ 


(2.11) 

or, shorter. 


dw dw 

_ dw 

(2.12) 



dz dz 

dx 

and 


dw dw 

_ 1 dw 

(2.13) 



dz dz 

~ i dy 


It is perhaps in order to make a few comments on Eqs. (2.10) through 
(2.13) in order to explain a seemingly paradoxical situation. To begin 
with, in complex variables the student must divorce the usual concept of 
dw(dz being a ‘‘slope’^ and think of it as the rate of change of w with z. 
Now, if we plot values of w on <t>, # axes and z on x, iy axes, since it? is a 
function of z for each point w there will be a corresponding point z. (In 
this work only continuous functions are of importance.) At point z, the 
rate of change of w with z has some particular value, and of course it 
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has that same value regardless of whether we approach z from left or 
right, up or down. 

Thus since by definition ' 


The equation 


*£ . Ita ^ > lim /(». + if - m 

az A»-+0 ^ ^ 


dw 

dz 


dw 

dz 


dw 

ax 


dw 

d{iy) 


merely states that the rate of change of w with z is the same regardless 
of the manner in which it is approached. 

Equating reals and imaginaries in Eqs. (2.10) and (2.11), we have 



'd<^ 

dx ~ dy 

(2.14) 

and 

1 

II 

l<^ 

(2.15) 

Equations (2.14) and (2.15) are used frequently in 

later work. Addi- 

tional equations may be formed by manipulating the above results. For 

instance, since 

dw ^ 1 • 

dz dx ^ dx 

(2.10) 

and since 

djp __ d<l> 

dx dy 

(2.15) 

we have 

dw d<l) . d<l> 
dz dx ^ dy 

(2.16) 

In a similar manner 

dw _ 

dz dy ^ dx 

(2.17) 


2.4. Cauchy’s Second Theorem. The laws of complex variables may 
be applied to the integration of series in a most useful manner. Consider 
the function represented by 

/(«) = 

where z is a complex variable and n is an integer, and consider the region 
R with a contour C. It will be seen later that we may deform the con¬ 
tour C into a circle C without changing the value of the line integral 
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(see Sec. 4.2). After we have performed this change, z = differenti¬ 
ates to 

dz . 


= ire^^ 


dr 

since = 0 for a circle. 
(iu 


Then the integral 




/ z dz = f • ire^^ dB 
Jc Jc 


or, in general form. 


=/. 


do 


I z" dz = iV’‘+i / 
JC Jc 


C f pi(.n+\)S IS* 

Jc Jo H" + njo 

“TC^TTi) 'J 


This expression vanishes for all values of n except /? = — 1, at whi(*li 
time it becomes indeterminate, but easily evaluated as follows: If // = — I 


= iede = 2iri 


We therefore conclude that the integral of a complex series taken about 
a closed contour depends only on the term having n = —1, or 
00 

^ AnZ^ dz = {• • • .^22 “ + Ai 2: + To + * * ') (Iz 

— 00 

= 2TriA^i 

This expression, known as Caitchy's second theorem^ is most useful in 
evaluating series integrations that appear later. 

2.6. The Laplacian. From Eqs. (2.14) and (2.15) 

^ ^ _ dV /O .ox 

dx dy^ •* dx^ dxdy 

^ ^ (<} IQ-l 

by dx’ " dy^ dxdy 
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Adding, we get 

dx^ dif 

And in a similar manner 

^ 4-^=0 
dx"^ dy^ 


( 2 . 20 ) 

( 2 . 21 ) 


Equations (2.20) and (2.21) are called the Laplacians of <l> and ^ and 
may be writtem V^<l> and VV- It will be shown later that when V^<f> = 0 
the flow represented by is incompressible and when == 0 the flow 
represented by ^ is irrotational, these terms to be later discussed and 
defined. 

2.6. Matching Empirical Curves by Simultaneous Power Equations. 

Many important developments in aerodynamics have been empirical in 
nature, and as theories were advanced, it became necessary to have 
mathematical equations for the empirical results. Examples of this 
nature include the equation of the basic NACA four-digit symmetrical 
shape, thin-airfoil theory, and span loading conditions. The mathema¬ 
tician has two tools particularly well suited for attacking these equation 
problems—power and Fourier^s series. 



Let us consider the development of the equation of the XACA 0020 
airfoil. During the era 1025 to 1935 two airfoils of widely different 
appearanc(‘ were quite '‘popular”—the Gottingen 398 and the Clark Y. 
Lpon rc'moval of the camber both of these airfoils were found to have a 
nearly identical thickness distribution, and it was decided to use this 
thickness distribution with a number of parabolic cambers to determine 
the effect of maximum camber location and amount. An important step 
became the determination of the ecjuation of the basic shape. The 
empirical dimensions available were for a 20 per cent thick airfoil emplaced 
on the xy axes with the leading edge at the origin and the trailing edge 
at X = 1.0: 

1. y = 0.1 when x = 0.3 

2. Slope = 0 when x = 0.3 

3. Thickness at trailing edge == 0.002 when .r = 1.0 
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4. Slope at trailing edge — —0.234 when x ~ 1.0 

5. The nose shape yielded y = 0.078 when x = 0.1 

Looking at the airfoil shown in Fig. 2.2, we are immediately struck with 
the possibility that the nose shape approximates a parabola (y = ao \/^> 
where ao is a constant). However, we must “close” the parabola at the 



trailing edge, and it seems reasonable to subtract a straight line {y = aix) 
as a first approximation. We now have 

y - ao \/x + aix (2.22) 

In addition we have five empirical conditions to meet. The method is to 
add them in as additional terms to our general equation (2.22), getting 

y = ao \/x + QiX + a^^ + a^x^ + a^x^ (2.23) 

Differentiation yields 

^ = 0.50aoX“* + ai + 2xa2 + Sx^a^ + 4a:®a4 (2.24) 

We now substitute our data into Eq, (2.23) or (2.24) as needed, obtain¬ 
ing for the five conditions 

1. 0.548ao + 0.3ai + O.OOaa + 0.027a3 + 0.0()81a4 = 0.1 

2. 0.913ao + ai + O.fiaz + 0.270., + 0.l08a4 = 0 

3. Oo 4“ Oi + 02 4“ Os --t- 04 = 0.002 

4. 0.5oo 4“ oi 4” 2 o 2 4" So, 4" 4o4 = —0.234 

5. 0.3l6ao 4- O.loi 4- O.Oloa + O.OOlo^ + O.OOOI04 = 0.078 

Having five equations for five unknowns, the simultaneous equations 
may be solved. They then yield 

y = 0.29690 Vx - 0.12600x - 0.35ICOx* + 0.28430x» - 0.10150a;^ 

(2.25) 
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which is the equation of the airfoil. To be more precise, it is the equa¬ 
tion of one line through the points specified; other lines through the same 
points may of course be drawn. This leads us to note that, strictly 
speaking, Eq. (2.25) should not be expected to yield exact slopes at points 
other than those used in its derivation, but in this particular case suflScient 
accuracy is actually obtained. 

In passing, it was not necessary to have a \/x term in Eq. (2.23) at all; 
but its exclusion would require that many more points be used in the 
derivation. It is quite reasonable that any curve matching should start 
with the best possible assumptions in order to simplify the calculations. 

2.7. Matching Empirical Curves by Simultaneous Fourier Series. A 
second approach employing sine and cosine series is often more expedi¬ 
tious than using exponential relations. Two well-known examples of 
this type appear in the aerodynamic theory. The first series is needed 
to represent a camber line not symmetrical about its mid-point and the 
second is needed to represent a dis¬ 
tribution of lift across a wing, 
symmetrical about its mid-point. 

Considering the second problem first, 
we write 

y — —8 cos 6 (2.26) 

where s = wing semi-span. 

0 


Fig. 2.4. Fig. 2.5. 

Hence 0 varies from 0 to tt as we travel from port to starboard. Now 
consider the series (plotted in Fig, 2.4) 

oe 

L = ^ dn sin nS (2.27) 

1 

Sin B (see Fig. 2.5) is symmetrical about its mid-point from 0 to ir, but 
sin 2B is not. 

Sin 36 becomes symmetrical again, and it can hence be shown that a 
series sin nB will remain symmetrical about B = 90° as long as n is odd. 
In a manner similar to the exponential approach we write the general 
equation 

L — Ai sin B + Az sin 3^ + A^ sin 5B (2.28) 
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and substitute known points and slopes in the equation as before. 

Suppose, for example, it is desired to write the equation of the solid line 
in Fig. 2.6. We have L = 1.0, ^ = 90°; L = 0.8, ^ = 60°; L = 0.5, 
e = 30°. Substituting in Eq. (2.28) 


Ai sin 90 + sin 270 + As sin 450 = 1.0 

Ai sin 60 + A,i sin 180 + As sin 300 = 0.8 

Ai sin 30 + As sin 90 + As sin 150 = 0.5 

from which 

Ai = 0.962 
As = 0 
As = 0.038 


(2.29) 


and the equation of the line becomes 

L = 0.962 sin 6 + 0.038 sin 5^ (2.30) 

Of interest is the development of A { = 0 as it shows that the contribu¬ 
tion of some terms in the series may be negligible. Later series converge 

so rapidly that we frequently need 
but two or three terms. 

The manner in which Eq. (2.30) 
simulates the conditions is shown in 
Fig. 2.6. It is evident that more 
points should have been used. The 
first example mentioned above, the 
camber line not symmetrical about 
its mid-point, can use a series includ¬ 
ing both odd and even values of n. 

2.8. Hyperbolic Functions. In Chap. 8 some of the mathematical 
steps are considerably shortened by the use of hyperbolic functions. The 
presentation is most elementary, however, and the student will be ade¬ 
quately prepared by recalling the fundamentals of hyperbolic functions 
as follows: 

1. By definition 



.sinh X = —— 

cosh X = -— 


(2.31) 


2. Equation (2.31) may be developed to yield 

cosh^ X — sinh- x = 1 

3. In a manner similar to the trigonometric functions 

sinh X = x and cosh x ^ 1 for small values of x 


(2.32) 
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COS ix = cosh X 
sin ix = i sinh x 
tan ix = i tanh x 

gt* _ g-tx \ 


sin x = 


cosx = 




2i 

+ 

2 


(2.33) 

(2.34) 


The last two relations come from the development of Eq. (2.4). 

2.9. Determinants. The need for solving simultaneous equations 
arises several times in later chapters, and since they are sometimes of the 
fourth order, it appears advisable to state a shortened form which is a 
great timesaver. 

First of all, the solutions for simultaneous equations may be written 
directly using determinants according to the rule that if 


then 


aix + b\y + ciz == k 
a^x + h^y + C 2 Z = I 
OiX + bzy + C32 = m 


k 

6, 

Cl 


ai 

k 

C\ 


ay 

61 

k 

1 

h. 

Cj 


02 

1 

C2 


02 

/>2 

I 

m 


r 


a-i 

m 

Cl 

; and z = 

0i 

_bz_ 

m 




: U = 


— 




— 

(1\ 

l>i 

Cl 

ai 

bi 

C\ 

0i 

bi 

Cl 

(h 

b.2 

C 2 


02 

bi 

C 2 

! 

02 

62 

C2 

as 

bi 

C 31 


03 

b. 

Cz 


03 

bi 

Cz 


(2.35) 


Simple cross multiplication is adequate for third-order determinants 
such as those above, but fourth-order determinants cannot be so treated, 
and by many methods their solution is a long and laborious task. The 
simplest system for fourth-order solution that has come to the attention 
of the author is that of Laplace’s development by columns, using com¬ 
plementary minors. Without going into the theory, a fourth-order 
determinant may be evaluated by the relation 


at 

61 

Cl 

d, 

02 

bi 

C2 

di 

03 

bi 

Cz 

di 

a A 

bi 

Ca 

di 


Oi bi 
(I 2 b^ 


Cz (h 

Ca di 


Qi bi 

as 63 


C2 di 
Ca dA 


C 2 

Cz 

di 

di 

+ 

O 2 

O 3 

b 

b 

2 ^ ]' 

'3 * 

Cl 

C4 

di 

di 


02 

1)2 


Cl 

dt 

+ 

O 3 


ri di 

04 

hi 


C 3 

di 

04 

^ 4 ! ! 

Cl di 


(2.30) 
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2.10. The Binomial Expansion. Many of the expressions used in the 
theory tq follow require the use of the binomial theorem in their deriva¬ 
tion, and it is hence listed for convenience. 

(o ± 6)- = a ± b + '*<’‘^7 

± «<->b‘ . . . (2.37) 

2.11. Axes. Perhaps, before proceeding further, a discussion on the 
various methods used to locate a point relative to fixed axes may be in 
order. It has been customary in lower level mathematics courses to 
locate a point according to an abscissa and an ordinate, (x, y) for example. 
A second method is called polar representation and points located by this 



system are determined by a radius and an angle to a reference as (r, B), 
Occasionally, y and 6 may be used for convenience. It is apparent that 
these two parameters will locate one point and only one point just as do 
the others. Indeed, y may be measured vertically and B out along the 
horizontal axis. 

In complex variables the radius and angle may be combined into a 
single symbol (such as z) which may then be returned to rectilinear 
coordinates (z ^ x + iy) or polar coordinates {z = re*®). Sometimes 
one finds the complex axes labeled the x and iy axes. 

To illustrate the systems outlined above, consider Fig. 2.7. The point 
P is at (x, y) in rectilinear coordinates; at (r, B) in polar coordinates; or 
at {y, B) in the mixed-coordinates system. In the complex plane (as it is 
called) we have zp = re*® = x + iy^ To illustrate the use of the minus 
sign for complex variables we have Zd — —Zp — —re*® and Ze = re~*®. 
The location of B may be written as = — ee*® = ce*"’ = — c or as the 
sum of two complex variables = re*® — ae*^. 
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PROBLEMS 

2.1. Prove that = cos — t sin tf. ' 

2.2. If in vector notation 2 = 3t + 2j, write the conjugate 2. 

2.8. From the exponential expressions for sinh x and cosh x derive the expres- 
sion for tanh x. 

2.4. Show how multiplying a complex variable by —i rotates the variable 
90° to the right. 

«. T/ . . .. j . . ^dw dto 

2.6. If w » 0 + and z - x + iy, prove that 

REFERENCES 

2.1. W. F. Durand, “Aerodynamic Theory,” Vol. I, pp. 1-21, Springer, Berlin, 
1935. 



CHAPTER 3 

THE STREAM FUNCTION 


The first task in making an attack on aerodynamic theory is the devel¬ 
opment of mathematical tools by which we may express the flow about 
various bodies and the laws that govern such flows. 

Fundamentally we have two rules: the flow must obey Newton’s 
second law at all times, and the mass entering a zone must equal that 
leaving it (this implies steady motion such that the partials with respect 
to time vanish) unless the zone contains ^‘singular points” (see Sect. 3.10). 
In addition, certain assumptions and restrictions may be considered to 
simplify expressions that would otherwise become excessively lengthy. 

Our starting point is perhaps some work presented by Sir Isaac Newton 
(1642-1727) (Ref. 3.1) in 1687 wherein mention is made of a ‘^rare 
medium” that possessed no frictional qualities. With this assumption 
Newton laid the foundation for very simph' and useful flow relations. 

3.1. Fluids: Perfect Fluids. A fluid is a homogeneous material that 
deforms under very small shear stress. Thus we may consider air a 
fluid, and indeed the science of fluid dynamics becoimss simplified (and 
known as aerodynamics) when the fluid under consideration has low 
density, so that gravitational effects are negligible, and low viscosity, so 
that shear forces (skin friction forces) are not prepondcnant. 

Air at sea level is of course homogcmeous, compressibh', and slightly 
viscous. But the amount of compressibility encounter('d as long as all 
velocities remain low is quite insignificant, and the effect of viscosity, 
if we consider flow outside the boundary layer, is also small—with 
several important exceptions to be considered later. With these reserva¬ 
tions we gladly accept Newton’s rare medium, calling it a 'perfect inrom- 
pressible fly id y and assuming that it has very small viscosity.* There 
will be occasions where both of these assumptions will invite further 
investigation. 

In the half century following Newton three great contributors stand 
out: Daniel Bernoulli (1700-1783), d’Alembert (1717-1783), and Euler 

* Zero viscosity would, of course, correspond to infinite' lt(‘ynolds nurnlier where 
Reynolds number is defined as RN — {p//x)Vl (p = air density, sluf? per cu ft, p = vis¬ 
cosity, lb-sec per sq ft, V = velocity, ft per sec, and I ~ charact(‘ristic length, ft) 
after the work of Reynolds (1842-1012). 
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(1707-1783). Each made contributions that we need to examine more 
fully. First, however, a note on our approach. 

There are, in classical fluid dynamics, two approaches to the solution 
of problems concerning bodies in fluids. The first arrangement, and by 
far the most common in practical aerodynamics, is that which occurs 
when the body moves through a still fluid. The second is that which 
arises when the body is still and the fluid moves. While the practical 
example of this relation is confined to the wind tunnel and water channel, 
the theoretical treatment of body-still-fluid-moving is so far the simpler 
that it is universally employed and will be continued in these pages. 
The principle of relativity tells us that the forces and moments on a body 
are due to relative motion, and no extraneous qualities arise through 
fixing the body. 

3.2. The Equation of Continuity (Conservation of Mass). D'Alembert 
around 1744 observed that, if one 
specified a fixed zone in a moving 
fluid, the mass of fluid entering that 
zone must equal the mass leaving it, 
provided that the flow was continu¬ 
ous (hence the name) and the zone 
contained no singular points. Use¬ 
ful fluid mechanics equations may be 
derived as follows (sec Fig. 3.1): 

Consider a point in space P, and let 
the velocities at that point be u, t\ 
and w along t h(M r respect ive axes and 
the pressure and density there be /> and p, respectively. Around P erect a 
zone extending along each axis a distance dx, dy, and dz. The volume of 
the zone will then be 8dx dy dz. Since the rate of change in horizontal 

\elocity along the .r axis is the average velocity entering the face 



A HUD is u — d.x\ and that leaving the face DEFG is ^ dx. The 
ox dx 

respective masses for the two faces are ~ ^ ^ ^dy dz 

and (^p + dx^ dx^ 4dy dz. Along the y axis the mass enter- 

ing is ^p - dt/^ 4d.r dz, and that leaving is ^ 

+ ~ dy^ 4d.r dz. Writing a similar relation for the z axis, and apply¬ 
ing the principle tliat the mass entering must equal the mass leaving, ^^e 
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have (after simplification and dividing through by the volume of the 
zone) the continuity equation 


( du , dv , , dp . dp 

5i + 5i;+teM“S + '’5i 


+ i»^ -0 

dz 


For the fluid to be incompressible, the partials of p must be zero. We 
then have a condition that motion of a continuous incompressible fluid 
must satisfy 


or, in vector notation. 


du . dv . dw 
dx dy dz 


V-q = 0 


(3.1) 

(3.2) 


The quantity V • q is called the divergence of q. 

The use of Eqs. (3.1) and (3.2) will be discussed more fully in Chapter 4. 

3.3. Euler’s Equations of Motion. D’Alembert also postulated the 
principle of conservation of momentum, and Euler, presenting a similar 
principle in more complete form, developed the dynamic equations of 
motion which today bear his name. 

The equations of motion for continuous flow (all partials with respect 
to time vanish) may be derived as follows: Consider a zone as shown in 
Fig, 3,1. The average pressure force over the face ABCD will be 



Ady dZj and that over the face EFGH will be 



dj) 

Ady dz so that the net pressure force on the fluid will be — ^ 8dx dy dz, 

ax 

Now suppose a body exists at P such that it exerts a force X per unit 
mass. Its total force will be 8Xp dx dy dz. 

Writing F = ma for the fluid in the zone, we have 


8pX dx dy dz — 8 dxdy dz = 8p dx dy dz a* 
ax 

where a* = average acceleration of the fluid in the zone in the x direction. 
Dividing through by the mass of the fluid in the zone, we have 

X 

and for the other axes 

Y 
Z 


1 dp 

- ■:r = Ox 

p dx 


1 dp 

= Og 

pdy 
1 dp 
pdz 



THE STREAM FUNCTION 


27 


Now w is a function of x, j/, and z, so the total derivative of u may be 
written ' 

du^-^dx + -dy + -^^dz 


and, dividing by dt (a short time increment), we have 


du du , du , du 

dt dx dy dz 

(3.3) 

and for the other acceleration components 


dv , dv , dw 

^ dx dy dz 

dw . dw , dw 

Om = u-—[- V-—\-w — 
dx dy dz 


By substitution the final equalities of motion for 
become 

continuous flow 

^ 1 dp du . du . du 

p dx dx dy dz 

(3.4) 

^ 1 dp dv . dv . dv 

p dy dx dy dz 

(3.6) 

- 1 dp dw , dw , dw 

Z - -f ^ u — + V— + w — 

p dz dx dy dz 

(3.6) 


Their use will be demonstrated at a later time. 

3.4. Bernoulli’s Equation. The particular equation that carries 
Bernoulli's name was presented by him in 1738. Briefly, it states that 
a fluid has two kinds of pressure, static and dynamic, and their sum (the 
total pressure) remains constant along any stream filament within limits 
to be discussed later. The Bernoulli equa¬ 
tion may be derived from Euler's equations 
or in a number of other ways. Perhaps the 
clearest is the simple equality of work and 
change in kinetic energy as follows: 

Consider an incompressible airstream mov¬ 
ing to the right (Fig. 3.2) with increasing 
velocity, and suppose ABCD represents a 
portion of a stream tube (a zone bounded by streamlines—see Sect. 3.6). 
After a short time t the mass of air will be at and the mass 



ABB^A^ « CDD^C 


since A'B'CD is common. 
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Let pi, Ti, aSi be the average pressure, velocity, and area of volume 
ABB'A', and p2, t^2, S 2 be the corresponding quantities of CDD'C'. 
Then the volume 

ABB'A' = SiVit 

and 


CDD'C' = S2VJ. 


Hence SiVit = >S2?’2^ = and we see that streamlines draw together as 
the local velocity increases, provided that the flow is incompressible. 

Now the effect of the contracting stream tube has been to replace a 
mass ABB'A' at velocity Vi by an equal mass CDD'C' at velocity 
The net change in kinetic energy is 


AK.E. = yk{v2- - Cl') 

The only forces acting on the motion are the pressure forces pi/Si to 
the right and to the left, acting through the distances V\t and ?^2^ 
respectively. The total work done by the ])ressure forces is then 

~ V2B2V2t = (pj - P2)k (3.7) 

Equating the change in kinetic energy to the woik doiK^ we have 

- vi^) = (/>! - p,>)A* 

or 

Pi + iper = P 2 + 2 P'’‘ 2 “ = const (3.8) 


Equation (3.8) is Bernoulli's eciuation for an incomi)r(\ssil)le fluid. 
Defining 


, _ V - P o 
" lp/2)r^ 


(3.10 


and writing Eq. (3.0) between a point on a still body and one in tlu* fn‘(' 
stream far nunoved from the body, we g('t 


rv = 1 



(3.10) 


where v = local velocity, ft p(U' sec 

Fo = free-stream velocity, ft per s('C 
Equation (3.10) is useful in airfoil work. 

3.6. Boundary Conditions. In the development of Euler’s equations 
of motion the case of a solid body being submerged in a moving fluid was 
mentioned. At a point on the body two conditions must prevail: (1) no 
normal velocity can exist; (2) the local angle of flow must equal the lo(?al 
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inclination of the body surface. These boundary conditions will be found 
useful in later work. / 

3.6, The Stream Function and Streamlines. Having now some basic 
laws for fluid flow, we turn to a mathematical and graphical method of 
presenting and studying flow patterns which follows suggestions made by 
Rankine (1820-1872) in 1864. It consists in plotting lines—called stream- 
lines —which are everywhere tangent to the fluid velocity vectors, and 
noting that where they crowd together the static pressure is reduced. 
Where they tend to part, the local static pressure is increased. The 
bodies we shall analyze in this chapter have no superior qualities as far 
as having low drag is concerned, especially since a perfect fluid solution 
vith zero drag can be found for all two-dimensional bodies.* They 
simply represent the simplest shapes for which we can write the flow 
0(1 nations, and they lead to shapes whose practical value is unmis¬ 
takable. 

Starting at this point and continuing through Chap. 8, we shall be 
concerned with *4wo-dimensionar^ flow only. For this type (flow in the 
.cy plane) only the u and r velocities 
exist. The velocity w and all par- 
tials with respect to z are zero. For 
conveni(‘nce we sliall on occasion 
assum(‘ a unit (1 ft) depth. This 
assumption enables us to talk of flow 
(luantity in the usual cubic f(‘et per 
second units instead of the l(‘ss under¬ 
standable t\\o-dimensional (luantity 
units, scpiare feet per second. 

Xo\\ let us apply the ecjuation of continuity to a system of streamlines. 
Consider Fig. 3.3, and let ^ (psi) be the volume of fluid that flows between 
a ])oint P and the origin. Identically, ^—called the stream function — 
is the amount of fluid that crosses line OAP or OBP or, indeed, any other 
singl(‘-valued curve that connects the origin and point P. 

Consider a second point P' so located that no flow crosses PP'. Then 

for P will e(iual that for P', and the line PP' is called a streamline: a 
st rearnline is everywhere tangent to the flow direction. A region bounded 
by streamlines is a stream channel or stream tube. 

3.7. \l/ in Rectilinear Coordinates. Consider a velocity field in which 
horizontal flow ?/ to the right and vertical flow v upward are positive, 
and let there be, say, a steady flow downward and to the right. Choosing 
two streamlines quite close together we have for their quantities and 

* Kirchlioff (Ri‘f. 3.2 sind ('Iscwhon*) hjis presented a perfect fluid solution for two- 
dinuMiHioiinl bodies in which a drag is developed. 
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}[/ + The amount of fluid flowing in the stream channel between 
them is 

Let a small control zone be emplaced as shown in Fig. 3.4. The 
quantity of fluid flowing into the zone will be while that flowing out 
will be, componentwise, udy — v dx. The negative sign for the vertical 
amount springs from the downward velocity being negative. That is, 



dyf/ — udy — V dx 
From the definition of a derivative 

and hence, equating components, 


u = 






d\l/ 

dx 


(3.11) 


This means that, if we have a stream function in x and y^ the velocity 
equations may be obtained by taking the proper partial derivatives. 
Velocities at special points may then be obtained by substituting the 
coordinates of the points in the velocity formulas. 


Example 3.1. Find the velocity components, total velocity, and inclination of 
the flow represented by the stream function ^ — 2 /^ at the point (2, 6). 

dll/ 

1. = ^ = —2t/ or ( —2)(6) = —12 ft per sec at y — Q 

dll/ 

2, V = — — = —2x or ( —2)(2) = —4 ft per sec at a: = 2 

3, q = ^/u^ = yj ( — 12)^ + (~4)2 = 12.65 ft per sec 

4. ^ = tan”^ ^ = tan“^ 0.333 = 198.4® measured from B = 0°. The velocity 
is down and to the left 


3.8. ^ in Polar Coordinates. The stream function in polar coordinates 
may be treated in a similar manner. The conventions for flow direction 
now embrace tangential flow in a counterclockwise manner and outward 
radial flow as positive (see Fig. 3.5), We now have 


and 


from which 


= —qrvdo + qedr 


1 dt(> 

rde’ 


qe = — 


dif/ 


(3.12) 
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This time the stream function in r and 0 must be differentiated to yield 
the velocity components—^a minor difficulty, shown in the example be^ow, 
arising when the flow direction is determined. 

Example 3.2. Find the velocity components, total velocity, and inclination of 
the flow represented by = rtf* — r at the point ^2, (see Fig. 3.6). 

1. gr = ^ ^ ^ (2rtf) = 2tf = ^ — 2.095 ft per sec 

2. g« = - + 1 = - -g + 1 = -0.096 ft per sec 

3. g = Vgr* + g»* = V(2.094)* + (-0.0967* = 2.10 ft i>er sec 

4. tf' = tan-> - = tan-» 0.0479 = 2.63°, or 57.37° to the horizontal 

9t 




Before closing these sections on the derivations of the partial deriva¬ 
tives of the stream function in order to get the velocity components, 
it is important to note that it was not necessary to assume a veloc¬ 
ity down and to the right in the proofs of Sects. 3.7 and 3.8. How¬ 
ever, if other velocities and quadrants are assumed, considerable thought 
must be paid to sign conventions for dx and dy; the manner in which the 
flow enters the control zone; and the way in which the zone is constructed. 

In the following pages, numerous different stream functions will be 
derived, and, as convenience suits us, rectilinear, polar, or mixed coor¬ 
dinates may be used (see Sect. 2.11). It must always be realized that any 
stream function expressed in one set of coordinates can also be expressed 
in others. 

3.9. Stream Functions for Uniform Flow. The stream functions for 
uniform flow usually carry capital letters instead of small ones: a steady 
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horizontal flow to the right is expressed by ^ = Ft/; one to the left by 
^ = —Vy. Flows may be combined to give steady flows at specified 
angles to the x axis. When this is done, however, actual numbers are 
usually employed as some particular angle is desired. 

Example 3.3. Find for a steady flow of 50 ft per sec down and to the right at 
36°52' to the x axis. 

For flow to the right, u is plus. For downward flow v is minus. 


and hence 
Also 

so that, solving, 



ypz = + ^2 = 40?/ + 30x 


The principle involved in adding the stream functions will he discu.ss(‘(l later 




Sink Source 

Fig. 3.7. Streamlines for a source and a sink. 


3.10. The Stream Function for a Source. Of considerable use in later 
developments is a tiny opening from which fluid emanates radially at a 
uniform rate. Such a point is called a source. The opposite opening- - 
one that absorbs fluid—is called a sink. While these devices are not 
found in nature, their usefulness for making possible the mathematical 
representation of numerous flow patterns has been amply demonstrated. 
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Since an infinite velocity is required for a finite amount of fluid to 
enter or leave a point,” sources and sinks ard classed as sing alar paints. 
Special care must be taken in applying the laws of flow to regions contain¬ 
ing such points. Both sources and sinks are defined by their strengths, 
i.e., the volume of fluid they emanate or absorb per second, Q. 

The stream functions equations already developed can be used in 
developing ^ for a source. Wc have already defined the flow as being 
radial, and hence qe = 0. \{ Q sq ft per sec emanate from the source, 

the radial velocity at radius r will be qr = Q/2Trr, Hence we have 



according to our definition of radial flow only. 

While we shall be largely concerned with two-dimensional flow for 



some time, it is of interest to note that the radial velocity for a three- 
dimensional source is developed in the same way; that is, qr = Q/iwr^, 

3.11. Plotting by Using When ^ is kno^^^l for a flow, we may use 
Rq. (3.11) or (3.12) to get the velocities. If, then, some particular points 
are selected and the velocities found for those points, a graphical repre¬ 
sentation may be made showing some velocities and giv'ing a general idea 
of the flow picture. 

A much more complete representation may be made by selecting values 
for ^ and plotting the streamlines (see Figs. 3.8 and 3.9). If even 
increments of yp are assumed, the stream channels ^vill each contain equal 
amounts of fluid. Then locations where the stream channels neck down 
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are points of high velocity and, in turn, low pressure. Conversely a 
widening of a stream channel denotes a rising pressure. 

It is entirely possible to find the expression for the flow about any 
reasonable airfoil and by means of Bernoulli's equation then to find the 
pressure and the velocity distribution. 

3.12. Source in a Uniform Stream. The stream functions of greatest 
use are those which represent the sum of several simple flows, and, for 



Fig. 3.9. Velocities and streamlines for ^ » 2x* — 2yK 


reasons that will be considered at a later time, the stream function of a 
complex flow is simply the sum of the stream functions of its components. 
The first and simplest of these combinations is that of a source = Qd/2ir 
and a uniform flow to the left ^2 = —Vy being combined to yield a source 
in a uniform stream ^3 = + ^2 = Q0/2Tr — Vy, It will develop that 

the addition may be performed graphically or algebraically, the procedure 
being best shown by an example. 

Example 3.4. Plot the streamlines of a source (Q = 2,000 sq ft per sec) in a 
uniform stream (F = 100 ft per sec to the left). 

For this case ^ = l,OOO(0/ir) — 100?/. The graphical method will be outlined 
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first. Consider * l,000(^/7r). If we consider d increments of 18® each, we 
shall have t • 


6j dog 

e 

- 1 , 000 1 

0 

0 

0 

18 

0 1 

100 

36 

0 2 

200 

54 

0 3 

300 

72 

0 4 

400 

90 

0 5 

500 

108 

0 6 

600 

126 

0 7 

700 


The lines of constant rpi are show ri dotted in Fig. 3.10. Now consider 


^2 = -Vy> 1 (%. 


y 


-lOOy « ^2 


0 

1 

2 

3 

4 

5 

6 


0 

-100 

-200 

-300 

-400 

-500 

-600 


These lines are also sho\An m Fig. 3 10 . To find, for instance, = 0, we need 
only connect the points of xf/i = +100 and ^2 = — 100 ;^i == +200 and ^2 = 
—200, etc. In a similar manner \\ e may plot ^3 = +100 or —100 or, indeed, any 
\alues desiied. 



Fig. 3.10. Source in a uniform stream. AB is the locus of maximum vertical velocity 
points. 
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The second, or algebraic, method of plotting is accomplished by assuming 
values of ypz and solving the original cciuatioii. For instance, 


yields 


Fiom this we get 


a 

- 1,000 - - 100 // = 0 




0 

0 


0 

18 

0 

1 

1 0 

3() 

0 

2 

2 0 

51 

0 

3 

3 0 

72 

' 0 

4 

4 0 

1)0 

• 0 

5 

5 0 

108 

i 0 

6 

C 0 


It will be seen in Fig. 3.10 that this curve of ^3 = 0 is identical with the one 
found giaphically. In geneial, either giaphical or algelnaic plotting may be 
performed, but in a preponderance of the instances only the latter will be practical. 

Now, since no fluid crosses a streamline, any streamline may be replaced 
by a solid body. An interesting case is that of = 0.* This lino 
divides the source flow from that of the uniform flow, the latter bc'ing 
forced up as though flowing over a bluff. Thus the source serves as a 
mathematical device for representing the bluff. Conversely, if it is 
desired to find the velocities and pressures over an object of form similar 
to ^3 = 0 , the procedure follows this same pattern. 

It is now in order to examine several of the relations that develop from 
the equation ^3 = (Q^/27r) — Vy. 

1. Maximum Height 0 / ^ = 0. The maximum height of the ^ = 0 
streamline may be found by noting that under that condition ?/ = Q6/2TrVy 
and since Q and V are constant for a given case, the maximum height 
occurs when 6 = t. It is then equal to Q/2F and is given the symbol h. 

* At a later time when several flow's are to be added, the values of the various \J/ 
lines will be most easily understood if they are considered as representing the volumt' 
of fluid between those lines and an arbitrary reference. Thus ^ = 0 does not have' a 
special significance because it is ^ =0 but liecause in this case it is the line separating 
the source flow from the uniform flow. If the source' had be(*n ])ut at ?/ = 2 instead 
of on the x axis, the line « —200 would be the one of gn'atest interest. We shall 
in general select our references so that ^ = 0 does separate' important zones. 
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2 . Stagnation Point, The velocity components at any point in a flow 
may be considered as the sum of the flow components at the point. -In 
this case the horizontal component of the source flow is 


Q a Q ^ 

^ cos e = ^ - 

2wr 27rr r 


and the vertical component is 


V 


sin B = 


Qy 

27rr r 


The uniform flow has a horizontal component only of the amount 


Thus the total flow is 


and 


= -F 



Vhy 

irr 


The stagnation point is realized Avhen = r = 0, or, from the above 
equation, when 2 / = 0, or, in polar coordinates, when ^ = 0. Recalling 
that = .rVcos^ 6, we find by setting n = 0 that the stagnation point 
occurs when x = /^/tt, and it will not move with changing flow conditions 
as long as the ratio Q/V remains constant. 

3. Lines of Constant Vertical Velocity. Solving the expression for the 
vertical velocity" for wc get 


TV 


^2 ^ y2 


and hence the vertical velocity v is a constant along circles whose centers 
are on the y axis. 

4. Line of Maximum Vertical Velocity. For soaring, the location of 
the maximum vertical velocity becomes of interest. 


For 


Vhy _ Vhr s in B 
wr^ tt^ 


^3 = 0 ,?/ = 


2tV 


IIV , - 

— — r sm 6 

T 


and hence 


V sin2 e 
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Taking 


we get 
and 



26 = tan 6 

e = 60 . 8 *^ 


Hence the maximum vertical velocity at the surface of the bluff occurs 
where a line at 66 . 8 ° to the horizontal intersects the ^ = 0 curve. Fur¬ 
ther values of t^cmax) are shown in Fig. 3.10 along the line AB. 

5. Point of Maximum Velocity, Possibly the parameter of greatest 
importance is the maximum increase of free-stream velocity as the uni¬ 
form flow passes ^3 = 0. In this case we have 


which i)ecomes in polars 


9 

V 


For \j/z = 0, 

and hence 


\(, Q ‘T cos d\ / Q r sin 0\ 

= - 2vv-i^) + 


27rF r“ 

^ _ 27rFr sin 6 


q _ I sin 2$ . sin** d 

V ~ ~~r~ ~¥~ 


(3.14) 


Equation 3.14 indicates that the velocity ratio on the ^ = 0 line of 
a source in a uniform stream is independent of the source quantity and a 
function only of the position of the point. 

To find the maximum velocity we take the first derivative and set it 
equal to zero: 

= 0 = 2^ sin ^ cos 6 — sin^ 6 — 6 '^ cos’ 6 + 6 ^ sin^ 0 
ad 


Assuming values of 6 from 0 to 150°, a solution is found (Fig. 3.11) at 
117°, This corresponds to a velocity ratio of 1.26. The minimum value 
of q/V is at 0 = 0, the stagnation point; and free stream is again attained 
at ^ = 180°, y = h. From Bernoulli’s equation the minimum pressure 
is Cp = 1 — {q/Vy = —0.585, and the same minimum pressure is 
developed by all sources in uniform streams, regardless of the value of 
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Fig. 3.11. 


Q/V, The effect on the ^ = 0 curve of varying Q while holding V con¬ 
stant is shown in Fig. 3.12. 

The important thing to note from the above paragraphs is that the 
mathematical representation of the flow has enabled us to examine a 
flow pattern without the need of any 
test apparatus. In the pages to 
follow this process will be repeated 
and enlarged. 

3.13. Practical Source Applica¬ 
tions. Many smooth curves used in 
aircraft approximate the ^3 == 0 
curve of a source in a uniform stream. 

The problem of expressing the flow 
mathematically is then simply that of 
determining the proper source size 
and location. Molded windshields, 
spinners, and fuselage enl ries as used 
on twin-engined aircraft are of this 
type—although usually three-dimensional instead of two-dimensional. 
As soon as ^3 = 0 is knovTi, the velocities and pressures at particular 
points of interest may be found for stress analysis. 

An example is presented of a molded plastic windshield, assumed to be 
two-dimensional. The proper source size and location for one speed are 
found; and the equation of the windshield is then determined. The 



1 K.. 3.12. ^ = 0 streamlines for several 

bourtes m a 100 ft per sec uniform stream. 
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resulting knowledge that the maximum local velocity over the wind¬ 
shield will be only 378 mph at a free stream of 300 mph indicates that 
compressibility effects will be small. The velocity distribution (shown 
in Fig. 3.11) could be used to find the pressure distribution and hence the 
strength required. 


Example 3.6. A windshield has the dimensions shown in Fig. 3.13 and a 
shape that is approximately that developed by a source in a uniform stream. 
Find (for a free-strcam velocity of 300 mph) 

1 . The equation of the windshield 

2 . The point of maximum velocity 

3. The maximum velocity 




The unknowns are tlie soun‘<‘ strength and location. Put a source of strength 
(? at a ft from P. Then 


For ^ = 0, 


a + X = 2.0 == a + 


_ ^ 

^ “ 2tV 


2icV 


and from the geometry of the problem 

e, - tan - (■;] ®) 
Combining Kqs. (3.15) and (8.1(>). 

" + e 2 tV ~ 
and canceling and inserting 6\ from F^q. (3.17), 

3 


Rewrite Eq. (3.IX) as 


o + 


tan 


2 tan"^ ( — 1,5/a) 

(>=)■ “ 


= 2.0 


+ 


(3.15) 

(3.16) 

(3.17) 


(3.1 S) 


2a-4 
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and, assuming values of a between 1.0 and 1.5, find a solution occurs when 
a = 1.35. 

From Eq. (3.15), inserting a and F, 

Q = (2.0 — a)27rV = 1,800 sq ft per sec 


and from Eq. (3.17), 

Si = 131^58' 

The equation of the windshield and its flow is hence 

, 1,800^? 

= -441y + 

The point of maximum velocity is 117° from the free stream, and the maximum 
velocity is 1.26 X 300 = 378 mph. ^ 

For two-dimensional curves not similar to 
the source in a uniform stream an entirely 
different approach is required. This other 
approach is discussed in Chap. 8. 

3.14. Source and Sink in a Uniform 
Stream; the Rankine Oval. The source in 
a uniform flow led to an infinite boundary, 
but the addition of one or more sinks of total 
capacity equal to the source flow closes the 
system, and ^ = 0 becomes finite. The 
simplest of the closed systems is a single 
source with a single sink of equal capacity, 
which yields a flow as shown in Fig. 3.15 or, 
when combined with a uniform flow, yields 
patterns as shown in Fig. 3.17. The stream¬ 
line yj/ — 0 for such flows is called a Rankim 
oval. 

Consider Fig. 3.16 wherein source Ai is at an equal distance s from the 
y axis as sink A 2 . The value of ^3 at point y) for the source and 
sink will be 

QOj 
2t 



Fi(i. 3.15. Streamlines for a 
source uiui a sink, equal quan¬ 
tities. 


h = h -f 

Jtt 


and from Fig. 3.16 




ed - 


Thus, for = const, 0 is a constant, and the streaml ines become 
circles w'ith their centers on the y axis. Now 
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and since 


we have 


and 


tan ^1 = 


X — s 


and tan 62 = 


tan 0 = tan (61 — $ 2 ) = 


X + 5 

tan 6 i — tan 62 
1 + tan 6 \ tan B 2 


tan <l> = 


2 ys 




^3 = 0 “ tan 


Q 


2 ys 


2tc — -Vt - 



Fig. 3.16. A source and a sink in a uniform stream. Point P is on t/s as well as on ^ 4 . 


Adding the uniform flow, we got 

^4 = 


■Vy + 


9± 

2w 


(3.19) 


Equation 3.19 is the stream function of a source and a sink in a uniform 
stream, the distance between source and sink b(>ing 2*-. = 0 is the 

previously mentioned oval. 

The boundary ^4 = 0 becomes 


and 


y = 


2xr 


tan~' 


_2ys_ 

y- — s“ 


Q 

2xF 


0 


^ = 


2irVy 

Q 


When X = 0 , y = b (where h is the height of the semi-minor axis), and 
we then have 
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which may be used to determine the height of the semi-minor axis once 
the other parameters have been determined. ' ' 

We may determine the length of the semi-major axis from the fact that 
(a, 0) is a stagnation point. At (a, 0) the uniform flow is equal and 
opposite to the horizontal component of the sum of the source and the 

- V'A 

------- -- - t 

6 
3. 

0 

i 
6 

9 




5*10. 3.17. Effect of iiicreaHinf; Q while holding seiiii-inajor axis constant. Top^ Q — 7.15; 
bottom, Q =* 26.1. 


sink. From Fig. 3.1() and the fact that (jr = Q for a source and 
—Q/2irr for a sink we have 


w = 0 = 


-r + ;r( ’-i ) 

2w \a — s a + s/ 


or 


from which 


V_ _ 

7r(a- ~ S“) 


2 -^ = 1 + ^ 




( 3 . 21 ) 
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Thus if it is desired to represent a Rankine oval of known semi-major 
and semi-minor axes in a known uniform flow, Eqs. (3.20) and (3.21) may 
be solved for the proper source size and location. 

The behavior of the flow pattern if the semi-major axis and uniform 
flow are held constant and the source strength varied is shown in Fig. 
3.17. The ovals of = 0 are not ellipses, however, being somewhat 
blunter. This is shown in Fig. 3.18. 



Fiti. .‘^.18. ComparLsoii of shapes and pressure distributions for an ellipse and a Rankine 
oval, both with a 3:1 fineness ratio. 


Later on (in Sect. G.2) a discussion of desirable pressure distribution 
.‘s made, and it is there pointed out that low-pressure peaks near the 
leading edge are undesirable from both a boundary-layer stand point 
and critical-speed criteria. With these facts in mind, a comparison of 
pressures over a Rankine oval and over an ellipse takes on real signifi¬ 
cance. Figure 3.18 demonstrates how the bluntness of the oval causes 
regions of excessively low pressure distribution near the leading and 
trailing e,dges, while the ellipse is near perfect for an even flow. Ellipses 
are hence used for airfoil leading edges and are superior aerodynamically 
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to Rankine ovals. It is of interest to note that Rankine himself felt that 
his ovals, being ‘^mathematicar^ shapes, were specially advantageous. 

Of more interest than the oval for future work is the shape obtained 
for the 4/ — 0 line when the spacing between an equal quantity source and 
sink is decreased while the product of their strength and the distance 
between them is held constant. From Fig. 3.19 it is seen that, as s 0, 
a/b —► 1; that is, the oval approaches a circle as the source approaches 
the sink. 

The Rankine oval does not have a single point of maximum velocity 
for all ratios as did the source in a 
uniform flow, being then at 117° 
from the oncoming free stream. 

Instead, two points of maximum 
velocity (q being equal for both) 
exist; and these move from the 117° 
point toward the 90° mark as the 
sink approaches the source, reaching 
the 90° mark to form one maximum- 
velocity point when the distance 
between source and sink is infini¬ 
tesimally small. As this procedure 
is taking place the maximum velocity 
is rising until it reaches 2V at the 
limit, and Cp then becomes —3.0. This is to be discussed in the next 
section. 



Fig. 3.19. ^ = 0 streamlines, showing 

the effect of decreasing source and sink 
spacing 8 while holding semi-minor axis 
constant. 


Example 3.6. Find tlie source an<I sink strength, and their spacing, and the 
equation of a Rankine oval having a major axis of 8 in. and minor axis of 3 in. 
V = 500 ft per sec. 

Solving Eq. (3.21) for Q, we have 




(3.22) 


and, substituting into Eq. 3.20, this yields 


Writing 


b , wVh , bs 
- = cot = cot 
s Q — 8^ 


h ^ bs 


(3.23) 


aiul inserting the values for the semi-major and semi-minor axes in feet we get 


0.125 ^ 0.125s 

s (0.33“ - V) 
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and substituting reasonable values of s and plotting, we find yi 0 when 
8 = 0.284 ft. 

Putting 5, a, and V into Eq. 0.22) yields Q = 170 sq ft per sec. The equation 
of the oval becomes 

170^ 0,568y 

27r 


^4 = -5002/ + ^ tan-i + y2 


0.0808 


3.16. Doublet in a Uniform Stream: the Circular Cylinder. Consider 
the case when the source and the sink approach each other while the 
product of the source strength Q and distance between the source and 
sink 2s remains constant. Write the doublet” strength equal to this 

product; that is, /x = 2Qs. 

As s becomes very small, the stream func¬ 
tion for a source and a sink then tends to the 
limit as s 0 of 



2s Q 2ys 

2s 2 t x- + — s^ 




y 


2ir + y'^ 


H sin 6 
2w r 


M 2ys 
Ats + y^ 

(3.24) 


A source and sink whose spacing tends to 
zero while the product 2Qs remains finite is 
called a doublet of strength /x, and the very 
short line joining the source and sink is 
called its axis. 

The streamlines due to a doublet at the 
origin are circles that pass through the 
doublet and are tangent to its axis. A plot 
of a doublet is shown in Fig. 3.20. 

Adding the stream function for a uniform flow to that of a doublet 
yields 

M y 


Fiq. 3.20. 
doublet. 


Streamlines for a 


^ = -Vy + 


27r + y'^ 


(3.25) 


For the case of ^ = 0, + 2/^ = /x/27rF, which, since both /x and V are 

constant for a given case, represents a circle at the origin of radius 
a = \//x/27rF or/x = 27rFa“. Inserting this value in Eq. (3.25), and using 
polar representation, we have 

^ = — F sin 0 (3.26) 

for the flow past a circular cylinder of radius a. A plot of Eq. (3.26) is 
shown in Fig. 3.21. 
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The local velocities may now be found from Eq. (3.12). 

-^_r«in«(l+^) (8.28) 

At the surface of the cylinder </r = 0 and r = a, yielding 

qe = 2V sin 6 (3.29) 


Obviously qe is a maximum at 90® when it has the value 2F. That is, 
fluid passing over a circular cylinder must theoretically accelerate to 



Fia. 3.21. Streamlines for a circular cylinder in a uniform stream, no circulation. 

twice the free-stream velocity. In practice, the viscous effects are so 
pronounced that a value somewhat below 2.0 is realized. The exact 
value attained varies with Reynolds number, initial turbulence in the 
air, the rigidity of the circular-cylinder mounting, and other items. 

As a matter of additional interest, the speed at which the speed of sound 
is first attained locally is called the critical Mach number and would first 
be reached on a circular cylinder at Fo = ^Fr, where Vc is the speed of 
sound if no compressibility existed.* For a perfect compressible fluid 
(that is, inviscid) the critical Mach number becomes 0.409 for a circular 
cylinder and 0.573 for a sphere. 

To return to the problem at hand, the local pressures may be found 

* This supposition is, of course, farfetched, as the existence of a sound wave is pred¬ 
icated on the existence of compressibility of the fluid. 
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directly by writing Bernoulli’s equation between the free stream V and 
a point on the cylinder where only qe exists. Thus, from Eq. (3.10), 

Cp = 1 - (3.30) 

Substituting for qe, using Eq. (3.29), we get 

Tp = 1 -4sin2^ (3.31) 

from which we see that the minimum pressure coefficient is —3.0, which 
occurs at Tr/2. The pressure distribution is, by Eq. (3.31), symmetrical 

about a: = 0 and y — 0, and hence 
there is no resultant force on the 
cylinder. This is, of course, at vari¬ 
ance with experiment wherein a large 
drag appears, and (as will be seen) a 
large lift may also be evident. This 
great failure of the theory was first 
advanced by d’Alembert and is 
known as d'AlemhcrVs paradox. The 
solution was advanced by Helmholtz 
(1821-1894) in 1858, nearly a 
hundred years later. It is discussed 
in the next chapter. 

To continue with the present case, 
the experimental values of the 
pressure as well as the theoretical values are shown in Fig. 3.22, where it 
is seen that the agreement between the two is good over the upstream 
40°. It will also be seen that the experimental pressure over the down¬ 
stream 80° increases with increasing Reynolds number so that the drag 
coefficient decreases in that range. A similar phenomenon is ot)served 
with spheres where near RN = 420,000 in free air the pressure pattern 
changes so rapidly that the drag as well as the drag coefficient decreases. 
This extreme function of Reynolds number is used in measuring wind 
tunnel turbulence. 

An indirect use of the doublet in a uniform flow, considering the static 
pressures ahead of a circular cylinder, yields the position error of a pitot- 
static tube placed in front of a round mounting strut. This arises as 
follows: 

It is obvious that no vertical velocity exists along the x axis, and for 
that horizontal line Eq. (3.27) reduces to 




B, deg. 

Fig. 3.22. Static pressure distribution 
over a circular cylinder, theory and 
experiment. 


(3.32) 
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From K(i. (3.31) the local pressure is then 

c, = 1 - (] - ( 3 : 33 ) 

Jt is seen immediately that this expression quite properly goes to zero at 
r == 00 and to +1.0 at r = a. 

The accuracy of Eq. (3.33) agree's well with i)ractic‘e, and similar rela¬ 
tions empirically derived are used to design pitot-static tubes so that the 
static orifices are properly adjusted for (he effect of the* stem behind them. 
The effect of a circular stem 1.7 diameters behind the static orifices is 
seen to be Cp = +16.5 per cent from Eq. (3.33). In practice Spaulding 
and Merriam (Ref. 3.4) found an 18 per cent error. 

PROBLEMS 

3.1. Is the flow represented by ^ = —Zxhj + 3ar?/^ inc*oni))ressible? 

3.2. Is the flow represented by ^ = —?/ + iy/x') incompressible? 

3.3. Give the stream function for a steady flow down and to the left, 30° 
below the horizontal. Its velocity is 100 ft per sec. 

3.4. Find the velocity components, total velocity, and flow direction at the 
point (2, —4) for the flow represented by ^ = 2xy + 

3.6. If ^ = xhj + y“X rejiresents a flow, find the velocity components, total 
velocity, and direction of flow at the point (2, 3). 

3.6. If ^ = rd'^ + r'^6 represents a flow, find the velocity components, total 

velocity, and direction of flow at the point (^)- 

3.7. Sketch the streamlines in all quadrants foi ^ — j-//. 

3.8. If ^ = rB-j find the velocity components and total ^elocity at the point 

&»)• 

3.9. If a source in a uniform stream has a maximum height of 10 ft for the 
^ = 0 lines, how far is the stagnation point from the source? 

3.10. If a source is in a uniform stream of 100 ft })ei sec and the sum of the 
maximum height and the distanee from the souice to the front stagnation point 
is 50 ft, what must the souice quantitv be? 

3.11. F or the conditions of Prob. 3.10 state the maximum velocity to be found 
anywhere in the field and the j)oint where it will be found. What will the 
pressure coefficient be at that iioint? 

3.12. A circular cylinder is in a 100-mpli stream at standard conditions 
Calculate the pressure coefficients that would theoretically be found at points 
0, 30 and 90° from the flow' direction. 

3.13. If the cylinder of Prob. 3.12 is 1 in. in diameter, find the pressure 
coefficient for a point 3 in. ahead of it. 

3.14. At what point on a circular cylindei in a uniform stream is the tangential 
velocity one-half the free-stream value? 
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CHAPTER 4 

OTHER FLOW FUNCTIONS 

4.1. Vortex Motion. The existence of a fluid motion in which the 
fluid whirls about some axis is well known in nature. Waterspouts, 
whirlpools, and tornadoes are convenient examples. But the connec¬ 
tion between these phenomena and the lift generated dynamically by a 
body in a fluid is not at all obvious, and it is not surprising that perhaps 
a century had to pass between the sound foundation of the perfect-fluid 
theory and the addition to it that explained lift. This contribution was 



summed up by Helmholtz in 1858, who formulated vortex laws of motion. 
Actually, these dealt with the three-dimensional vortex and are discussed 
in Chap. 9. A two-dimensional vortex will be developed in the follow¬ 
ing paragraphs. 

The first physical concept to grasp is the manner in which a fluid stream 
negotiates a curved path. The particles* do not '4ine up with the path 
(Fig. 4.1a) because in a perfect fluid there are no shear forces to make 
them rotate. Instead they maintain their orientation (Fig. 4.16) in a 
manner similar to that of a car on a Ferris wheel with, however, a little 
shape distortion not shown in Fig. 4.1. 

The significance as to whether the particles “rotate^' or not has a 
deeper underlying value not readily apparent. In our derivation of 
Bernoulli’s equation no restriction was placed on the type of flow in the 
stream tube considered, and it follows that Bernoulli’s constant holds 
anywhere along a given streamline, whether the motion be rotational or 

* A fluid particle is another name for a small reference zone which moves with the 
fluid, and, although its shape may change, contains the same amount of fluid over a 
period of time. 


61 
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irrotatioriaL However, ii is shown in more advanced work that only if 
the motion is irrotational will Bernoulli’s constant hold throughout the 
entire field. 

In practice, irrotational motion is found as long as boundary layers, 
turbulence, and (in the case of a compressible fluid) shock waves are 
avoided. It will be seen in the following pages that a good definition of 
irrotational motion is '^motion such that V X q = 0 at every point.” 

4.2. Circulation. A second new term associated with vortex motion 
is circulation, defined as the line integral of the tangential velocity taken 
around a closed curve. It is usually called T, square feet per second. 

Circulatory (irrotational) motion 
€'xists outside of the rotational 
core of a vortex in a real fluid. 
The particles in circulat ory motion 
do not rotate, even when they 
follow a circular path. Let us 
consider* this case in more detail. 
Assume fluid with pure circulation 
(tangential velocity only) moving 
in a circular path as shown in 
Fig. 4.2. 

The fluid in a zone r dd dr will 
suffer a centrifugal force in the 
amount (m/r) qe^ that must be 
balanced by an increase in pressure force that acts in a centripetal 
(inward) direction. Thus 



or 


F = pressure X area 

pdrrdS— — dp r dd 
r 


dr ^ r 


(4.1) 


Now we have stipulated that the particles must not rotate in order 
that the head remain constant and Bernoulli’s ec^uation be applicable. 
We therefore write J^]q. (3.8) for a velocnty and differentiate it with 



Substitution from Kq. (4.1) yields 
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which integrates to 


rqe = const 


Thus the velocity in pure circulatory irrotational flow varies inversely 
as the radius. Equation (4.2) tells us in addition that when the radius 
is zero the velocity would be infinite. Nature avoids the infinite velocity 
by having a central vortex core rotate like a wheel—with aerodynamic 
rotation of the particles. In the 
case of the vortex in air the velocity a 

follows Eq. (4.2) beautifully until j\ 

a certain radius ri is reached. (The / \ r 

size of Ti is discussed in Chap. 9.) sj 

Inside r = ri the core revolves, 

making the complete velocity dis- ^ T 

tribution as sliown in Fig. 4.3. Out- T r 

side of Ti the circulation remains 

constant [Eq. (4.2)], and the motion l>iftributioii of tangential veioc- 

, ^ ity for a practical vortex. 

IS irrotational. At ri both the 

rotating core and the circulatory flow have equal velocities so that we 
may write 

r 


where cj = rotational speed of the core, radians per sec. 

Solving for the circulation F, we have 

r = 2w (wri^) 

Thus the circulation may be thought 
of as consisting of area rotating at 
an angular velocity (called the vorticity) 
of 2aj. In a perfect fluid the core area 
may be considered as exceedingly small, 
and the vorticity exceedingly large to 
yield any specified circulation. Another 
way to discuss circulation is to refer to 
it as the vortex strength, and it follows that 
Fio. 4.4. the circulation about a given closed path 

is ecpial to the sum of the vortex 
strengths contained within the path (Stokes’ theorem). This conclusion 
is simply demonstrated by dividing any arbitrary area containing 
vortices into a grid (Fig. 4.4) and noting that the internal components 
of circulation cancel out. 

From the above discussion it is seen that, if the circulation is zero 
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about a region containing fluid only, there is no net rotation in the 
region. 

We may now proceed to derive the stream function for circulatory 
flow. Vortex motion is, intuitively, motion without a radial component. 
The only velocity that exists is g^, and the distance through which it 
exists is 27rr. Hence, from the definition of circulation. 


or 


r = 2Trqe 



(4.3) 


But we have already derived an expression for qe m terms of the 
stream function which is 


qe = 


d\l/ 

dr 


(4.4) 


and hence, eciualing and integrating, 

^ In r + C (4.5) 

where C = constant of integration. 

The value of C may be determined as follows: In the next section we 
are going to add circulation to the flow about a circular cylinder of 
radius a, and it becomes most convenient to let the ^ = 0 curves of 
both flows coincide. Thus, if in Eq. (4.5) we set ^ = 0 when r = a, 
we get, finally, 

(4.6) 

There is no restriction as to tlu^ size of a, which can be made infinites¬ 
imally small or exceedingly large. Nor is a the vortex core ri previously 
mentioned as a phenomenon that occurs in a real fluid. The term a in 
this case is best considered as an arbitrary constant, selected for con¬ 
venience. If we fail to use the same a for both the vortex and the 
circular cylinder when we add the two flows, the resulting flow patterns 
are perfectly acceptable but the streamline that represents the cylinder 
is no longer ^ = 0. Indeed, even though identical values are used for 
cylinder and circulation, it will later be seen that excessive^’ circulation 
moves the ^ = 0 streamline off the cylinder. The flow inside the cylin¬ 
der may be examined by a method to be shortly presented and found 
to be irrotational at all points except r = 0, 
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Many writers use a unit vortex {a = 1.0) so that the stream function 
becomes 

^umt vortex ~ ““ ^ 

It is also convenient to note that any closed curve may be warped 
into a circle by replacing short segments of the curve by circular arcs 
and radial segments. From Eq. (4.5) there is no radial velocity due 



T — cos 6 ds (4.7) 

or, in vector notation, 

r = q . ds (4.8) 

Now it is convenient to have a rapid method of determining whether or 
not a flow is irrotational so that we may know whether or not Bernoulli’s 
equation is applicable and for a second important reason to be discussed 
later. Such a checking” relation may be developed by summing the 
circulation due to any vorticity present about an arbitrary zone and 
examining the conditions which must arise if the vorticity is to be 
zero. 

Thus, using polar coordinates for a flow with tangential velocity q$ 
and radial velocity and a zone such as shown in Fig. 4.6, we have 

dr = (^qe + ^ dr^ (r + dr) 2de + ^ d0^ 2dr 

- ^ (r - dr) 2d0 ~ ^ 2dr 
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Expanding and clearing, 

dr = Ar d6 dr qe + ^ 

\r^ dr r dd / 

Dividing through by the area to get the vorticity, we have 


Vorticity = 7 


r dO 


If the circulation is zero, Eq. (4.9) becomes 


1 , dqe 


1 dqr 
r dS 


0 


From Eq. (3.12) this becomes 


1 d\l/ ^ rt 

r dr dr^ 


(4.9) 


( 4 . 10 ) 


(4.11) 


which may be used to determine whether the flow represented by a 
certain ^ is irrotational or not—with one exception. It does not fur¬ 
nish a check for the theoretical condition of infinite vorticity over an 
infinitesimally small point at r = 0 , and, it so develops, this particular 
case is important. It will be considered in detail later. To recapitulate, 
if Eq. (4.11) is satisfied by a particular relation for then at least the 
flow outside of r = 0 is irrotational and in addition will be noncirculatory 
unless a point vortex exists at r = 0 . 

The solution to the problem of treating the rotation of the vortex core 
is very simple. If a solid body is used to replace the core, then the fluid 
can have irrotational motion everywhere. Thus a flow with circulation 
can be completely irrotational as long as the circulation occurs about a 
solid body. As far as Eq. (4.10) is concerned, it will remain zero because 
there is no rotation in the fluid. That is, when a body is present, Eqs. 
(4.10) and (4.11) are checks for zero rotation but not zero circulation. 
When no body is present, they are satisfied only by zero rotation and 
zero circulation if no point vortex exists at r = 0. If one does, then as 
previously mentioned there will be circulation around the point r = 0 , 
which will itself be a singular point. 

Equations (4.10) and (4.11) are applicable to pure circulatory motion 
as well as more complex forms. In compressible flow of the type that is 
constant along a radius Eq. (4.10) reduces to 



and has a widespread application. 
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The condition for irrotational flow in rectangular coordinates is as 
follows: 

Consider a small zone in a flow of varying horizontal and vertical 
velocities u and v, respectively (Fig. 4.7). The circulation about the 
zone will be (F is + in the counterclockwise direction) 

dT = (u 2dx + (v + 2dy - (u + ^ dy^ 2dx 



2dx 


U-^dy 
Fio. 4.7. 


(IT =0 (this implies that no particles with rotation are within the 
zone), we have 



dv 1 dc _ ^ 

(4.12) 

From Chap. 1 we may write Eq. (4.12) as 



V X q = 0 

(4.13) 

where q = iu + jv 
or, using Eq. (3.11), 

+ 

11 

O 

(4.14) 


We may hence examine a flow for irrotation through the use of any 
of several equations, the particular relation selected being dependent on 
the form of the equation to be investigated. Equation (4.14) is called 
the Lapldcian of 

Now so far we have been content to ‘‘assume^’ a circulatory flow, and 
it is in order to consider how we can actually make one in the two- 
dimensional case. In this instance the obvious is a good answer: a cir¬ 
cular cylinder rotated in an airstream (with sufficient end plating so that 
tip flow does not arise) will develop a circulation closely approximated 
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by Eq. (4.3) in the range go/F = 0.5 to 3.0, an actual case being dis¬ 
cussed in Sect. 4.5. A lifting wing will do the same, but the mechanism 
is a little different. It can be roughly discussed as follows: 

Consider a cambered wing at zero angle of attack in a flow that has 
just started (Fig. 4.8a). Two particles A and B travel along their respec¬ 
tive surfaces at equal speeds, and since the upper surface is ‘ Monger, 
A arrives at the trailing edge ahead of jB. It then attempts to go around 
the trailing edge (5), but the general motion of the fluid sweeps it and 
other particles off the airfoil and B becomes a part of a starting vortex^ 

traveling farther and farther down¬ 
stream until its effect is no longer 
felt at the wing. IIowevcT, before il 
is swept downstream, it induces an 
increase of velocity on the airfoil 
A upper surface that closes the gap 
‘w/ between particles A and B and leaves 
a circulation on the wing equal but 
opposite to that of the starting 
vortex. This process is shown beautifully by Goldstein in Plate (9) of 
Ref. 4.5. 

We can align this action with our assumption of very small viscosity 
by noting that shear forces in fluids are proportional to the velocity of 
adjacent layers, and hence every time the theory’indicates infinite veloc¬ 
ity the amount of shear force that then arises in our fluid of very small 
viscosity is enough to cause the creation of a vortex. From our mathe¬ 
matical treatment to follow, it be seen that the above condition is 
one of infinite velocity at the trailing edge and hence amenable to the 
process described above. 

4.3. Circular Cylinder with Circulation in a Uniform Stream. It has 

been shown that a doublet in a uniform stream provides a mathemati(‘aJ 
representation of a circular cylinder. Further, the pressure distribution 
about the circular cylinder in a perfect fluid (Cp = 1 — 4 sin^ 0) was 
shown to be symmetrical about both x and y axes so that the cylinder 
experienced no resultant force. Let us determine the effecit of adding 
circulation to the circular cylinder. From Eqs. (3.26) and (4.5) we have 

if/ ^ Y fr ^ ^ In - 

\ r / 27r a 

The velocity components are 





(4.15) 
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g,. _^.r«n»(l+^) + X 

At a point on the surface of the cylinder r = a, gr = 0, and 


(4.16) 




2 « = 2Fsin«+— (4.17) 

The symmetric field is distorted 
by small circulation into a pattern 
as shown in Fig. 4.9a, no longer 
symmetrical about the x axis, but 
still symmetrical about the y axis; 
that is, zero drag exists. It is seen 
that the zero-velocity stagnation 
points, formerly on the x axis, have 
been moved down by the circulation. 
This tendency continues until in the 
limit they meet at 270° (Fig. 4.96). 
The circulation required for the 
stagnation points at 270° is found 
from Eq. (4.17): 

g..0-2F(-l)+g^ 

or 

r = 47rFa 


For circulations above T = 47rFa lo 

the stagnation point leaves the sur- 

face of the cylinder and moves Fiq. 4.9. Circular cylinder with circu- 

vertically downward, part of the Nation in a uniform stream of 10 ft per sec. 

. , . , , r = 27rVa, 47rra, and SttFo. T = 2TVa 

nuid circulating with the cylinder corresponds to an airfoil with Cl - 3.14, a 
as in Fig. 4.9c. ^aige value. 

4.4. Pressures over a Cylinder with Circulation. The most important 
conclusion so far develops when the pressure distribution over the cir¬ 
cular cylinder is integrated to find the resultant force. From Bernoulli’s 
equation, 

ip(ge^ + qr^) 

which in our case becomes (^r = 0 over the cylinder) 



p = H 




sin 0 + 


(4.18) 
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or 

p = H — 2pF* sin* 6 — sin d — (4.19) 



fo’' ^ ~ ^ /o ^ 


The first and last terms integrate to sin 6 and vanish when the limits 
are inserted. The second term integrates to sin® 6, which also vanishes 
for the above limits; and the third term integrates to sin^ 6 and is zero too. 

X = 0 

or no drag is realized. 

Substituting Eq. (4.19) into (4.21), we get 

r2x rzx r2x 

— F = Ha I sin 0 dS — 2paF“ / sin® 6 dd — p — / sin® B dS 
Jo Jo TT Jo 

T^2 /*2ir 

— ^-r I sin 6 dO 
Sir^a Jo 

The first and last terms integrate to cos 0 and vanish when the limits 
0 and 2ir are inserted. The second term may be written (sin 6 — 
cos® 0sin $)y and it, too, integrates to cosine terms which vanish when 
the limits are inserted. The remainder is 

K = £ir r\\n^Bde (4.23) 

IT Jo 

From the double-angle trigonometric relation Eq. (4.23) becomes 
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and 

F = pVT lb per ft of span (4.24) 

' t 

Hence we have solved d^Alembert’s paradox to the extent that we now 
see how a force can exist on a body in a perfect fluid—by the existence 
of circulation around the body. But so far, for a given body in a stream, 
we have no way of ascertaining haw much circulation will arise. A solu¬ 
tion to this new paradox will be given in later paragraphs. 

The lifting force F, above, is responsible for the curved flight of ping- 
pong and tennis balls and, in a slightly different form, for the lift of an 
airplane wing. Equation (4.24) is known as the Kutta-Joukawski theorem 
of lift 

4.6. Further Discussion of pFF. Equation (4.24) is, of course, a two- 
dimensional relation. It may be extended to a complete three-dimen¬ 
sional wing with constant spanwise lift distribution by adding the wing 
span 6. Then 

L = pVYh (4.25) 


From either Eq. (4.24) or (4.25) it is seen that the circulation T must 
increase as the velocity decreases if the lift is to remain constant. 

As a matter of interest, tests have been made with rotating cylinders, 
and a reasonable agreement seems to exist between theory and practice. 
In one case (Ref. 4.3) a cylinder of 0.375 ft diameter was whirled at 
3,600 rpm in a 16.4 ft per sec airstream. End conditions were such that 
an infinite aspect ratio was simulated, and the developed lift coefficient 
was 9.5. 

From Eq. (4.25) we have 

pVTb 

(p/2)r6F* 

or 



(4.2G) 


For the case in question this becomes 


0.375 X 1(5.4 X 9.5 
2 


= 29.2 sq ft per sec 


as determined by the developed lift. 

The theoretical circulation at the surface of the cylinder is 

r = gj • 2irr = r« • 2irr = 82.6 sq ft per sec 

Even considering that there should probably be a slight increase in 
r to allow for the boundary layer, the agreement is poor. The circu- 
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lation in this example is below the critical value that would require a 
part of the fluid to rotate and is in the range 0.5 < qe/V < 3.0 where 
best agreement is found. 

An important point to remember in comparing rotating circular cylin¬ 
ders and circular cylinders with circulation is that the tangential velocity 
for the former is constant, while for the latter it varies according to 
Eq. (4.17). Considering this condition, the lack of agreement mentioned 
above is understandable. 

4.6. The Velocity Potential <i>. It may be shown mathematically that 
the condition for irrotational motion [Eq. (4.10)] is identically equal to 
the condition that a function <#> must exist such that its first partials in 

any direction arc the velocities of the 
fluid that it rei)resents in that direction.* 
That is, 

d<t> 
dx^ 
cJ(f> 
dr' 



u — 


Qr = 


d<l> 


1 d<j> 


(1.27) 

(4.28) 


To understand how these relations are 
derived, consider a point P connected 
to the origin by a simple curve OAP, 
and let <l> be the value of the integral of 
the tangential component of the velocity q along OAP \ that is (Fig. 4.11), 


Fig. 4.11. 


<f> = q cos e ds (4.29) 

Unlike i/', which as long as no additional sources or sinks are in^mlved 
is independent of the path selected (Fig. 3.3), the value of <l> generally is 
dependent on the path. If OBP is some path other than OAPj from 
Sect. 4.2 the circulation 

r = / q cos 6 ds 
JOAPBO ^ 

= <l>nAP + <l>rBO 

= <l>OAP — <t>OJiP 

Now the circulation about a zone is ecjual to the total vortex strengths 
enclosed within it, and since there are none in OAPBO, the vorticity is 
zero and so is the circulation. Hence 

4>0AP = <t>OBP (4.30) 

and it may be said that 4> is unique. When the motion is irrotational 
(as above), <t> will have a constant value at a point P regardless of the 
* The function was first employed by Euler. 
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path followed from the origin to the point and is then called the velocity 
potential. It has the units of square feet per spcond. 

The previous discussion concerning the effect of a body in a fluid may 
be extended to the case for <t>. For instance, similarity pf the equation 
for r, 

r = cos B ds 

and that for 4> [Eq. (4.29)] must have been previously noted. 

If the path OAP be selected to extend around a body which has a 
circulation F, it is apparent that will be increased by F by the one 
circumlocution to which we limit ourselves. 

Rewriting Eq. (4.29) using the velocity components u and v and dx 
and dy for ds, we have for an irrotational field: 


or 


4> = udx vdy 

d4> = ndx V dy (4.31) 


But from the definition of a derivative 




and equating components, 



(4.32) 

(4.33) 


To derive the expressions for the velocities in polar coordinates qe 
and qry express the components of ds as dr and r dB. Then, similarly, 


so that 


d<i> = gr dr + q^r dB 
dr dB 



(4.34) 

(4.35) 

(4.36) 


Since a flow field may be determined from it is evident that <l> may 
be used to represent a field. Hence, at least one function other than ^ 
exists that may represent flow patterns. 
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It is interesting to consider the physical meaning of to parallel the 
concept of flow quantity arising from In Sect. 4.9 it will be shown 
that equipotential lines plot perpendicular to streamlines, and the possi¬ 
bility that 0 concerns pressures at once suggests itself. Now consider 
the units of p<f>. 

_ lb — sec^ ft^ _ 
ft^^ ^ 

An impulse is a force for given time, pound-seconds, so that p<^ must 
be an impulsive pressure. Thus <;> is a function of the impulsive pres¬ 
sure needed to create a given flow. 

4,7. Tests for Rotation and Compressibility. From Sect. 3.2 we have 
that incompressibility exists if 


du i di; _ ^ 

to ^ ^ 


which from Eqs. (4.32) and (4.33) may be expressed 

-L ^ = n 
dx^ dy^ 

and from Eqs. (4.12) and (4.14) the motion is irrotational if 


(4.37) 


(4.38) 


d?/ to _ ^ 
dy dx 

dx^ djf 


(4.39) 

(4.40) 


That is, if V^<l> = 0, the motion is incompressible and if = 0, the 
motion is irrotational. Equations (4.37) and (4.31)) are called the Cauchy- 
Riemxinn equations, and h]qs. (4.38) and (4.40) are called LapJacians. 
They lead to the reason we have been able to add stream functions or 
velocity potentials: in each case they have satisfied the Laplacian, and if 
two functions satisfy the Laplacian, their sum will too. 

4.8. Determining if ^ Is Known. Stream functions, as we have 
defined them, exist only for incompressible flows, and it has been conven¬ 
ient so far to deal only with stream functions. Soon, however, we shall 
need the velocity potentials for each stream function so far developed. As 
either or ^ can be used to define a flow, it follows that, for each ^ so 
far developed, some <l> corresponds. It is developed from ^ as follows. 

1. Check the stream function for rotation, as unless it is irrotational 
no 0 exists. 
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drl/ dyl/ 

2. If irrotational, take the partials of ^ apd —• 

3. Substitute them into the expressions for the total derivative of <#>, 
using Eqs. (4.35) and (4.36). 

4. Integrate the resulting differential equation according to the dif¬ 
ferential-equation laws. (One way is to integrate the terms containing 
X in the dx expressions holding y constant, and only the pure functions 
of y in the dy expression.) 

Two examples follow: 


Example 4.1. Find the velocity potential for ^ = 2xy\ 

1. VV ” f'hat is, the flow is irrotational 
drl/ M 

ax ^ 

# , 34 ' . 

= 2a: da; — 2y dy 

4. — 2/^ 

Example 4.2. Find the velocity potential for a source ^ = Qd/2T: 

o 

r 30 2irr 3r 

34 / . \ 34 ) 


_ ^ _ n - 1 
dr r dd 

34> , , 34) 


= ^dr + 0 


4. =^lnr 


The method outlined above may be used to find the velocity potential 
for the basic flows of C'haps. 3 and 4, yielding 
Uniform flow parallel to x axis: 

^ = Vy <t> = Vx (4.41) 

Source at origin: 

*-% 

Doublet at origin: 



4> = - 


JL — 

2ir r* 


(4.43) 
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Circulation about circular cylinder of radius a at origin: 

4.9. Plotting Equipotential Lines. Assuming equal increments of <l> 
and plotting in a manner similar to the plots of streamlines, families of 



Fig. 4.12. Streamlines (solid) and equipotential lines for uniforni flow to the left. 



Fig. 4.13. Streamlines (solid) and equipotential lines for a source in a uniform stream. 
Q = 2,000, V = 100 ft per sec. 


equipotential lines may be drawn. Examples of a uniform flow, a source 
in a uniform flow, and a doublet are shown in Figs. 4.12, 4.13, and 
4.14. It is noted that the streamlines cross the equipotential lines at 
right angles, and hence for small increments <#> and ^ divide the field into 
small squares. When larger increments are taken, the squares are dis- 
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torted but the right angles remain. This is an important concept in 
the development of conformal transformation in the next chapter. 
Streamlines and equipotential lines do not form right angles at stagna¬ 
tion points. 

Now then, we have two functions, <l> and either of which may be 
used to describe a certain irrotational incompressible steady flow. Fur¬ 
ther, without manipulation the two functions plot at right angles to each 
other, an orthogonal system. The 
idea instantly presents itself that a 
complex variable could be formed 
of these functions that would also 
describe the flow and in addition 
have the mathematical character¬ 
istics of complex variables that in 
many cases simplify the analysis. 

We therefore proceed to join the 
velocity potential and stream func¬ 
tion into a complex potential function 
defined as 

ic = 0 + sq ft per sec (4.45) 

for incompressible irrotational 
flow. 

4.10. The Potential Function. Using Eq. (4.45), the flows expressed 
in Chap. 3 as stream functions and in Sect. 4.8 as velocity potentials 
may now be combined into the potential-function form. For instance, 
for a uniform flow parallel to the x axis, yp = Vy and = Vx, Then 

w = ft> iyp = Vx + iVy = F(.r + iy) (4.46) 



Fig. 4.14. Streamlines (solid) and equi¬ 
potential lines for a doublet. 


From the notation of Sect. 2.1 this becomes 


w ^ Vz 


(4.47) 


for a uniform flow parallel to the x axis. 

In a similar manner the other basic functions become: 

Uniform flow parallel to y axis: 

w = —iVz (4.48) 


Source at origin: 


Q 
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Doublet at origin: 



(4.50) 


Circular cylinder of radius a with circulation Y : 

+ 7)-s'”s 

We may now develop a relation for the absolute value of the velocity 
at some point in a flow that is described by the potential function w. 
The velocity will be, as written in complex notation, 

g = w + iv (4 52) 

where u and v are the values of the horizontal and vertical velocity 
components. Consider the conjugate of g, w — iv. It has the same 
absolute value as + iv^ and hence we may write 


1^1 = |w + iv\ = [w — zi’l = |\/w 2 -f-(4.53) 


V 


But according to Eqs. (4.32) and (4.33) we may write w = -^ and 

ox 

= — ^ so that 
dx 


\q\ = 


d<l} . d\l/ 


a(<^ + t\i/) 
dx 


By Eqs. (4.45) and (2 2) this becomes 


1^1 


dw 

dz 


(4.54) 


Equation (4.54) is used in almost every important derivation in two- 
dimensional airfoil development. 

Before closing this introductory section on the potential function, it 
should be noted that neither <l>, or w possesses any “superior” (pialities 
as far as all flow problems are concerned. Sometimes it is advantageous 
to use any one of the three. The stream function }// may be used to 
represent graphically a given flow; partials of in a given direction yield 
the velocity in that direction; and w has the advantages of complex 
notation. 

4.11. The Blasius Equations. When the potential function w for the 
flow about a body is known in terms of the complex variable 2 , it is 
possible to obtain simple expressions (known as th(' Blasius equations) 
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for the force and moment on the body. First, however, it is in order to 
consider how changes in pressure and momentum occur in a fluid. 

Consider the application of F = ?na to the &uid in a control zorie. 
The mass being acted upon is composed of different fluid particles each 
instant, and F should be considered as the force necessary to bring a 
certain mass to rest each second, or to change its velocity. Thus we 
usually write 

■jn mass . / j K i» \ 

F --At) (4.55) 


A simple case of analyzing the force on a body buoyed up in a vertical 
stream of a viscous fluid can illustrate 
this use of Newton^s second law, a ly 
viscous fluid being selected to allow 

a drag force. Consider the fluid | | 

crossing the boundaries A A' and I_ 

BB' (see Fig. 4.15). The change in "J" j 

total head between BB' and AA' | I 

may show up in one of three ways: I I 

1. If the boundaries AB and A'B' j j 

are parallel and solid, the law of j |. I 

continuity precludes any change of ^ i|/|( I 

velocity and the force of the body *i)|j 

on the fluid (its weight) must appear j I 

as a loss of static pressure over an I ^ 

area. Thus ! ! 


— W + dx = 0 (4.56) 


2. If the region is one of constant ^4 - 

pressure (as the free atmosphere), a ^ ^ 

change of velocity and momentum 

will occur in the wake of the body, but no pressure force. Thus 


— W = — J^pv dx • V 


(4.57) 


the force in the minus direction changing the momentum in that direction. 

3. The third case is a combination of the other two where both pres¬ 
sure and momentum changes occur and we have 


--W + j^p dx ^ -- j^pvdx • V 


( 4 . 58 ) 
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4.12. General Formula for Lift. Now let us extend Sect. 4.11 to 
include two-dimensional motion where both « and v velocities occur. 
Suppose (Fig. 4.16) that the forces on the body from the fluid are -{-X 
and Y, so that the forces on the fluid from the body will be —X and — Y. 
Also, let positive momentum be along the plus axes. 



The pressure forces according to our .setup are in the -fy and — r 
directions. The momentums entering the zone have also +y and —x 
direction. Hence 


—A' — p dy + p (i> dx — u dy)u — 0 (4..')9) 

and 

— Y + j^pdx-\-pj^ {» dx — u dy)v = 0 (4.60) 


Forming —iY from Eq. (4.60), we then get 


X — iY = — j^pidy + idx) — p (“ ~ iv)(udy — vdx) (4.61) 

From Bernoulli’s equation, 

p = H - ip(?/» + r*) (4.62) 

and hence 

X - iY = - f^[H - ip(u* + v^)](.dy + i dx) 

— p j^iu — iv)iudy — vdx) (4.63) 

ff, being a constant, integrates to zero about a closed curve so that 

X — iF jc ^ 2(w -- iv)(u dy — vdx)] (4.f>4) 
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Expanding and simplifying, 

X — iY = ipi ~ + i dy) (4.6^) 

iv, z = X + iy; and dz = dx idy (4.66) 

(4.67) 

We see that the forces on a body are a function of the potential func¬ 
tion that describes the flow about the body or, more closely, of the first 
derivative of the potential function. Equation (4.67) is known as the 
general force equation and will be used later to evaluate lift and drag. 

4.13. General Formula for Moment. The relation between the 
potential function that represents the flow about a body and the moment 
of the body about the origin follows from the equation of angular motion. 
For instance (Fig. 4.16), the mass that enters the zone is (v dx — w dy), 
and its moment of momentum is counterclockwise in the amount p{v dx — 
udy)(vx — uy). If the moment on the body is Afo, that from the body 
on the fluid is — A/o. Finally, the sum of the body moment, pressure 
moment, and fluid momentum is 

—Afo + (px dx + py dy) + p {v dx — u dy){vx — wy) = 0 (4.68) 

Substituting for p from Eq. (4.62) and recalling that H dz — 0, 
we have 

Afo = + r^)(x dx + y dy) + 2{u dy — vdx){vx — uy) (4.69) 

== — ip (u^ — v^){x dx -- y dy) + 2uv{x dy y dx) (4.70) 

Now consider 

jc (^) edz = J^(u - iv)\x + iy)(dx + i dy) (4.71) 
Expanding and designating the real part by the abbreviation Re, we have 

Re fM zdz = j (m* — v*)(x dx — y dy) + 2uv{x dy ydx) 



(4.72) 
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From Eq. (4.70) we now see that 

ilfo = —^pRe j ^ (4*73) 

and the moment about the origin on a body in a moving stream also is a 
function of the potential function that describes the flow about the body. 
Equations (4.67) and (4.73) are known as the Blasius equations and were 
presented by Blasius in 1908. 

4.14. Summary of Important Relations. It seems in order to organize 
and state in one place the important relations so far derived. 


Rectilinear Coordinates 
1. Velocity relations: 


Polar Coordinates 


dyp 

d<l) 


U = -^ = 

dx 

qe 


_ d<t> 


dx 


Qr 


\q\ = 


dw 

dz 


ki 


^ dyf/ ^ i d<l> 
dr r dO 
1 d\l/ __ d<l> 
r dS dr 

V = 


dw 

dz 


2. Conditions for incompressible flow: 


du , Q 

dqr , , 1 ^Qe 

dr r ^ r de 

dx^ dy^ 

d^<l> ] d-<t> ] d(t> 

dr^ r dS’^ r dr 

<1 

11 

o 

yp exists, w exists 

Conditions for irrotational flow: 

du dv _ Q 

dy dx 

1 , dye 1 dqr 

dx^ dy^ 

1 dyp dV 1 J 

r '^2 "T ^02 

V X q = 0; 

<l> exists, w exists 


4. Expressions concerning uniform flow F, to the left: 


yp ^ -Vy 
4> = -Vx 
w = —Vz 


yp = — Fr sin ^ 
<p = —Vr cos 0 
w = — Fre'® 
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5. Expressions concerning source of quantity Q at origin; 


u 


V 


jQ X 
2v 

. Q y 

*■ + »’ 


2x X 


Qr 


A. 

2irr 


q» -0 



4> 


^ In (x^ + y^)i 




w 



w 


^ (In r + id) 


G. Expressions concerning doublet of strength n at origin: 


u 

V 


0 

w 


n{x- — y ^) 
2x(x» + yT 

t{x^ + yY 
_ tty _ 

2x(r2 + yi) 
fix 

2v{x^ + y^) 

_ 

2x2 


<lr 


qe 




M cos 6 



2x 

M 

sin 6 

2x 

y.2 

M 

sin 6 

2x 

r 


M cos $ 


2t r 


= — _ JL_ 

2xre*® 


7. p]xpressions concerning vortex of strength T at origin: 


w = — 

r 

V TT- 


y 


2ir x2 + 2/2 
X 


2x + 2/^ 

4x a 

0 = tan~^ - 
2x a; 

zT , z 
w ^ — 5 - In - 
2x a 


Qr = 0 


, r , r 

0 = — ^ In - 
2ir a 


iV 

ii; = — (In r id — \n a) 

wTT 


PROBLEMS 

4.1. Check the determination of 0 in Eqs. (4.41) to (4.44). 

4.2. Check the determination of w in Eqs. (4.48) to (4.51). 

4.3. Sketch tlie velocity distribution in a real vortex. What is the relation 
between velocity and radius in the irrotational part of the field? The rotational 
part? 
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4.4. If 0 = ** — y\ find 

4.6. If — j/*, find <l>, 

4.6. If 0 = X* — y\ find the total velocity at (2, 4). 

4.7. Does the potential function exist for irrotational flow only? 

4.8. 11^ = kyl2irr‘‘, find ^ and w. 

4.9. A circular cj finder, 2 ft diameter, is in a uniform stream of 100 ft per sec. 
r = 300ir. Find the location of the stagnation points and the largest negative 
pressure. 

4.10. For Prob. 4.9, find the flow direction and magnitude at r = 2, S = 30°. 

4.11. Discuss the rotational part of the perfect-fluid vortex 
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CHAPTER 5 

THE JOUKOWSKI TRANSFORMATION 


6.1. Conformal Transformation. It is possible to have figures of very 
different shape related to each other in some manner. An example might 
be shadows of one object as cast on a wall or on a floor. The shadows 
are obviously related, although entirely different in shape. So it is with 
many pairs of figures. While a simple factor might make one square 
four times another, a more complex 
relation might warp the square into 
a rhombus or to a rectangle. 

For instance, consider a figure (see 
Fig. 5.1) described in the z plane by 
z — X iy and another figure in the 
f plane described by f f + i‘t\. 

Further, let the two figures be related 
by f — f(z). An infinitesimal line 
element in the z plane dz becomes an infinitesimal element in the f plane 
df according to 

dt - 1 * 

Now both df and dz are complex and may be changed in length or 
rotated (see Sect. 2,1), but as long as d^/dz has one value and only one 
value at each point, the infinitesimal zone about point Pz will remain 
similar to that about P^ and the transformation is said to be conformal. 
The shape of large figures in the z and f planes may be different because 
d^/dz may have different values at different points. The streamlines and 
equipotential lines which cross at right angles in the w plane {w = <t> + i^p) 
will continue to cross at right angles if the w plane is conformally trans¬ 
formed—except at singularities where — is either zero or infinite. Such 
points require special treatment. 

To consider a simple case, let a point in the z plane be represented by 
X + iy and one in the f plane by $ + try. Further let 

f = (5.1) 

Then 

5 + = (:r + lyY = .r- — y® + 2ixy 

75 




Fio. 5.1. Argand diafframH for the z and f 
planes. 



76 


BASIC WING AND AIRFOIL THEORY 


or 

I = X® — y- 
rt = 2xy 

Consider, for instance, lines of x = const in the z plane which plot as 
vertical lines shown in Fig. 5.2a. 

In the f plane, when x = 1 ,17 = 2j/ and f = 1 — y* = 1 — (j 7 */ 4 ), so that 

7, = V'4(l - ?) (5.2) 

Thus the straight lines in the z plane have been transformed into 
parabolas in the f plane by the transformation f = (see Fig. 5.26). 


7 


(a) (ft) 

Fio. 6.2, 

6.2. The Joukowski Transformation. The equation of the flow about 
a circular cylinder with circulation has already been developed, and it 
has been shown that the solution yields a lift force. If a transformation 
could be found that would transform that flow to the flow about an air¬ 
foil (the circle becoming the airfoil), then we could, in a manner similar 
to the treatment of the circle, find the pressure distribution around the 
airfoil and its lift. 

The first thought .that comes to mind regarding the above is to seek a 
function that reduces y values only in some orderly manner that changes 
a circle to an airfoil shape of chord equal to the diameter of the circle. 
However, while such a function could doubtless be found, the solution 
advanced [apparently simultaneously and independently by Kutta (born 
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1867) in Germany and Joukowski (1847-1921) in Russia] operates on 
both X and y values, moving points down and away from the y axis. 

The Kutta-Joukowski transformation is 

r = z + Y (5.3) 

where ci is a constant. Properly employed, this transformation will 
transform a circle in the z plane into an airfoil in the f plane. 

The mechanism of the transformation is shown by the following graphi¬ 
cal interpretation: 

If z = and f = { + irjt then the Joukowski transformation may be 
written 

^ + 17 ] = 

r 

Eciuating reals and imaginaries 

i = (r + cos e (6.4) 

>? = (r - y) sin » (5.5) 

Consider Fig. 5.3, in which the transformed point in the f plane is 
plotted on the same axes as the original point A in the z plane. Expand¬ 
ing Eqs. (5.4) and (5 5), we have 

|y.7 

Ci2 

$ = r cos 0 4 —- cos 6 (5.0) 

r 

and 

r; = r sin 0-^ sm 0 (5.7) 

Examination of Fig. 5.3 discloses 
that the movement of point A is in 
accordance with the Joukowski transformation; points in the first quad¬ 
rant are moved down and to the right, while points in the second quad¬ 
rant move down and to the left. 

Further study is required to see Avhy the Kutta-Joukowski transforma¬ 
tion makes an airfoil and not some other flat oval. Indeed, special care 
is needed to get an airfoil. 

Let the circle have its center to the right of the y axis (Fig. 5.4) 
Then, for a given value of 0i = 02 , n > and the quantity 
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> \^2 — —j- Thus from Eq. (5.7) the ordinate of A' is greater than 

that of and an airfoil shape develops. The location of the center 
of the circle is a prime factor in obtaining the airfoil. It will be shown 



Fig. 5.4. 


later that with the center at (0, 0) a straight-line or flat-plate airfoil is 
obtained, and with it on the y axis a circular-arc airfoil results.* 

As mentioned previously, special attention must be given to points at 
which d^/dz becomes zero or infinite. The derivative of the Joukowski 
transformation becomes negatively infinite at the origin, but since that 

point will be inside our body, it 
will not appear in the flow and 
will not be of interest. The zero 
valiH's which appear at ± ci in 
the z plane will receive special 
consideration. 

5.3. Transformation of the Veloc¬ 
ity. From Fig. 5.3, the Joukowski 
transformation moves a point A in 
the first quadrant down and to the 
right to point A', and in a similar 
manner a point B would be moved to 
fluid that passes between A and B 
in the z plane must after transformation pass between A' and B' in the 
f plane. The velocities in the two planes are then inversely proportional 
to the distance between two points; or 

* A simple mechanical device for rapidly performing the Joukowski transformation 
is described by Bairstow in Ref. 5.3. 


y.7 


A 






x,^ 

Fig. 5.5. 

B' (Fig. 5.5). The same amount of 
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l9rl = 


\q.\ 

lA'B' 

AB 


(5.8) 


The important principle for us to note here is that, since the conformal 
transformation increases velocities as it decreases distances, the circu¬ 
lation around a body will remain constant through a transformation. We 
shall need this principle in the next chapter. 

When ylS is taken as very small and equal to dz, A'B' will equal df. 
Hence 


if] 


k.l 



1 - - 

dz\ 


2* 


(5.9) 


To obtain the actual value of recall that the absolute value of a 

dz 

complex variable etjuals the square root of the sum of the squares of 
the real and imaginary parts. Hence, separating z in Eq. (5.9) into 
real and imaginary parts, we have 


(5.10) 

We shall leave the discussion of Eq. (5.10) to a later time. 

6.4. Lift of a Joukowski Airfoil. In Chap. 4 relations were developed 
that enable the lift and moment on a body in a fluid to be found pro¬ 
vided that the potential function for the flow about the body is known. 
We now proceed to find the potential function (or, more accurately, its 
first derivative) of a Joukowski airfoil. While it is true that we know 
the potential function for a circular cylinder with circulation [Eq. (4.51)] 
and a transformation that will transform the circular cylinder into an 
airfoil, several interim steps remain, all of considerable importance. 

To recapitulate, we have seen how lift develops when a circulation 
arises, and it is common knowledge that lift is also developed by an 
airfoil. But we cannot transform a circular cylinder with circulation 
and lift to an airfoil at some angle a until we tie together the angle of 
attack of the airfoil and its lift, and the lift (and circulation) of the 
cylinder. 

In other words, we need the condition that will define the airfoil angle 
of attack for the assumed circulation. The answer, given first by Kutta, 
is that ‘^enough circulation will arise to permit the flow to leave the trail¬ 
ing edge smoothly.'^* Thus the greatest importance in all theoretical 
works is attached to the angle at the trailing edge. 

* A **smooth^* flow in perfect-fluid theory means one without infinite velocities. 


sin 2^ 
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In practice, an abrupt change of camber near the trailing edge would 
in all probability produce separation rather than a large change of lift, 
but in another sense there is always some mean effective angle at the 
trailing edge which does determine the lift. 

To return to the transformation problem, several preceding steps hint 
the necessary approach. For instance, Eq. (5.9) tells us that, if d^/dz = 0 
at a point which later transforms to a point on the airfoil, the velocity in 
the transformed plane will be infinite unless the velocity at the corre¬ 
sponding point on the circular cylinder is zero. It behooves us then to 
make the point that later becomes the airfoil trailing edge, a stagnation 
point. It will then transform to a stagnation point if d^/dz 5 *^ 0 at that 
point for the particular transformation employed. (There arc many 
others besides the Joukowski.) If d^/dz = 0 at the stagnation point on 



location necessary for the satisfactory use of the transformation (/;). 


the circle, the value of cannot be found by E(p (5.9) but at least it 
can be shown to be finite or zero. 

Now then, from p]q. (5.6), points in the z plane that are on the x axis 
{6 = 0, tt) will be on the J axis in the f plane. Since (as will later be 
shown) the trailing edge of the airfoil is on the ^ axis, it becomes apparent 
that to make the airfoil trailing edge correspond to a stagnation point 
on the circular cylinder the cylinder must be moved up before transform¬ 
ing so that the stagnation points (lowered by the effect of circulation 
as shown in Fig. 4.9) will be on the x axis. Unless this procedure is 
followed, the rear stagnation point on the circular cylinder w^ould not 
transform to the trailing edge of the airfoil. 

Another reason for selecting the rear stagnation point of the circle at 
(—Cl) is that the nature of the transformation makes such points into a 
cusp, which, although overdoing the sharp-trailing-edge requirement a 
trifle, at least makes a reasonable airfoil. Selecting our circle with B 
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inside by a small amount gives a finite trailing-edge angle, but the method 
of then determining the circulation through Kutta^s condition becomes 
lost. 

A further condition for the circle that is to be transformed is that its 
center must be to the right of the origin in order that the transformation 
will produce a reasonable airfoil. Thus we see that we shall want to 
transform a special z circle with a center at /x and radius a that meets 
the above conditions. An additional advantage accrues from letting the 
z circle enclose the singular point at +ci so that it need not be considered 
on the airfoil. 



To introduce the concept of an angle of attack, we shall finally rotate 
the axes through an angle a, yielding the z circle with radius a on the 
x'y' axes in Fig. 5.7. 

Now we already have the equation of a circular cylinder with circu¬ 
lation [Eq. (4.51)], but it was derived relative to x, y axes when the free 
stream was along x. With our new setup, the free stream is along x', 
and hence Eq. (4.51) as we now have it lies in the = x' + iy' plane. 
It becomes 

( 5 . 11 ) 


and 


^ = _r(i - ) 

dz' V U')-/ 


tT 

2tz' 


(5.12) 
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As we have previously explained, the point on the circular cylinder 
selected to become the airfoil trailing edge must be a stagnation point. 
Thus the value of T (which is the same for both cylinder and airfoil) 
must be such that the velocity 

\g\ = ISI = 0 (5 13) 


at B, the btagnation point, where 


Zb = —ae" 


_)- 

z' \ aV '<“+''7 


2ir(-ae*<“+'’») 


By Eq. (2.34) 


tT = 2iraF(e*<“+'*> — 
r = 4jraF sin (a + /3) 


( 5 . 14 ) 


( 6 . 15 ) 


(5.16) 

(5.17) 


This very important relation ties in the circulation with the airfoil 
angle of attack and its camber, which, as we shall see, is controlled by /8. 
The airfoil is derived from the circle by the Joukowski transformation. 

And to determine the forces and moments in the f plane, we must find 
dwfd^ to use instead of dwjdz in Eqs. (4.68) and (4.74). 

The general point P is located in the a:'y' plane by 


or, by Eq. (2.5), at 


2 p' = ^ 


Zp' = Zp'e~^^ 


( 6 . 18 ) 


Zt = Zp" + me^ = Zp^e~ 


so that (omitting the subscript) 


(z — 


(5.19) 


We may now' evaluate dw/d^ by the relation 

dw _ dw dz^ dz 
c/f dz' dz rff 

<lc \ ^ (zV 2irz')^ ''v zV 


( 6 . 20 ) 
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Substituting for z' from Eq. (5.19), multiplying by the term e”, and 
expanding terms in the denominator by the binomial theorem, we have 


dw 

dr 


..j. Fa*e““ + 22“*me** + • • • ) 


+ ^ (r-' + 


-76*“ + 




iL 

27r2 




(5.22) 


Since Cauchy^s theorem is to be used shortly, we shall need in the 
final step only terms as high as I/ 2 . At this point, however, we have 
kept terms to 1 jz^ to allow for multiplying through by z in the moment 
equation. 

Squaring and keeping only terms below 1 / 2 ^, we have 

72g2ia _j--1--1-- 

tz z^ irz^, z^ 

The general force equation 

Substituting from Eqs. (5.9) and (5.23), and integrating by Cauchy’a 
theorem, we get 

X - tT = i pi (2« ) 

= — tpFre*« = — tpFr(cos a + i sin a) 

from which 

X = pkT sin a (5.25) 

r = plT cos a (5.26) 

These forces, however, are along the x and y axes and hence do not 
represent lift and drag. They do represent, ^^hen summed perpendicular 
and parallel to the wind direction, a force plT perpendicular to the free 
airstream (the lift) and zero force parallel to it. Thus in potential two- 
dimensional flow (negligible viscosity) there is no drag. 

Substituting for the circulation from Ecp (5.17), we liave 



JL. 

(5.23) 


L = § T"* • 4o • 2 t sin (a + /3) (6.27) 


which is familiar in the form 
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This equation, stating that the lift on an airfoil is proportional to the 
dynamic pressure, the area (approximately 4a), and the angle of attack 
as measured from zero lift, is one of the most fundamental and important 
so far derived. 

We should note two items from Eq. (5.27). The first is that the lift 
curve is a straight line only to the extent that sin (a + jS) is straight — 
as it happens, a pretty good approximation for the range of 0 to 10®; 
second, that the value at which sin {a + jS) would yield a maximum lift 
(a = 90°) has no practical application since viscous effects produce a 
“ stair ^ long before 90° a is even approached. 

Equation (5.27) has in addition an interesting historical significance. 
Newton’s development of the force on a body in a “free” fluid showed 
that the lift would vary as the sine squared of its angle of attack. Others, 
disregarding the fact that Newton was then discussing what amounted to 
rarefied air, concluded that flying machines were not possible, and it has 
been estimated that the “damper” thus imposed on would-be aeronauts 
postponed actual flight by perhaps a century. It was not until 1790 that 
the sine-squared law was thoroughly discredited or, bettc'r, reexamined. 

A modern note is introduced by the work of Ivey, Klunker, and Bowen 
(Ref. 5.5), who show that, at very high supersonic speeds, the lift of a 
two-dimensional flat plate is proportional to the scpiare of the angle of 
attack. 

6.5. Moment of a Joukowski Airfoil. It has previously been shown 
that, if w describes the flow about a body, its moment about the origin 


1, lie 


(5.28) 


Substituting from Eq. (5.23) and writing 




we have 


iVVe^^me^ 


Mo=-HpRe/ (FV2- + — ~ + 

A Jc\ 2 “ 


2F^e^'"Ci^ 


_ cA 


dz 


The last two terms multiply to yz — and hence, completing the 

rest of the multiplying (disregarding terms other than 1 Jz as equal to 0 
by Cauchy’s second theorem), 
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Re (2«) + 2F*e*“Ci» - 2a*F* - 

= pVTm cos (a + 6) + 2fyjrV^Ci^ sin 2a (5.29) 

This is the moment aijout the origin. The moment about the center 
of the circle becomes (see Fig. 5.8) 

M,i = Mo — Lm cos (a + 5) 

So, from Eq. (5.29), 

Ml, = 27rpy Vi2 sin 2a + pVTm 

cos (a + 5) — Lm cos (a + 5) 

= §F*4x6-i 2 sin 2a (5.30) 

6.6. General Lift and Moment 
Coefficients. It is now in order to 
reduce the lift and moment formulas to more convenient forms. We 
shall assume the airfoil chord = 4ci = 4a, and all conclusions in this sec¬ 
tion will be to that approximation. 

The lift is given by Eq. (5.27) as 



L = V“ • 4a * 2t sin (a + /?) 

A 

and it is seen that the angle of zero lift is — ^5, 

( 5 . 31 ) 

(5.32) 


Cl = 27r sin {a + (3) 

and 

^ 2w per radian 
da 


Thus the slope of the lift cxirvc is independent of the camber. 

To find the moment coefficient as used in practice (we rarely know 
either the original origin or the circle’s center), we note that the point g 
transforms almost exactly to the mid-point of the airfoil. 

Hence the moment coefficient about the half chord is 


{p/2)V^ • Ci^ • 47r sin 2a __ tt 


( 5 . 33 ) 


which demonstrates that the moment coefficient about the half chord is 
independent of the camber. 
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Transferring the above moment to the quarter chord, we have 

Cl 

CmJ — CmJ ^ 

= (5.34) 

which demonstrates that the moment coefficient about the quarter chord is 
independent of the angle of attack (or ci) and its value is a function of the 
camber. 

Thus the quarter chord, to a first approximation, is the aerodynamic 
center of a Joukowski airfoil where the aerodynamic center is defined as 
the point about which the moment coefficient is constant with changes in 
angle of attack. Reference to Table 7.6 indicates that this conclusion 
may also be extended to all airfoils Avith first-order accuracy. 

The conclusion of Eq. (5.33) that the moment coefficient is constant 
about the half chord with changes in camber is strikingly validated by 
wind-tunnel tests of two-dimensional airfoils mounted at the half chord. 
Even though a flap be loAvered, the moment coefficient remains practically 
unchanged at a constant angle of attack. 

6.7. General Center-of-pressure Equation. The center of pressure 
(C.P.), defined as the point at which the resultant force vector intersects 
the chord line, may be found by writing 


- ^ 
CjnZ« “ Crn\ . 


(6.35) 


and, assuming that all of the moment is due to the lift so that 


we get, substituting, 


Cmle = (C.P.) Cl 


C.P. 


Cm\ 1 

ci 4 


(5.36) 

(5.37) 


The above equation leads to the interesting conclusion that if the 
moment about the quarter chord is large there will be a large center- 
of-pressure travel. If is zero, the center of pressure is constant and 
at the quarter chord. (The minus sign comes from the assumption that 
a plus lift produces a minus moment about the leading edge.) 

Some years ago the center of pressure was a much used parameter, 
and airfoils Avere divided into those with stable-center-of-pressure travel 
(the center of pressure moves rearward with increasing angle of attack), 
neutral-center-of-pressure travel, and unstable-center-of-pressure travel. 
But although the behavior of the center of pressure is interesting, a sta¬ 
bility study is more simply made using the location of the aerodynamic 
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center and the moment coeflSicient about it instead of the center of pres¬ 
sure and its position. Currently, the center-of-pressure method of analy¬ 
sis seems to be disappearing from the literature. 

6.8. The General Airfoil Equation. The general equations for the 
Joukowski transformation [Eqs. (5.6) and (5.7)] may be combined to 
yield a useful relation, as follows: 

Square both equations, and multiply Eq. (5.6) by sin* 0 and Eq. (5.7) 
by cos* Q, Then subtract the second from the first to get 


f* sin* $ ^ cos* $ = 4ci* sin* 6 cos* d (5.38) 


This relation is called the general airfoil equation. Its use will be demon¬ 
strated later. 

We may now apply the general lift, moment, and center-of-pressure 
relations to a number of Joukowski airfoils obtained by varying the 
center of the z circle and making minor changes to the transformation. 
The procedure will be the same in each case: 

1. Derive relations between a, Ci, and r from the geometry of the 
case in question. 

2. Substitute the above into the Joukowski transformation. 

3. Separate out f and and analyze the shape they represent. 

4. Substitute into the general lift and moment equations to get the 
theoretical characteristics of the particular airfoil. 

6.9. The Flat-plate Airfoil. Consider the case when the z circle has 
its center at the origin (see Fig. 5.9). Then r = Ci = a, and = 0. The 
transformation becomes 


From f = { + irjf 
and 


f = z + — = re*® + — e*® 
z r 

= 2ci cos 6 

£ = 2ci cos 6 


(5.39) 


rj = 0 


(5.40) 


Equations (5.39) and (5.40) describe the airfoil and show that the 
circle has been transformed into a flat-plate airfoil with a chord from 
+2ci to — 2ci as 6 varies from 0 to tt. The total chord = 4ci (exactly). 
Substituting the above conditions into Eq. (5.27), we have 


L = £ 7*. 4ci. 2xa 

Cl = 2ira (exactly) (5.41) 

dct 

= 2t per radian (exactly) (5.42) 
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From azL — —p we have 


OtZL — 0 


(5.43) 


and from Eqs. (5.34) and (5.37) 


= 0 (5.44) 

and 

C.P. = -i 

The above conclusions as to lift and moment of the flat-plale airfoil 
are not in good agreement with practice as viscous effects are not small 




V 




^ (f 

V 

2tj ^ 



I lo. 6.9. 


at the too sharp leading edge. However, the practical value of this 
theoretical study later becomes evident when it is shown that the pres¬ 
sure distribution gained with angle of attack by any airfoil is very nearly 
that developed by a flat plate at that angle. 

The fact that the .center of pressure was not at the half chord (as a 
layman might guess) was noted experimentally by Avanzine in 1804. 

6.10. The Circular-arc Airfoil. When the center of the z circle is 
placed on the y axis, the Joukowski transformation yields a thin circular- 
arc airfoil. 
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From Fig. 6.10 we have, using rectangular coordinates to represent the 
circle, 

+ (y — m)^ = a® (5.45) 

or 

cos^ B + sin^ B — 2rm sin ^ = a* 


Since a* = + ci^, the above equation becomes 

r-- 2m sin d 

r 




which by Eq. (5.5) is 


Fia. 5.10. 
ri = 2m sin® B 


(5.46) 


Substituting Eq. (5.40) into the general airfoil equation [Eq. (5.38)] and 
dividing both sides by r 7 / 2 m, we get 


+ t;® + 2c 


m Cl/ 


7} = 4ci® 


which, by completing the square by adding Ci® ( ~ — J to 

\m Cl/ 

yields 


to both sides, 


(5.47) 
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This is the equation of the airfoil and also of a circle of general type 
+ {y + hy = Its center is at — ci and it passes through 

= 0 at, solving, 


t = +2ci, — 2ci 


(5.48) 


From Eq. (5.47) the maximum ordinate occurs when f = 0, which 
corresponds to ^ = t/2. At this angle 

^?max = 2m 

from Eq. (5.46). In much of the literature the value 2m is given the 
symbol /. 

That the circle of Eq. (5.47) exists only above the J axis is shown from 
Eq. (5.46) since, for all values of rj remains positive. 

The relations from Fig. 5.10, 

== tan~i ~ 

Cl 


a = = Cl ^1 + i ^ + 


may now be used in the general lift and moment equations to derive the 
theoretical expressions for lift and moment. First, however, let us con¬ 
sider the relation between a and Ci. Assuming a large camber of 0 per 
cent, and letting the total chord be c. 


/ _ 2m 
c 4ci 


- = 0.12 

Cl 


The value of i(mVci^), then becomes 0.0072, and a = Ci within less than 
1 per cent. Letting = m/ci and a = ci as above, Eq. (5.27) reduces to 



Q =2^(« + |‘) 

(5.49) 

and 



Since 

^ = 2>r 
dot 



o m 2/ 

/3 S - = — 

Cl c 

(5.50) 

the angle of zero 

lift becomes 



2f 

(5.51) 
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The moment coefficient is [Eq. (6.34)] 

t 

(6.62) 

The experimental results for circular-arc airfoils (usually available at 
extremely low Reynolds numbers only) do not agree well with theory 
as developed above, owing to the effects of viscosity. However, when 
circular-arc camber is added to a symmetrical airfoil, the agreement of 
theory and practice is good. For example, Eq. (5.51) yields azL = —4.5° 
for 4 per cent camber. Experiments with airfoils with 4 per cent circular- 
arc camber at Reynolds number of about 2,000,000 yield nearly the same 
amount. 

It is not to be inferred that because a circular arc is a poor airfoil 
the time spent analyzing it is by any means wasted. Arcs of small 
camber yield very nearly elliptic chord loading and are used in conjunc¬ 
tion with no-camber airfoils in airfoil design work. More exactly, a 
parabolic mean line yields elliptic chord loading, but with reasonable 
amounts of camber (up to about 4 per cent chord) the difference between 
arc and parabola is exceedingly small. 

As a matter of interest, the slope of the circular-arc airfoil at the 
three-quarter chord point is very nearly its theoretical angle of zero lift. 
This phenomenon is used in wind-tunnel wall corrections for streamline 
curvature. 

Although perhaps this puts us a little ahead of ourselves, it may be 
noted from Fig. 5.10 that, for this particular case, both points A and B 
are stagnation points and that they transform to the leading and trailing 
edges of the airfoil. This means that in this case the flow both enters 
and leaves this airfoil smoothly’^ at a = 0. Leaving the trailing edge 
smoothly is, of course, the Kutta condition. Entering the leading edge 
smoothly could be called the Theodarsen condition since it was first noted 
as an important parameter by Theodorsen (Ref. 7.5). The smooth entry 
at the leading edge means that the pressure differential across the lead¬ 
ing edge is then zero, and the angle of attack to 'which this corresponds 
is called the ideal angle. The ideal angle assumes importance later when 
it is shown that (1) the pressure distribution about an airfoil at any use¬ 
ful angle of attack a may be considered as equal to the pressure distribu¬ 
tion at the ideal angle plus a pressure distribution corresponding to that 
of a flat plate at afutput« = a — «/ and (2) in the practical case the ideal 
angle corresponds to the middle of the “drag bucket” and to for 

a particular airfoil. 

6.11. The S3rmmetrical Airfoil. If the center of the z circle /u is chosen 
so that it is a little to the right of the origin, a becomes a little larger 
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than Cl and the z circle transforms to a symmetrical airfoil. From Fig. 
6.11, B is then zero. 

Writing a = ci(l + e) when € is small and equal to m/ci, we have as 
usual 

r = 2 + = re" + — e-" ' (5.53) 

z r 

At the nose of the airfoil, ^ = 0, and since r = a + m (from the figure) 
and a = Cl + m, we may say 

r = (ci + w) + m = ci(l + 2c) (5.54) 




- - ~ ^^1 

V 



^ o _ 


cCj > 

WCJ > 


Fig. 6.11. 


Substituting into Eq. (5.53), at ^ = 0, c*® = 1.0 we have 
f = Ci(l + 26) + ci(l + 26)-^ 

which is all real, so that (clearing and expanding and neglecting higher 
orders of c) 

J ^ 2ci(l + 2c2) 

at the leading edge. 

At the trailing edge of the airfoil 0 = tt, r = ci, and Eq. (5.53) reduces 
directly (since = 6“**“ == —1) to 


i = -2ci 


(5.55) 
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Thus the total chord 

c = 4ci(l + €*) (5‘f56) 

We may sometimes make the approximation that c* is negligible and 
c = 4ci. For a thickness of 13 per cent, c = 0.10, and c = 4.04ci; that 
is, the error in neglecting would be 1 per cent in total chord. 

The equation of the airfoil comes from the substitution of the general 
point P into Eqs. (5.6) and (5.7). From Fig. 5.11 and the law of cosines 

^2 = ^2 ^ 1^2 ^ 2rm cos 0 


Adding and subtracting cos^ and then assuming that which is 
small, is approximately equal to cos^ 0, which is also small, we have 


Cl + m ^ r — m cos B (5.57) 

or 

r = ri[l + e(l + cos 0)] (5.58) 

Substituting Eq. (5.58) into Eq. (5.4), we get 


cos B 


— Ci[l + «(! + cos ^)] + 


Ci[l + €(1 + cos ^)] 


Expanding the denominator of the fraction as a binomial and neglecting 
high orders of €, we have 

f = 2ci cos B (5.59) 

which yields the approximate total chord 4ci. Substituting Ecj. (5.58) 
into Eq. (5.5), we get 


= Ci[l + €(1 + cos 0)] — ci[l — € — c cos 

and 

7j = 2€Ci( 1 + cos B) sin B (5.60) 

Ecpiations (5.59) and (5.60) may be used to plot the airfoil in a manner 
to be more fully discussed later. 

The maximum thickness of the airfoil occurs when dyj/d^ = 0. This 
is most simply found from 

^ ^ = 0 = ^ [2«Ci(l + cos e) sin 6] (2ci cos fl) j 
which yields 

2 cos^ B + cos ^—1=0 
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Solving, 6 — T, tt/S. The value of tt describes the minimum thickness 
(the trailing edge is hence a cusp), while at x/3 the maximum thickness 
has the value 

O A , _ 3 _ 3 V3 

2€Ci (1 2y 2 2 2 ^ 

The total maximum thickness 


or 

and the thickness ratio is 


d = 3 -s/3 m 


or 


d __ 3 "s/S eoi _ 3 \/3 e ^3 \/3 

c ~ 4ci(l + €*) 4" (1~F?) = “4~ ‘ 

- = 0.77 - (5.61) 

Cl c 


Equation (5.61) can be used to determine m for the actual construction 
of an airfoil with a selected value of d/c. 

The 'point of maximum thickness occurs when 0 = 60° and 


Then 


^max thickneas 2Cl COS d Cl 


- ^ 0.25 
c 


(5.62) 


That is, the maximum thickness of all Joukowski airfoils of reasonable 
thickness is quite close to the quarter chord. 

The lift coeffixyient may as usual be developed from Eci. (5.27), yielding 
in this case 


and 


L = I y* • 4ci(l + «) 27r« 


Cl = 


2*-(l + 0 

(1 + «*) 


(5.63) 


(5.64) 


The slope of the lift curve is then 


dci __ 27r(l “t” e) 

d^ '(TT^ 


(5.65) 


We see that the slope of the lift curve increases with airfoil thicknessy 
being 27r per radian for a very thin airfoil and 1.11 {2ir) for an airfoil 
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15 per cent thick. In practice, the increase of lift curve slope with 
thickness is realized up to a thickness-chord ratio of about 20 per cent, 
but the actual values are slightly less than those given by Eq. (5.65). 
Theory and experiment are compared in Fig. 5.12, where it will be noted 



Airfoil thickness, per cent chord 


Fio. 6.12 Comparison of experimental and theoretical values for the slope of the life 
curve for two-dimensional airfoils. The theoretical values are those of Eq. (5.66) for 
symmetrical Joukowski airfoils. The experimental values are from Ref. 7.6. {Reprodxiced 
by permission from **Principles of Aerodynamics** by James H. DwinneJI, McGraw-Hill 
Book Company, Inc., New York.) 

that the lift curve slope decreases as the trailing-edge angle increases. 
The moment coefficient, from Eq. (5.34), is 

Cmi = - ^ = 0 (5.66) 

which puts the center of pressure and the aerodynamic center at the 
(juarter chord to the accuracy that c = 4ri. 

If, however, we hold additional terms of the above series, we arrive 
at a more accurate value as follows: 

From Eq. (5.30) 

My, = ^ * Akci^ • sin 2a (5.67) 

where /x is at a distance of 2ci + m = (2 + ^)ci from the airfoil trailing 
edge (see Fig. 5.13). 


£ 

z 



Fig. 5.13. 


Letting a.c. = distance in chord lengths from the airfoil leading edge 
to the aerodynamic center, the moment about the aerodynamic center 
will be 


Mac = My — L[c — (2 + c)ci ~ (a.c.) c] 
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Substituting from Eq. (5.64) and (5.67), and dividingby ^ F^[4ci(l + e^)]* 
to reduce to coefficient form, we get 


Cmoc 


2iroi 2ir«(l + «) 

4(1 + «")* 4(1 + 


[4(1 + *2) - (2 + «) - 4(a.c.)(l + *=)] 

(5.68) 


Applying the condition that dcmadda = 0 , Eq. (5.68) reduces to 

a-c. = 1 - 4(rT7) (2 + ‘ + rir,) 

or, keeping terms to the order of t®, 

a.c. = 4 + 2 


(5.09) 


(5.70) 


Thus for a 9 per cent thick airfoil the aerodynamic center is theoreti¬ 
cally at 25.2 per cent chord or, for a 15 per cent thick airfoil, at the 
25.6 per cent point. In practice (Fig. 5.14), aerodynamic-center points 



Airfoil thickness, per cent chord 

Fig. 5.14. Comparison of theoretical and experimental locations of the aerodynamic 
center. Theoretical values are for a two-dimensional Joukowski symmetrical airfoil, 
experimental values from Hef. 7.6. {Rejyroduced with minor modifications by permission 
from ''Principles of Aerodynamics'' by James II. Dwinnell, McGraw-Hill Book Company^ 
Inc., New York.) 

are found both ahead and behind the theoretical locations. No com¬ 
plete explanation has been advanced for this phenomenon. 

Substituting Eq. (5.69) into Eq. (5.(> 8 ), we see that 

Cmac ~ 0 
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for a symmetrical Joukowski airfoil, and indcH'd this conclusion holds for 
all symmetrical sections. 




6.12. The Cambered Airfoil. When the center of the z circle is to 
the right of and above the origin, the Joukowski transformation yields a 
cambered airfoil. From Fig. 5.10 it is seen that (approximately) 

l«l = kil + Im/1 

Now since the angle p is small, mm' 
may be considered approximately 
equal to the in of the symmetrical 
section: that is, mm' becomes the quan¬ 
tity that determines the thickness of 
the airfoil. Hence 

^ 1 on M*^' d 

- == 1.30 — or € = 0. / / - 

C Cl c 

and 

a = ci(l + e) 

Similarly, Om' may be assumed approximately equal to the m part of 
the circular-arc airfoil, making the mean-line camber / = 20m'. Then 
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dS 


by Eq. (5.49) 



The general relations may be used again to find the lift and moment 
coefficients. 


and 


j — Pyi + *) 

2 1 + 


2 x sin 


(■*f) 


o 1 + * 

Cl = 2x ; -;-; Sm 


dci 


= 2 x 


1 +«* 
1 +« 


da ““ 1 + e* 
= 


OtzL 


to („+y) 


ttJ 

- 


(5.71) 

(5.72) 

(5.73) 

(5.74) 


The equation of the airfoil becomes somewhat involved for the cam¬ 
bered airfoil and will not be presented. However, if it is desired to plot 
one, a graphical method of good accuracy will be found in Chap. 6 . 

Equations (5.73) and (5.74) give good agreement with the actual per¬ 
formance of the Joukowski. For example, with 4 per cent camber (at 
the 50 per cent chord point) the calculated values of azi, and Cm\ are 
— 4.5° and —0.125. A nearly equivalent airfoil (the NACA 4512) devel¬ 
oped —4.2° and —0.106 at an RN^ = 8,000,000. The small discrepancy 
is easily attributed to the difference in mean camber line (a circular arc 
for the Joukowski and a parabola for the NACA 4512) and to the bound¬ 
ary layer. 

PROBLEMS 

6.1. Does the total length of a closed curve necessarily remain constant if the 
curve is conformally transformed? 

6 .2. What is the Kutta condition? What important problem does it solve? 

6.3. Do we actually find the potential function of the flow about the Joukowski 
airfoil? Why? 

6.4. When the circle to be transformed has its center at a symmetrical 
airfoil results. Explain why the portions of the airfoil that correspond to the 
first and second quadrants of the circle are dissimilar. 

6 .6. Give three important conclusions about moment coefficients and aero¬ 
dynamic centers. 

6 .6. Give the theoretical values of Ci and Cni\ for a flat plate at an angle of 
attack of 4®. 

6.7. According to the Joukowski theory, what c,n\ should we expect for a Clark 
Y airfoil if its angle of zero lift is — 5°? 
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6 . 8 . Calculate azLj Cmj, for a circular-arc profile with 3 per cent camber, and 
find its center of pressure at ci = 0.4. 

6.9. Calculate the slope of the lift curve for a symmetrical airfoil (Joukows^i) 
14 per cent thick. Compare your results with the theoretical value for a flat 
plate. 

6.10. If 3 per cent camber is added to the airfoil of Prob. 5.9, find at a = 4®. 

6.11. From your knowledge of a Joukowski airfoil and the NACA four-digit 
nomenclature, what NACA four-digit airfoil best approximates a 15 per cent 
thick Joukowski airfoil with 4 per cent camber? 

6.12. Calculate azi and Cm^ for a circular-arc profile with 4 per cent camber, 
and find its center of pressure at ci = 0.4. 

6.13. Plot an NACA 4512 and a 12 per cent thick Joukowski with 4 per cent 
camber on the same axes, and note differences in thickness distribution and 
camber. 

6.14. Plot a symmetrical Joukowski airfoil 11 per cent thick with a 10-ft chord. 
Assume c = 4ci. 
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CHAPTER 6 

AIRFOIL CONSTRUCTION AND PRESSURE DISTRIBUTION 

6.1. Trefftz Graphical Construction. Although the equations for the 
flat-plate, circular-arc, and symmetrical Joukowski airfoils are simple 
and direct, those of the cambered airfoil are complicated and may be 
by-passed only because an ingenious graphical method exists which may 
be used to find both the airfoil and its pressure distribution. The 



graphical method, due to Trefftz (Ref. 6.1) has the following develop¬ 
ment (see Fig. 6 . 1 ): 

Consider a z circle with its center at and write the Joukowski 

transformation as 

f = fl + f2 = 2 + ^ (6.1) 

80 that 

fi = z and f 2 = — (6.2) 

z 

Each point on the z circle now is transformed twice, becoming the 
• points Pfi and /\- 2 , whose* v(*ctor sum is the desired point Pf. It is of 
interest that both transionnations yield circk\s. 

](K) 
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The equation of the z circle is obviously 

{x — m cos 5)2 + {y — m sin 5)* = (6.3) 

and the first transformation makes it an identical circle in the fi plane 
described by 

($1 — m cos 5)2 + (171 — m sin 5)2 = d^ (6.4) 

The second transformation may be applied best to Fjq. (6.3) in another 
form. Expanding Eq. (6.3), we have 

ir2 + 2/^ ““ cos 5 — 2my sin 5 + m 2 — a 2 __ q 

Substituting from Eq. ( 2 . 6 ), this becomes 

zz — m(z + z) cos 5 + im(z — z) sin 5 + m2 — a2 = 0 

which, by the second transformation, is 

cos 5 + imci2 (~) sin 5 + (m2 — a2) = 0 

V U 2 ) 

Dividing by (m 2 — d^) and multiplying by ^ 2 ^ 2 , we have 



~ ^ + (h - r 2 ) sin 5 + U, = 0 

Again applying Eq. ( 2 . 6 ), this time worked out for {"2 = ^2 + 1 ^ 12 , we get 
f2 ~ f2 = 2ZT72, ^2 + ^2 = 2^2, {' 2^2 = ^2^ + ^2^ 


Ci^ 2?«ci^ cos 5 . , 2mc\^ sin 5 


m2 — a2 m2 — a2 




( . mci 2 cos 5Y ( mc^ sin 5Y c\^d^ 


This is a circle with its center /x' at 


and radius 


mci2 cos 5 mci2 sin 5 

a2 ~ m2 ^ a2 __ 

^ n2 _ r»2 


( 6 . 6 ) 

(6.7) 
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Consider the position vector of m', Om'. From Eq. (6.6) the modulus is 
— m^), and since 

cos (tt — 5) = — cos b (6.8) 

sin (tt — 6 ) = sin b 


the argument is (tt — 5). 

Thus the line Om' lies along the reflection of the line Om about the 
axis. The location of pf with respect to the line Bp drawn to p from B 



may be determined by assuming that p^ is elsewhere than at the inter¬ 
section of Bp and Op\ say at p". Then (Fig. G.2) 


tan 0 ' 


N"p^^ _ mci* sin 5 ^ ^ mci^ cos b 

Bp" \ ^ 

mci^ sin b 

ci{a^ — m^) — vici cos 5 


(6.9) 


But in triangle BOp, 

Bp — a and = rr + + 2 inc\ cos b 

Ci(a^ — 77?2) = ri“(ri + 2 m cos 8 ) 
m sin b 


from which 
8 o from Kq. (6.9) 


tan /S' = 

But from triangle BpN 

tan ^ = 


Cl + m cos b 
Np m sin b 


BO + ON Cl + m cos b 


( 6 . 10 ) 

( 6 . 11 ) 


SO that = jS and p' must be coincident with p". Thus the centers of 
the fi and ^2 circles lie on the same line and have the rear stagnation 
point B in common, making the circles internally tangent. The larger 
f 1 circle is usually called the major circle and the f 2 circle the minor circle. 
One point of interest remains: the relation fi = 2 determines that a point 
Pi on the major circle remains unchanged by the transformation, but the 
relation 
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places the transformed point P* on the minor circle at — and hence 
the transformed final point Pj* is the resultant of the vectors OPi and 
OP 2 as shown in Fig. 6.3. 



1? IG. 6.3. Construction of a Joukowski airfoil with 4-ft < hord, 4 per cent camber, 10 per 
cent thick, by the Trefftz method 


The particular \alues of and 0 have been discussed in Chap 5 and 
may be determined for selected values of camber, chord, and thickness. 
A general example is s1ioa\ n below : 

Example 6.1. Constiuct a Joukowski aiifoil 10 per cent thick with 4 per cent 
cambei and a 4-ft chord. 

1. Drawr r} axes. Fiom Eq. (5 61), rn = 0 77{d c)ci = 0.077ci. From Eq. 
(5.56), c = 4 = 4ci[l + (m/ci)^] = 4ci(l + 0.077-), and Ci = 0.995. Then 
locate P at Cl. 

2. At B construct/? — 2f/c — 2(0.04)(4)/4 = 0.0b Kidian = 4.5b°. 

3. Calculate the ladius of major ciicle (z. 


a = Cl (l 4 0.77 = 0, 


995 4- 


(0 77) (0 4)(0 995) 


= 1.072 ft 


4. Lay off P/x = a = 1.072 ft. Diawr OfjL, which will be at angle 6 to the f axis. 

5. Construct angle PO/x' = angle 5. /x' is the center of the minor ciicle. 

6. Construct major and minoi ciicles thiough point P. 

7. Draw OPi at any angle 6 and OP 2 at —6, 

8. Add vectors OPi and OPn to obtain point Pf on the airfoil. 
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6.2. Pressiire Distributions. The static pressure distribution over 
the surface of an airfoil yields directly the lift and pressure drag. Ordi¬ 
narily the pressures are read or calculated, atmospheric pressure is sub¬ 
tracted, and the remainder divided by the dynamic pressure in order to 



I’lG. b.4. {Reproduced by permission from **Wind Tunnel Testing” by Alan Pope, John 
Wiley dc Sons, Inc., New York.) 

form a nondimensioiial coefficient. "I'lie coefficients are then plotted per¬ 
pendicularly to the chord at the appropriate stations for a normal force 
plot or parallel to* the chord at the appropriate thickness stations for a 
chord force plot. * lnt(‘gration of the pressure plots will yield the normal 

* The plots of pressure (*o(‘fheieiits siKainst chord or thickness stations do not change 
with changes in dynamic pr(*ssure and hence are more useful and general than plots 
of pressures against chord stations. 
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and chord force coefficients. This process is illustrated in Fig. 6.4, where 
the actual (i4), normal (B ), and chordwise (C) pressure plots are compared. 
Several of the pressure force vectors are labeled so that their relative 
positions may be followed in the three plots. 

The explanation of the validity of plotting the pressure forces normal 
to the two axes instead of taking their horizontal and vertical components 
is as follows: 

Consider (Fig. 6.5) a small ele¬ 
ment of surface ds which is subjected 
to a static pressure increment Ap = 
p — po acting normal to it. The 
total force on the element is Ap ds, 
directed along the normal to the 
surface, and the component of this 
force normal to the chord line is 
Ap ds cos 7 . But ds cos y = rfj, where dx is a short length of the chord c, 
so that the total force normal to the wing chord is 



N Ap dx 

By definition 

AT = I 

and hence 

N f^'^Apdx 

Cjv = — = / — — 

qc Jo q c 


(6.13) 


It follows that the curve of pressures plotted in units of dynamic pres¬ 
sure against the fractional chord may be integrated to get the normal 
force coefficient. 

Let us now consider a low-angle pressure distribution (see Fig. 6.6) 
and outline the information it yields in order better to understand the 
pressure-distribution work to follow: 

First of all consider the magnitude of the maximum pressures, both 
positive and negative. In general there will be a stagnation point near 
the airfoil leading edge where the velocity is zero and Ap/q = +1.0. 
Two exceptions to the general case exist. The first is the case of swept- 
back wings where crossflow is such that full stagnation does not realize, 
and the second concerns testing at speeds where compressibility is not 
negligible. In the latter case pressure coefficients based on g = ipF* 
may easily exceed +1.0. 

Minimum pressure usually occurs near the leading edge when the air¬ 
foil is at high angle of attack. At that time pressure coefficients of 
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—5.0 to —8.0 can develop, indicating very high local velocities. It is 
usually advantageous to avoid high negative pressures, especially at 
cruising angle of attack, as the resultant velocity for a fast airplane 
might be far enough above sonic speed to cause excessive drag. 

The pressures, either negative or positive, yield the direct loading 
that the skin must withstand. 

The sign and magnitude of the rate of pressure variation along the 
chord also lead to important factors. As long as the pressure is falling 

(see ABC and AB'C' in Fig. 0.6), 
the boundary-layer conditions are 
most satisfactory, and it is pos¬ 
sible that in turbulence-free air 
with a smooth, vibration-free air¬ 
foil a laminar boundary layer will 
exist until the minimum pressure 
points {C and C') are reached. 
For a given amount of surface 
roughness, vibration, or turbulence, 
laminar boundary-layer flow is more 
apt to exist where the gradient 
is steep (AB and AB') rather than 
gradual. 

The positive (rising) pressure gradient acts in an opposite manner and 
seeks to restrain the progress of the air over the wing. When the gradi¬ 
ent becomes strong enough, actual flow’^ separation is caused and the 
smooth air leaves the proximity of the wing with large losses in lift and 
increases in drag. The rapid rise in pressure close to the trailing edge 
usually is severe enough to cause separation and accounts for the differ¬ 
ence between the actual and theoretical pressure distribution. This 
particular separation does not affect the lift as would separation farther 
forward. 

The remaining factors of importance concern the shape of the normal- 
force pressure-distribution plot. Since the moment of area about the 
leading edge divided by the area yields the center of pressure, it is seen 
that an increase of area near the trailing edge wW] increase the airfoil 
pitching moment. Such an increase (caused by camlxu* as seen by com¬ 
paring Figs. 0.8 and 0.13) is usually undesirable since in use it would 
lead to aircraft with excessively large tails. In the chapters to follow 
the student will doubtless be impressed by the control possible over the 
factors described above. 

6.3. Pressure Distribution over a Symmetrical Joukowski Airfoil. 

The value of the velocity in the f plane has already been expressed in 
Eq. (5.9). 
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However, before actual values of can be calculated, additional infor¬ 
mation on the interpretation of 6 is in order. To begin with, the velocity 
at a point on the surface of a circular cylinder with circulation is [Eq. 
(4.17)] 


where V = iraV sin (a + (3) 
a = radius of cylinder 

d' = angle between the direction of the free stream and the radius 
of the circle to point P 
From Fig. 6.7 


, _ r sin 6 

6 = tan ^-- + a 

T cos 6 — m 


(6.14) 


where a = angle between 6 — 0 and the free stream. 



Using h](is. (5.9) and (5.10), ^^e may find the velocity q^ in the f plane. 
The local pressure c*oefficient comes directly from Bernoulli's ecpiation, 
written 

Cp = 1 - (6.15) 

The actual mechanics of completing a pressure-distribution calculation 
leads to a table some 36 columns in length; the first 16 columns are for 
the transformation and need be figured only once for a given airfoil, 
while the remaind(M- aie entirely different for each angle of attack. A 
total of about 16 man-hours is recjuired for the transformation and the 
pressure distribution at one angle of attack, in(*luding plotting the (dionl 
and normal-force pressure distributions. 
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Example 6.2. Plot the pressure distribution about an 11 per cent thick 
symmetrical Joukowski airfoil with a 10-ft chord at 4® angle of attack. Assume 
V = 100 ft per sec and c = 4ci. 
a. From Eq. (5.61) 

m = 0.77-f, = (0.77)(0.11)(2.5) = 0.212 

c 

a = Cl + m = 2.50 + 0.212 = 2.712 


6. To save space, the pressure coefficient will be calculated for one B only. The 
angle B varies from 0 to 180° for the upper surface and 0 to —180° for the lower 
surface. Fifteen-degree increments should suffice for the bulk of the cylinder, as 
long as much smaller intervals are taken near the points corresi)()nding to the 
leading and trailing edges. For the angle B = 30° we have the following: 


1. 0 = 30° 

3. cos B — 0.866 

5. { % chord = 

7. 2€Ci( 1 + cos B) = 0.792 
9. t;, % chord = 3.96 


5 - 4.33 
10 


11. r = Cl + m + 7n QOS B = 2.896 [Eq. (8.47)] 


2. sin B = 0.5000 
4. { = 2ci cos B = 4.33 

= 6.67 6. (1 + cos B) = 1.866 

8. 2€Ci( 1 + cos B) sin B — 0.396 
10. in cos B = 0.184 


12. r cos B = 2.505 
14. r cos B — in = 2.293 


13. r sill B = 1.448 
15, —= 0.6306 


r cos 6 ^ m 


16. tan-‘ = 32.25° - 0" 

r cos 0 — m 

18. sin B' = 0.591 

r 

20. g. = 2Fsin^' + ^ = 132.36 


17. 4- a = 36.25° 

19. 21^ sin B' = 118.4 
21. r2 = 8.39 


22. = 0.7453 

J.Z 

24. sin 2B = 0.866 
26. % cos 2e = 0.373 

ri 

28. 1 - ^ cos 26 = 0.6273 

30. sin 2B^ =0.417 

32. I^j = \/item 31 = 0.900 

34. ^ = 1.471 
36. Cp = -1.163 


23. 

25. 

27. 

29. 

31. 


33. 


2B = 60 

cos 2B = 0.500 

^ sin 26 = 0.64.54 
r** 

(l - cos 20^ = 0.393f, 

Item 29 + item 30 = 0.810 
item 20 

'^f = itoir32 = 


35. (^y = 2.163 


It will be noted that in this analytical work-up the approximation 
c = 4ci was used, although in Ex. G.l the more exact relation was 
employed. The reason is that the Trefftz construction is exact, while 
E(is. (5.50) and (5.00) neglect the higher order c- terms. If it is desired 




a1^=0.584, 0.056 (<% sin a«+0.051) 

Fig. 6.8. Normal and ehordwise pressure distribution for an 11 per cent thick symmetrical 
Joukowski airfoil at several angles of attack. Values given are actual integration values 
and compare closely with the theoretical values using Eq. (6.65). 
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to include e® terms in Eq. (5.60) should be expanded to include them 
in 17 . 

A plot of Ex. 6.2 including the remainder of the chord points and the 
pressure distributions for several other angles are shown in Fig. 6 . 8 . 
From the resolution of cn and ci we should expect Cc = —Cn sin a. 

6.4. Pressure-distribution Discussion. Using the method of Sect. 6.3, 
the pressure distributions for the simple flat-plate and arc airfoils of 
Sects. 5.10 and 5.11 have been calculated and are presented in Figs. 6.9 
and 6.10. The item of greatest interest is that, when the a = 0° dis¬ 
tribution of the ciicular-arc airfoil is subtracted from that at a = 3“, 




Per cent chord Per cent chord 

(a) (6) 

Fig. 6.9. Normal-force pressure distributitm for a circular-arc airfoil at a — 0 (a) and 
or = 3° {h). 

the remainder very cdoscily approximates the normal-force pressure dis¬ 
tribution over a flat plate at a = 3° (see Fig. O.il). Hence, if the 
pressure distribution is known for some ideal” angle of attack (to be 
defined and discussed in Chap. 7), that at some; new angle of attack may 
be found by adding the flat-plate distribution for the new angle. The 
practical implications are ciuite obvious. 

Another practical application of the ‘^additional-” pressure-distribu¬ 
tion theory is found in the study of control-surface hinge moments. One 
of the important criteria of control-surface design is the rate of change of 
hinge moment with angle of attack Cua, and so-called “balance area” 
ahead of a control-surface hinge line is usually provided to reduce the 
moment. Drawing an airfoil on the same axis as the total pressure 
coefficient due to angle of attack, we see immediately that, the farther 
forward the balance is located, the greater will be the reduction of hinge 
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moment since the balance receives a greater pressure differential across it. 
In other words, the Cna of a 30 per cent flap with a 15 per cent balance 
will be less than that of a 20 per cent flap with a 15 per cent balance. 
Since the effectiveness of a balance is a function of the product of the 



Per cent chord 

l Ki. 0.10. The pressure distribution over a flat plate at 3® a (solid line o) compared with 
the difference between the pressure distribution over a eircular-arc airfoil with 4 per cent 
camber at 0 and at 3° a (broken line h). 



Per cent chord 

Fig. 6.11. The total pressure over a flat plate at 3® a. (solid line a) compared with the 
difference between the total pressure over a circular-arc airfoil with 4 per cent camber at 0 
and at 3® a (broken line h), 

area times the pressure differential, we expect (and get) relatively small 
changes in Cna with changes in balance profile. 

Considering the hypothesis that the flat-plate pressure distribution is 
added to the ideal distribution by increased angle of attack, those inter¬ 
ested in the reduction of drag by extension of the laminar boundary layer 
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will note that the negative slope of the pressure-distribution curve over 
the forward part of the airfoil at zero lift must be greater than the positive 
slope shown by the flat plate if a favorable gradient is to continue for the 
maximum angle of attack range. Further, since the slope of the forward 
part of the pressure-distribution curve at the ideal angle of attack is 
increased by airfoil thickness, we may rightly infer that the angle- 
of-attack range through which we can expect an extended laminar 
boundary layer is increased by airfoil thickness. 

6.6. Pressure Distribution by the Trefftz Method. The expression 


m 

is more simply solved graphically by an extension of the Trefftz method. 
The method also applies to cambered airfoils as well as symmetrical ones. 



Fi(,. 0.12. 

Let us first find the value of g^. Consider Eq. (4.17), 

g, = 2 F sin 6' + 7 ^ ((klfl) 

When the point under consideration is the stagnation point, = 0 and 
becomes, say, 0 /. Then 

^ = -2V sin 0 / 

27rtt 

Substituting into Eq. (G.16), 

Qz = 2 F(sin Q' — sin BJ) 

Consider Fig. 6 . 12 , upon which a Trefftz major circle has been con¬ 
structed and dotted lines parallel to the relative wind through the center 
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of the major circle and the stagnation point have been added, 
the figure, 


sin Bj = — sin {BJ — 180) 


HiB 


and 


And from Eq. (6.17) 


sin B' = 


FP 


FP 


qz = 2V 


FP + EB 

HiB 


= 2V 


h 

a 


From 


(6.18) 


The values of h and a may be simply measured and qz determined for 
all selected values of 6' or B. The value of ^ may be found by writing 


^ = 1 ~ 
dz 



(6.19) 


Since we have from the TrefTtz construction that — z and f 2 = 
Eq. (6,19) becomes 


d^ _ ti ~ ^2 
dz fi 


((). 20 ) 


The value of fi is simply (see Fig. 6.1) OPi and that of — ^2 simply 
P 1 P 2 J so that 


Finally, 


dz\ \ OPi 1 


( 0 . 21 ) 


_ .yy 1 

\OPi 

dz\ 



( 6 . 22 ) 


Equation (6.22) is very instructive. First of all h and P]P 2 are both 
zero at the trailing edge, making the velocity at that point indeterminate, 
as previously discussed in Sect. 5.4. When a = 0, /? = 0 at the point 
corresponding to the leading edge and q^ is then zero. This condition 
corresponds to the Theodorsen condition (see Chap. 7), and we may 
hence infer that the ideal angle of a Jouko\\ski airfoil is 0°. 

Using Eq. (6.22), the velocity at each particular point in the f plane 
may be found as a function of its original 6. However, before the pres¬ 
sure plots can be made, two additional items are re(|uired: (1) the pres¬ 
sure coefficient corresponding to the velocity q^ and (2) the values of 
f and rj in per cent chord corresponding to the selected B, 
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The solution of (1) is simply the velocity-pressure relation of Eq. (3.10) 
and that for (2) the location of corresponding to 0i. The vector PiPi 
is shown in Fig. 6.1 as is OPj. The normal-force pressure distribution 
for the airfoil of Fig. 6.3 at a = 5“ is shown in Fig. 6.13, while a com- 



Fig. 6.13. Normal-force pressure distribution over an 11 per cent thick Joukowski airfoil 
with 4 per cent camber, a = 4^. Integrated cn = 1.26, which closely checks the value 
by Eq. (6.71), 



Fig. 6.14. Comparison of normal-force pressure distribution over an 11 per cent thick 
symmetrical Joukowski airfoil at 7° angle of attack by analytical and graphical methods. 

parison of the analytical and the graphical method of finding pressure 
distribution is made in Fig. 6.14. 

6 .6. K4rm4n-Trefftz Airfoils. We have seen how the relatively simple 
.loukowski transformation can be made to yield a family of airfoils and, 
directly, their pressure distributions. But the .Joukowski airfoils with 
the maximum thickness near the quarter chord do not show up well 
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under actual test; further, the cusp trailing edge is both difficult to con¬ 
struct and poor aerodynamically if control surfaces are to be used. We 
might say that another transformation is needed that will yield n^ore 
practical airfoils, but in actuality the problem is more that of empirically 
determining desirable pressure distributions and then the airfoil shapes 
that will yield them. For completeness we shall continue on the ‘‘direct 
problem. 

Several transformations exist that will yield better airfoils than the 
Joukowski, and of these the von Mises and Kdrmdn-Trefftz are well 
known. We shall consider the Kdrmdn-Trefftz procedure since it follows 
directly from the work we have done so far. 

Consider the Joukowski transformation 




and add 2ci to each side, getting 
f + 2ci = 


+ 2ciz + ci^ 


Similarly, subtracting 2ci from each side yields 


f - 2ci = 


2Ci 2 + Cl® 


Dividing Eq. (0.24),by Eq. (6.25), we have 

f -f- 2ci _ / z + ci V 
r - 2ci ^ V - Cl/ 

which by inspection is a special case of 


— nci \z — Cl/ 


(6.23) 

(6.24) 


(6.25) 


(6.26) 


Taking the logarithm of Eq. (6.26), we have 

In (r + nci) — In (s' — nci) = n In (z + Ci) — n In (z — Ci) (6.27) 
and differentiating 


dr 


<r + nci 

which simplifies to 


/ 1 _ 1 \ ^ _ l_\ 

Vr + nci f — 7ici/ \2 + Cl z — Cl/ 


dz 


dz 


r® - nW 

Z® ~ Cl® 


(6.28) 


When n is taken slightly less than 2 . 0 , Eqs. (6.26) and (6.28) may be 
used in a manner paralleling the Joukowski discussion to yield a family 
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of airfoils whose maximum thickness may be arbitrarily set at 25 to 50 
per cent chord, the trailing-edge angles increasing as the point of maxi¬ 
mum thickness is moved back. For each maximum-thickness station 
and amount there is only one Karmdn-Trefftz profile, so that the family 
while broader than the Joukowski group is still by no means arbitrary. 



Fig. 6.15. Parameters for Karmdn-Trefftz symmetrical airfoils. 


In view of the purely academic interest now given to the Karman- 
Trefftz airfoils their mathematical development will not be given here; 
interested readers may consult Itef. 0.5. The final result of some lengthy 
but elementary algebra is that the (coordinates (f, ri) of a Kdrmdn-Trefftz 


airfoil may be found from 


Xi" - 1 

2 Xi cos <^>1 + 1 


((>.29) 


2 Xi sin </>i 

^ X,2 - 2X, cos (^1 + 1 


(6.30) 


where n is some number slightly less than 2.0 and k = a/ci is a thick¬ 
ness parameter, (n and k may be determined from Fig. 0.15 for par- 




AIRFOIL CONSTRUCTION AND PRESSURE DISTRIBUTION 117 


ticular airfoils). Other symbols include 


< 1)1 = n<f) 

Xi = X» 

^ _ k(l + bi) sin <t> 

^ ~ FT~t 


<j) = tan“ 


b 1 


k(l + bt) - (1 - bt) 
b = tan a camber parameter 

Au 




Maximum thickness at 30 per cent c, ^=1 1046, n=l 955 



Maximum thickness at 35 per cent c, f^-10778, n-l 912 

__ _ NAMBSj-OlS 



Maximum thickness at 40 per cent c, “^*=1 0525, »*1876 



Maximum thickness at 45 per cent c, ““10273, n=l 843 



11111111)11 
0 10 20 30 40 50 60 70 80 90 100 

Per cent chord 

Maximum thickness at 50per cent c (arc airfoil) f^=100, 71 -I 8 II 
Fig. 6.16. Kilrinan-Trefftz airfoils 15 per eeiit thick. 

The chord of the Kdrmdn-Trefftz airfoil will be 


Total chord = 



nci 


(0.31) 


As a matter of general interest a number of Kdrmdn-Trefftz profiles 
are presented in Fig. 0.16. Comparison between the Kdrmdn-Trefftz 
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oc^ r, C,^=0.121 (Cl =0.118), = 


w ■ 

u.*. 

V 

1 

h. 0.4 

o 

o 

1 


Cp _4| 



— 0.0018 ici sin a = +0.0021). 




a = 2*, c^=0.243 (Cf =0.236), Cc = -0 0090 sin a=-»-0.0085). 




(x = 3\ c^=-0.361 (Ci = 0.354), Cc= -0.0184 iCf sin a=+0.0188). 




a = 4*, c^=0.480 (q = 0.472), Cc = -0.032 (q sin a*-l-0.034). 

Fio. 6.17. Normal and chord wise pressure distribution for Kdrmdn-Trefftz airfoil. 11 per 
cent thick at 40 per cent chord. The data in parentheses are from the theoretical formulas 
and demonstrate th^ customary order of agreement due to practical intcgrational difficulties. 
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airfoil with the maximum thickness at the 30 per cent chord and an 
NACA 0015 illustrates good agreement over the leading 30 per cent, but 
the NACA 0015 has a much thicker afterbody; The same applies to the 
Kdrmdn-Trefftz airfoil with the maximum thickness at the 40 per cent 
chord and an NAC-A 65-015. When the maximum thickness is moved 
to the 50 per cent chord point, the airfoil degenerates into a lenticular 
(double-convex circular arc) form. 

6.7. Pressure Distribution over a K4rm4n-Trefftz Airfoil. The pres¬ 
sure distribution over a K4rmd.n-Trefftz airfoil follows from the method 
outlined in the section on .loukowski airfoils. The velocity at the 
untransformed point Pz is 

Qz = 2F sin e' + ^ (6.32) 


where O' and a are defined in Fig. 6.7, and 

r = 4xaF sin (a -f S) 

From Eq. (6.17) 


g, = 2F[sin 6' -|- sin (a -f /3)] 

and from Eq. (5.9) 

dz 

The relation of Eq. (G.28) may be written (Ref. 0.5) 

rff _ 2 1 "f" — 2X cos </) 

dz X 1 + Xi^ — 2Xi cos <t>i 


(6.33) 


(6.34) 


and the pressure distribution then found from Eq. (3.10). 

As a matter of general interest, several pressure plots are shown in 
Fig. 6.17 for an 11 per cent thick Kdrmdn-Trefftz airfoil with the maxi¬ 
mum thickness at the 40 per cent chord point. It will be noted that the 
sharper leading edge yields more favorable pressure gradients at very low 
angles of attack than those of the simple Joukowski. In the practical 
case, however, the stall may come a little earlier, with resulting lower 
maximum lift. 
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CHAPTER 7 
THIN-AIRFOIL THEORY 


Until the present time we have been concerned with transformations 
that yield the field of flow about an airfoil so that the characteristics of 
the airfoil (the angle of zero lift, the lift and pitching moment, the pres¬ 
sure distribution, and the flow pattern about the airfoil) may be deter¬ 
mined. In practice, two other processes come under scrutiny: (1) find¬ 
ing the characteristics of an airfoil already drawn or in use; (2) finding 
an airfoil that will develop certain characteristics. The solutions to both 
these problems come directly from the theory so far discussed. In this 
chapter and the one following we shall consider methods for determining 
the characteristics of airfoils whose dimensions are already known. 

It was shown in Chap. 5 that thickness contributes very little to the 
lift and moment of an airfoil. This fact plus the convenience of unex¬ 
tended mathematical steps led early aerodynamicists to consider thick 
airfoils as consisting of their mean lines only for the purpose of analysis. 
The theory which resulted is called the Munk-Glaueri’-Birnbaum thin- 
airfoil theory^ after those who made contributions to it. It yields in a 
short time the angle of zero lift (which indirectly determines the lift at 
any angle since the lift curve slope for a thin airfoil is 27r per radian), 
the moment coefficient about the quarter chord, and the ideal angle. 
(It is general practice in thin-airf oil theory to assume that the aerodynamic 
center of an airfoil is at the quarter chord, and that Cmoc = Cm\^) 

Extensions to this theory by Jacobs, Theodorsen, Allen, Abbott, von 
Doenhoff, and Stivers make possible a number of different methods by 
which the characteristics of thin and thick airfoils may be determined. 

7.1. The Thin Airfoil. Let a thick airfoil be replaced by its mean line, 
and let the mean line be described by 

f = f + ir? (7.1) 

Place it on the ^ axis in the f plane so that it extends from +2a to —2a. 
Since a flat plate when so disposed yields a circle when transformed by 
the Joukowski relation, it is reasonable that an airfoil mean line which 
differs little from a flat plate would when similarly treated yield a near, 
or pseudo, circle. Let us call the circle 

z = ae^^ 


(7.2) 
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and the near circle 

z’ = a(l + r)e*' (7.3) 

/ 

It is seen that r varies and hence corresponds to the difference between 
the radius of the circle and of the near circle. The point (f, vi) on the 
airfoil transforms by the Joukowski relation to the point 2' on the near 
circle. It then transforms (by a much more complex transformation that 



Fig. 7.1. 


we must yet determine) to the point z on the circle. We may link the 
two arguments by 

e = (j) — 6 

and both e and r are small. 

The relation between the near circle and the airfoil is 

f = z' + -^ (7.4) 

and that between the near circle and the circle is (see App(*ndix 1) 



(7.5) 

(7.0) 

(7.7) 


A 


(7.8) 
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7.2. Lift of a Thin Airfoil. Let us first employ the Kutta-Joukowski 
etjuation to find the lift of a thin airfoil. From Eq. (4.51) the potential 
function of a circular cylinder with circulation in a flow inclined at angle 
a is 


,, Va^e iV , z 

w = — -^ In - 

z Ztt a 


and according to our hypothesis (Sect. 5.4) the rear stagnation point of 
the circle where qz = 0 will be at the point ^ + er = + cr. 

At the surface of the circular cylinder 


dw 

dz 


- H-5- I ^ 

z- 2icz 

j^sin (a + <^>) + 


r ‘ 

AiraV _ 


and this becomes zero at = tt + €r if 


r = 47raF sin {a + er) 


(7.9) 


(7.10) 


Thus the value of € at the trailing edge €r = —azL and the lift is, from 
Eq. (4.24), 

L = ^ F^ • 4a • 27r sin (a + cr) (7.11) 


7.3. Velocity over a Thin Airfoil. From lOqs. (7.9) and (7.10) we 
write the velocity at point <l> in the z plane as 


= 


dw 

dz 


= 2F[sin (« + <#>)+ sin (a + cr)] 


(7.12) 


To find q^ we must, according to Eq. (5.9), know The procedure 

follows the analysis for Eq. (5.21). 

Substituting from <#> = ^ + e, we get 

qz = 2F {a cos d cos € — a sin 6 sin e + sin 6 cos e + sin e cos 6 + a + er) 

which becomes (cos € = 1.0, sin 0 sin c = 0) 

qz = 2F(sin d + a cos 6 + e cos 6 + a + €t) 

Differentiating E(|. (7.5), we have 



(7.13) 
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which upon substitution from 2 = ae'* aiul 4> = 6 + e becomes 



if we consider e*"‘ = 1.0. 

dz^ 

The absolute value of is 
dz 


l)e-in9 


dz' 


dz 


An(n — 1) sin An(n — 1) cos 


Neglecting the square terms that ensue since they are essentially and 
and expanding the remainder by the binomial theorem, we have, finally, 


dz' 


dz 


00 00 

= 1 — ^ nAn sin ^ Jn sin 7(6 


1 I 


(7.14) 


We may find ^ by differentiating Eq. (7.4). Thus 

^ ^ i_^ 

dz' {z'y 

Substituting z' = a(l + r)e'* and neglecting as small, we get 

^ = 1 - (1 - 2r)e-«» 

Expanding into sines and cosines, we get 

^ sin 6 + re”’®) 

dz 

whose absolute value is 


Idf 

dz' 


= 2 -v/r^ cos^ ^ + (1 — r)- sin- B 


= 2 sin 0 (1 - 2r)i 

Upon expanding and neglecting terms of r- or higher, this becomes 


^1 

dz'\ 


= 2 sin ^ (1 “ r) 


(7.15) 
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Combining Eqs. (7.14) and (7.15), we get 


df dz o • /) A 2 I 

= TT "T- = 2 sin ^11 -_) + 7-_ 

dz dz' dz \ dOj do 

From actual examples ^ is moderate in size so that when multiplied by r 

uu 

the product is negligible. Finally 


.2.in«(l -g) 


(7.16) 


Hence, from Eqs. (7.13) and (7.1G) the velocity at any point 6 on the 
airfoil is 

TrFf I / I N_ x/\i / I dc ”] 


= V 


1 (a -j- c) cot 0 -f- (a -j- €r) CSC 6 -|- 


(7.17) 


7.4. Pressure over a Thin Airfoil. The increase of velocity at point P 
on the upper surface of a thin airfoil will be the same as the decrease in 
velocity on the lower surface at point P, Writing Bernoulli’s equation 
for upper and lower surfaces relative to the free-stream static pressure, 
we have 

P« - P» = I - I (F + A7)* 


P: - Po = I 7^ - I (F - A7)* 


The total pressure coefficient 




(7.18) 


From Eqs. (7.18) and (7.17) (since AF = gr — F) 


4 ( 1 + cos 6 , ct + c cos 0 

\ sin 6 sin 0 


(7.19) 


7.6. Lift and Moment Coefficients. The lift coefficient of a thin 
airfoil can be found directly from Eq. (7.11) as 

Cl = 2t{(x + €t) (7.20) 

At this point we shall make an important change of symbols. Since 
airfoil coordinates are most frequently given in fractions of the chord 

* Hence d^/dz = 0 at 0 = ^r, and a finite velocity is possible at the trailing edge of 
the airfoil. A study of Eq. (7.17) reveals that the trailing-edge velocity is F free atream* 
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using X and y for abscissa and ordinate, we shall now write 


X 



(7.21) 


If in addition we make 
so that 



cos 0=1 — 2x 
sin 0 = 2 \/x(l — x) 


(7.22) 

(7.23) 

(7.24) 


the airfoil will be turned around so that x = 0 will be its leading edge 
instead of the half-chord point. This change (see Fig. 7.2) does not in 



any way invalidate the relations we have already derived in which 0 
appears since particular chord stations still correspond to the same 0. 
The moment about the leading edge is then 




Px dx 


and upon substituting from Eqs. (7.19) and (7.23) and integrating we 
have 


Cmle “ ” 2 ^ ' 4 


Solving Eq. (7.20) for a, substituting into the equation above, and then 
transferring to the quarter chord, we have 


= (7.25) 

The presentation of Eqs. (7.20) and (7.25) is not of much use, how¬ 
ever, until we add methods of evaluating and tr- Glauert in Ref. 7.1 
introduced 
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’T A 

Mo = g ^2 

(7.26) 

SO that 

Cmi = 2 mo — ^ ^ 7 * 

(7.27) 

Equation (7.3) may be expanded using Eq. (7.1) to get 


from which 

f = 2a(cos 0 + ir sin 0) 

(7.28) 

and 

{ = 2a cos 0 

(7.29) 


7] = 2ar sin 0 

(7.30) 

The value of A 2 comes directly from Eq. (7.8) as 



2 

A 2 = - 1 r sin 20 r/0 
^ Jo 


and since r = 

r)/{2a sin 0) from Eq. (7.30) we have 



A 2 = - f - cos 0 d0 
ir Jo a 

(7.31) 

or 

1 f"" 

Mo = T~ / V cos 0 r/0 

4a Jo 

(7.32) 


The value of tr is the value of c when 0 = tt, or from Eq. (7.0) 

€r = i4.i — i42 + -As — • • • 

which by Eq. (7.8) is 

€r = - / (AisinO + A2sin26 + • • •)(mn 0 — tim20 + • • •) c/0 (7.33) 

^ Jo 

Equation (7.33) is the same as 


? r r(p*« - + . . .)d0 

r Jo 

where I = imaginary part. 

Hence 


t2 /*" 

€r = / - / g = 

T Jo I + 

and thus, substituting from Eq. (7.30), 


1 

TT Jo 1 “h COS 0 


(7.34) 


Cr 




/:r 


+ cos 9 




(7.35) 
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In the nondimensional plane /xo and er become 


where 

dx 

(7.36) 

and 

^ a-(l - x)(\/x(l - x)) 

(7.37) 

when 

Mo = vMx) dx 

1 ~ 9/r 

(7.38) 


i 1 

o-H 

II 

(7.39) 


The convenience of this method becomes evident when it is noted that 
/i(.r) and/2(a:) are functions of selected chord positions only and need be 
calculated only once (see Table 7.1). However, special care must be 
taken at x = 0 and 1.0, where/ 2(a*) and, fz(x) all become infinite. 


Table 7.1 

. Values 

OF A( 

x),f, 

(x), awMx) 

X 

fl(x) 

fi(x) 

/>(*) 

0 


00 

00 

90 

0 

025 

2 

09 

6 

08 

39 

73 

0 

05 

1 

54 

4 

13 

13 

78 

0 

10 

1 

18 

2 

67 

4 

72 

0 

15 

1 

05 

1 

96 

2 

45 

0 

20 

0 

99 

1 

50 

1 

49 

0 

25 

0 

98 

! 1 

15 

0 

972 

0 

30 

0 

99 

0 

87 

0 

662 

0 

35 

1 

03 

0 

63 

0 

442 

0 

40 

1 

08 

0 

41 

0 

271 

0 

45 

1 

16 

0 

20 

0 

130 

0 

50 

1 

27 

0 

00 

0 


0 

55 

1 

42 

-0 

20 

- 0 

130 

0 

60 

1 

62 

-0 

41 

- 0 

271 

0 

65 

1 

91 

-0 

63 

- 0 

442 

0 

70 

2 

31 

-0 

87 

- 0 

662 

0 

75 

2 

94 

-1 

15 

- 0 

972 

0 

80 

3 

98 

-1 

50 

- 1 

49 

0 

85 

5 

94 

-1 

96 

- 2 

45 

0 

90 

10 

62 

-2 

67 

- 4 

72 

0 

95 

29 

24 


13 

~13 

78 

1 

00 

c 

10 

— 

00 

— 

00 
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Considering/i(x) first at a; = 0, we differentiate numerator and denomi¬ 
nator of yfi{x) and solve for the limiting value as follows: 


= lim 


1 2 [a;(l — x)]^ ^ 
TT1 — dx 


and, putting in the limit x = 0, we get 

l//l(x)x=0 = 0 

except for dy/dx = «, which may be disregarded. 

The value at x = 1 requires a different approach. It is reasonable to 
assume that the rear 5 per cent of the camber line is a straight line. Its 
equation is, then, 

y = 20i/i(l - x) (7.40) 


where yi = value of y at x = 0.95. 

Using Eq. (7.40), we find the contribution of the last 5 per cent of the 
camber line to €r, as follows; 




= 1 
'^Jo.95 

= 2Qyi |~ 
= 2.87?/i 


20yi (1 - x) 

(1 — x) \/x(l — x) 
“ 11.00 

cos""^ (1 — 2x) 

Jo.95 


dx 


(7.41) 


If we had assumed the rearward camber line to be parabolic, Aer = 2.92^/1 
and it hence appears reasonable to use the mean value of 2.9yi for 
calculations. 



y 





2fi 



1 

1 

X 


r 2 

2 



0 1.0 
Fig. 7.3. 


The treatment of /2(x) is left to the student. 

Now then, if the equation of the camber line is known, Eqs. (7.27), 
(7.36), and (7.38) may be used to find azL and Cm^. Although this is 
rarely the case, three particular examples come to mind: 

1 . The Flat-plate Airfoil. In this case = 0, and Eqs. (7.36), (7.38), 
and (7.27) yield azi = 0, mo = 0, and Cyn^ = 0 directly. 
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2. The Paraholic-camber Airfoil Placing a parabolic-camber thin air¬ 
foil on the axes as in Fig. 7.3, we have / 


and 


and 


y = 8mia;(l — x) (7.42) 

cLzL = —4mi 
Mo = 0 


= — 27rmi 


(Note that mi = m/t as used in Chap. 5.) 

It is seen that the moment is the same as that of a circular-arc airfoil 
[Eq. (5.52)] within the limits of our assumption. 



3. The Constant-center-of-pressure Airfoil 
airfoil as in Fig. 7.4, described by 


Consider a reflex-camber 


y = px{l - x)(g - x) 


where p = maximum camber and moment parameter 
q = chordwisc location of start of reflex 
We have then 

otzL “ — ^ ■“ 


Mo 


04 


C.J = H (7 - 8(7) 


We see that a small reflex exerts a powerful effect on the chord load¬ 
ing, and indeed, when q — the moment coefficient vanishes. It has 
already been demonstrated that no moment about the quarter chord is 
contributed by the additional lift due to angle of attack, and thus an 
airfoil with q = i must have a constant center of pressure located at the 
quarter chord as does a symmetrical airfoil. 

4. The Arbitrary Thin Airfoil For the general case the camber line is 
usually not simply expressed as a function of x, and we must resort to a 
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graphical integration. That is, to find azL and Cm\ for an arbitrary air¬ 
foil, we must find yfi{x) and yj^ix) and get the areas under the plots of 
these two functions against x. The yfi{,x) curve is integrated from 0 to 
0.95 and upon the addition of 2.9t/i yields azL. The mo curve is inte¬ 
grated from 0 to 1.0 and with the above value of ey yields Cm\ by Eq. 
(7.27). 


Example 7.1. By means of the thin-airfoil theory find the angle of zero lift and 
c,n\ for the modified NACA 65,311 airfoil shown in Fig. 7.5. Ordinates for this 



Vio. 7.5. Modified NAC'A 05,311 airfoil. {Courtt sy of Journal of the An onautical Sciences.) 


airfoil are given in Table 7.2. (The modification embraced thickening the airfoil 
over the last 30 per cent of the chord to avoid the unsatisfactory control-surface 
hinge moments and construction difficulties usually associated with a cusped 
trailing edge. In this case no change of minimum drag was realized, but the lift 
curve slope was slightly decreased.) 


Table 7.2. Ordinates of 65,311 (Modified) 


Station 

Upper surface 
per cent chord 

liOwer surface 
per cent chord 

0 0 

0 0 

0 

1 25 

1 295 

1.223 

2 50 

1 187 

1 511 

5 00 

2.807 

1 .942 

7 50 

3.596 

2 230 

10 00 

4.245 

2.519 

15 00 ; 

5.25 

2.970 

20 00 

5.97 

3 239 

30 00 

6 98 

3 527 

40 00 

7.48 

3 527 

50.00 

7.41 

3.383 

60 00 

6.76 

3 022 

70.00 1 

5.61 

2.519 

80.00 

4.172 

1.870 

90.00 

2.375 

1.079 

95.00 

1.295 

0.648 

97.50 

0.79 

0.40 

100.00 

0.16 

0.16 
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Tabls 7.3 


z 

Vu 

yi 

4(vu - yi) 


yft(.x) ■ 

0 

0 

0 

0 

0 

0 

0.0125 

0.01295 

0.01223 

0.000360 

0.0001045 

0.003165 

0.0250 

0.01871 

0.01511 

0.00180 

0.00377 

0.01095 

0.0500 

0.02807 

0.01942 

0.004326 

0.00666 

0.01785 

0.0750 

0.03506 

0.2230 

0.00683 

0.00894 

0.02210 

0.1000 

0.04245 

0.2519 

0.00863 

0.01019 

0.02305 

0.1500 

0.0525 

0.0297 

0.01140 

0.01198 

0.02235 

0.2000 

0.0597 

0.03239 

1 0.01365 

0.01350 

0.02050 

0.3000 

0.0698 

0.03527 

0.01726 

0.01710 

0.0150 

0.4000 

0.0748 

0.03527 

j 0.01977 

0.02135 

0.0081 

0.5000 

0.0741 

0.03383 

0.02014 

0.02560 

0.0000 

0.6000 

0.0676 

0.03022 

0.01869 

0.03025 

-0.00766 

0.7000 

0.0561 

0.02519 

0.0154 

0.0356 

-0.01338 

0.8000 

0.04172 

0.0187 

0.0115 

0.0457 

-0.01723 

0.9000 

0.02375 

0.01079 

0.00648 

0.0688 

-0.01730 

0.9500 

0.01295 

0.00648 

0.00323 

0.0945 

-0.01332 

0.9750 

0.0079 

0.0040 

0.0019 

— 

-0.01152 

1.0000 

0.0016 

0.0016 

0.000 

— 

0 


The calculations for this airfoil are shown in Table 7.3, and the plots of yfi(x) 
and yf 2 ix) needed to get er and mo are shown in Figs. 7.6a and b. From them we 
get 

:= -[0.02730 + 2.9(0.00323)](57.3) 

= - 2 . 13 ° 



Fig. 7.0. (a) Plot of yfi{x) vs. x for detorimuation of azL (exainplo airfoil). (?>) Plot of 

VMx) vs. X for determiimtiou of /uu (example airfoil). 
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and 

c„i = 2(0.00112) -1 (0.03667) 

= -0.0554 

These values compare with —2.5° and —0.060 obtained by wind-tunnel tests. 

A correction not necessary in this case must be noted in order that 
the process be general. The thin-airfoil theory uses the camber referred 
to the line joining the leading and trailing edges of the airfoil. For most 
modern airfoils this is also the chord, but in case some other chord line is 
in use the value of azL from thin-airfoil theory must be corrected by the 
angular difference between chord lines in order to have a common 
reference. 

Results from similar calculations for several other airfoils are pre¬ 
sented in the tabulation. 


Airfoil 

CtZL 

Th(‘ory 

OtZL 

Practice 

r»n J 

Theory 

Practice 

65,209 

-1 51 

-1 30 

-0 010 

-0 035 

65,410 

-2 62 

-2 40 

-0 060 

-0 005 

04,A-212 

-1 59 

-1 80 

-0 043 

-0 040 

747A315 

-1 11 

-1 10 

-0 009 

-0 012 

63(420)-517 

-3 94 

-3 20 

-0 099 

-0 090 


7.6. The Ideal Angle of Attack. Now we arc familiar w ith the use of 
the Kutta condition and, indeed, have employed it to find the proper 
circulation for our thin airfoil in order to have the flow leave the trail¬ 
ing edge smoothly. Equally important for efficient operation of our thin 
airfoil is that the flow enter the leading edge smoothly. This condition 
(first discussed by Theodorsen in Ref. 7.5) requires that the pressure 
coefficient at the leading edge be zero. 

Inserting cos 0 = 1 — 2x, sin^ B = 4x(l — x) into Eep (7.19), we get 

P = [2a(l - X) + e, + ^(1 - 2x)] 

which can be written 

P = 4(« + .r) 4 S Vx(l - X)] (7.43) 

Writing Eq. (7.43) for a point only Ax from the leading edge, we have, 
letting e = €n (N = nose), 1 —• Aa* = 1.0, and Ax^ be negligible, 

^4“ H l<“ - •>) 
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Performing the differentiation and neglecting Ax • j- as small, we have 


Pax 

4 


^ I I *r + 


which is zero only when the ideal angle of attack 

€t + 


ai = — 


(7,44) 


Theodorsen, using an approach analogous to our Sect. 7.5, found the 
ideal angle to be (page 9 of Ref. 7.5) 


a, = dx* 


where 

- 2.Rrj^)li (-‘'Table 7.1) 

A shorter form is the approximation that 

ai = 623(2/1 — 2 / 5 ) + 47 ( 2/2 - 2 / 4 ) (7.45) 

where 1 / 1 , 2 / 2 , 2 / 4 , and 2/5 are the ordinates of the mean camber line at 
X == 0.542, 12.574, 87.426, and 99.458 per cent chord and at is the ideal 
angle in degrees. 

At all angles other than the ideal we find infinite velocities near the 
leading edge as the flow tries to negotiate the sharp nose, and the thin- 
airfoil theory is acceptable only because actual airfoils have finite leading- 
edge radii which provide reasonable velocities. We shall continue our 
discussion of the ideal angle later. 

It will be noted that we have been concerned only with the values of 
€ at the leading and trailing edges of the airfoil. The entire c curve may 
be plotted, if desired, by a method given by Theodorsen in Ref. 7.5. 
In general, e is negative over the first third of an airfoil, and it usually 
varies numerically in a smooth curve betw^een —0.1 and 0.1. 

7.7. Thin Airfoils with Trailing-edge Flaps. The theory of thin air¬ 
foils has been applied (Refs. 7.9, 7.10, 7.11) to the case of airfoils having 
trailing-edge flaps wdth a good degree of success. The basic approach, 
since we are most interested in the contribution of the flap, is to consider 
the forward part of the airfoil as uncambered. The complete airfoil then 

* Abbott and von Doenhoff in Ref. 8.10 discuss the special treatment required for 
the abov^e integral in order to avoid difficulties at the leading and trailing edges. 
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consists of a section AB (see Fig. 7.7) from leading edge to hinge 
point, plus the flap of chord Ec, where E is some number usually less 
than 0.5 and c the chord of the airfoil including flap. The previously 
outlined integrations are carried out in two parts, first from the leading 
edge to the hinge point, and then from there to the trailing edge. The 
moment of the flap about the hinge point is called the flap hinge moment 

and is of interest both from a load 
standpoint and to furnish data for 
the flap power-drive system, if any. 

Although the effects of flaps are of 
interest for both controls and lift, 
they will be omitted here in the interest of brevity. A problem concern¬ 
ing trailing-edge flaps is included at the end of this chapter. 

" 7.8. Total Pressure Distribution over a Thin Airfoil. The character¬ 
istics of a thin airfoil may be developed from an entirely different approach 
by assuming that the airfoil may be represented by a series of vortices 
distributed along the mean line whose strength is that needed to induce 
the same velocities that the airfoil develops. Any individual vortex will 
have the strength 7 , square foot per second per foot of chord, and the 
total circulation will be 



where c = the chord. 

\'alues of 7 may be found through the use of the condition that the flow 
must be everywhere tangent to the mean line, or, mathematically, 



Fig. 7.7. 


dy , Vn 


where Vn = local vertical induced velocity. 

This method is discussed by Glauert in Ref. 7.8 and yields in the final 
analysis the same results as our transformation approach. 

So far we have considered only the process needed to get the ideal angle, 
the angle of zero lift, and the moment of an airfoil. Obviously, an impor¬ 
tant additional item desired is the pressure distribution over the entire 
airfoil. Equation (7.19) could be used to get it, but this would entail a 
long and involved procedure indeed. Besides, from a practical stand¬ 
point, it would be desirable to have a method that includes the necessary 
empirical corrections so that it could be used directly for aircraft struc¬ 
tural loadings. Such a process has been developed by Jacobs (Ref. 7.3) 
based upon the earlier work of Theodorsen. Jacobs found it more con¬ 
venient to introduce the empirical corrections which are necessary if the 
pressure distribution were divided into that at zero lift plus an additional 
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part instead of that at the ideal angle plus an additional part. This in 
no way disturbs our logic, as it is quite easy to lump a little amount of 
additional lift in with the ideal and consider them together. 

We shall start by first getting the pressure distribution over a flat 
plate. Consider Eq. (4.17), 

9 , = 2F sin 6' + ^ 


For a flat plate Eq. (5.17) gives 


r = AwaVa 


and since 


(7.46) 

we get 

2Fa COS 6 + 2F sin 0 + 2Fa 

(7.47) 


~ 2 sin $ 

and 




^ + cos d) 

"F V Snl 


It was through recognition of this quantity in Eq. (7.19) that the con¬ 
cept of adding the flat-plate pressure distribution to another distribution 
(that at the ideal angle) first developed. 

Through Eq. (7.18) we now have 


p _ 4a(l + cos 6) 
sin 6 


4a cot ^ 


(7.48) 


for a flat plate. 

The part of the pressure distribution due to the camber we shall write as 


getting for the total 


P = 4 ^ /Jn sin 710 
1 


(7.49) 


. ra(l + cos ^) , V 

“ ^ L-ihTT” + 4 J 


and since 


sin 6 

Cl = 27r(a + €t) 


p 2cz 1 + cos ^ r (1 + cos ^) , . V D • zil 

+[-'‘"—357- + ^4®* 
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When Cl — 0, the so-called zero-lift ■pressure distribution is obtained, 
represented by 


= Po = -4«r + 4 y sin ne (7.62) 

Sin ^ 

1 


If we call the first term of Eq. (7.51) the additional pressure distribu¬ 
tion due to lift ciPaj we have 


2 1 + cos d 
T sin B 


(7.53) 


Using X = (I — cos 0)/2, wo may select values of .r and find the theo¬ 
retical values for Pa- These are shown in Talkie 7.4 along with practical 
variations found necessary and explained later. 

Table 7.4. Addition \l Chord Load Distrtbi tion F\ctors for Airfoil Sections 


Sta. per cent 

1 

p 

i\, 

chord 

■» ae 


1 






Cla«»s B 

1 (4ass C 

Class D 

Class K 

Theory 

0 

0 

0 

0 

0 

0 

00 

1 25 

3 2 

5 03 

4 08 

1 32 

3 87 

5 001 

2 5 

1 5 

4 37 

4 23 

1 02 

3 08 

3 077 

5 0 

5 5 

3 20 

3 22 

3 25 

3 27 

2 771 

7 5 

5 0 

2 03 

2 <18 

2 70 

2 81 

2 230 

10 0 

5 7 

2 2() 

2 32 

2 30 

2 11 

1 010 

15 0 

5 0 

1 77 

1 85 1 

1 !»() ! 

1 05 

1 510 

20 0 

4 3 

1 47 

1 .',1 

1 58 

1 (.2 

1 273 

30 0 

2 0 

1 10 

1 14 

1 l(i 1 

1 18 

0 <1727 

40 0 

1 4 

0 80 

0 87 

0 88 ! 

1 

0 80 

0 7708 

50 0 

0 0 

0 07 

0 r»8 

0 ()8 

0 ()0 

0 031)0 

(>0 0 

-1.4 

0 51 

0 51 

0 51 

0 51 1 

0 5108 

70 0 

-2 9 

0 38 

0 37 

0 37 

0 30) 

0 111)8 

80 0 

-t 3 

0 25 

0 24 

0 24 

0 23 , 

0 3183 

00 0 

-5 7 

0 13 

1 0 12 

0 12 

Oil 

0 2122 

05 0 

1 

— 5 5 

0 (X> 

0 00 

0 tX) 

0 (X) 

0 1 11)0 

100 0 

0 0 

0 

0 

« 1 

0 

0 


Note, Class A distributions ha\e ru)t bfc n dotfrininod. 

The total pressure distribulion i.s 


P = Po + oP. 


(7 54 ) 
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Now, referring to Eq. (7.52), we sec that the first term of the zero-lift 
pressure distribution Po is proportional to thd additional pressure dis¬ 
tribution. Hence 

eo 

Po = —27r€rPa (7.55) 

1 

The part of the zero-lift pressure distribution not proportional to the 
additional pressure distribution is called the basic pressure distribution P^- 
It is, as will be later demonstrated, the pressure distribution that occurs 
at the ideal angle of attack. Hence 


Pfe = 4 ^ Bn sin nS (7.56) 

The constants Bn may be evaluated as follows: 

The lift of the thin airfoil may be written as (let the chord = 1.0) 

fl.Q 

/ P-^^V^^dx (7.57) 

QC 

f"" a siU HB Sil 

rj == / 2a(l + cos B) 2j -— 


sin B dB 


And since the second integral exists only for ri = 1, we have 

Cl = 27r 
Bi 


so that 


= €7 = —(XzL 


The moment about the leading edge is 
rio 

il/i. = - ^ r- Pj- f/.r 


(7.58) 

(7.59) 


= — ^ r- j j^a(l — co.s- ^ Pn sin n6 sin d 

ae 

— ^ Bn sin fiB cos B sin d j 


IB 


Now when n = 1, the second term in the bracket becomes sin^ 6 d$ 
and integrates as before to 7r/2, while the last term becomes sin- d cos 0 dB 
and goes to zero, from 0 to tt. 
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When n = 2, the second term becomes zero and the third term is 
integrable. We replace the cos® 0 in the parentheses of the first term by 

1 . cos 2B j . , .. 

2 H-2 —’ integrating 

M,. = - ^ F® ^ - I B2) 

from which (again) 

= I (B 2 - B^) (7.60) 

And the coefficients JBi and B 2 are identical to Ai and A 2 of the trans¬ 
formation in Eqs. (7.6) and (7.7). We shall use Ai and A 2 in further 
developments. 

Interesting properties of the zero-lift pressure distribution and the 
additional pressure distribution may be developed as follows: 

The lift for a unit chord due to the zero-lift pressure distribution is 

Lq = qPo dx = 0 

or none of the lift results from the zero4ift pressure distrihiition. 

Now consider the case for the additional pressure distribution: 

Ba ~ aQ dx 

Btotnl 

Hence all of the lift results from the additional pressure distribution. 

The moments yield interesting conclusions, too. The additional pres¬ 
sure distribution due to lift Pa (it develops) produces no moment about 
the quarter chords and hence all of the moment about the quarter chord must 
be due to the zerodift pressure distribution Pq. 

If the basic and additional distributions are known, the zero-lift pres¬ 
sure distribution may be readily computed. Its value, obtained by 
putting Eq. (7.56) into Eq. (7.55), is 

Po = -TrAiPa + P6 (7.61) 

The value of the coefficient ttAi in this formula may be determined by 
noting that the lift coefficient resulting from the basic distribution* 
alone is 

Ch, = Pb dx 

to 

= 4 ^ A« sin 7l6 ^ sin d dS 

1 

* The terminology and symbols used in this section are those of Jacobs in order 
that reference to his paper may be Bimplified. In every case, however, the word basic 
may be replaced by the word ideal j and the subscript b by the subscript i. 
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which, existing only forn == 1, becomes 

cib = IT AI ( 7 . 62 ) 

This ecjuation gives us a simple way to find the important ideal angle, 
as illustrated in the example below: 

Example 7.2. Find the ideal angle and the ideal lift coefficient for the airfoil of 
Ex, 7.1. 

Using Eq. (7.45), the ideal angle is 

at = 623(2/1 — 2/fi) + 47(1/2 — 2 / 4 ) 

= 623(0.0001 - 0.0003) + 47(0.0118 - 0.0082) 

= 0.29° 


Assuming a lift curve slope of 27r and using the angle of zero lift from Ex. 7.1, we 
get 

c,. = ~ (2.13 + 0.29) 

= 0.264 


or, from Eq. (7.62) 


Ch = Cib 


27r(2.13) 

57.3 


= 0.234 


The thick-airfoil theory of Chap. 5 gives Ch = 0.282. The thin-airfoil values 
would be 0.29 and 0.25 if a thick-airfoil lift curve slope were employed. 

Returning to the problem at hand, Eq. (7.61) may be written 

Po = P6 - cuJPa (7.63) 

It now remains to find a method for determining the basic pressure 
distribution. Equation (7.56) may be written 

Ph = 4{Ai sin 6 + A 2 «in 20 + Az sin 36 ••• An sin nO) (7.64) 

Since Po represents all the moment and Pa none of the moment (about 
the quarter chord), it is clear from Eq. (7.61) that Pb also represents all 
the moment. Restating the theorem, all the moment about the quarter 
chord is due to the pressure distribution at the ideal angle. Hence it 
seems reasonable to introduce the moment coefficient into Eq. (7.64). 
From Eq. (7.60) 

c„i-I (^1 - Ai) (7.65) 

from which 

Al --Cm* + 2 

T * 
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and putting this value of Ai into Eq. (7.64) we get 

1 P 

Pb - - - Cmj sin B + 4[A2(sin 6 + sin 2$) + Az sin 3B ■ ■ ■ An sin nB] 

TT 

(7.66) 

Now all the moment is due to Pi,', hence we consider the first term above 
as representing that portion of the basic pressure distribution due to 
moment, and thus we write this term in the form 

—CmjPfcm = I ® 

and therefore 

Pbm = — sin 0 (7.67) 

TT 

where Pbm is the basic pressure distribution due to moment. 

In the remaining portion of Eq. (7.66) we find the coefficients ^42, 
As, , An, all of which are in general proportional to the maximum 
mean camber-chord ratio h, being part of the series which describes the 
thin airfoil. We therefore regard this part of the thin airfoil as that por¬ 
tion of the basic distribution due to camber, and we write 

hPbc = 4[^2(sin d + sin 26) + Az sin 30 • • • sin nB] 

Hence 

4 

Pbc = ^ [i42(sin 6 + sin 26) + Az sin 30 • • • «in ^^0] (7.68) 

The introduction of Eqs. (7.67) and (7.68) in E(]. (7.(>()) enables us to 
write the expression for the basic distribution in the form 

Ph = ^Om\Phm + hPhc (7.69) 

At this point it is in order to discuss the terms pressure distribution 
due to camber and pressure distribution due to moment a little more fully 
since many students find the terms moment and camber very closely 
related and a certain difficulty arises in differentiating between the action 
of the two. 

For the usual airfoils without reflex (such as the four-digit airfoils, or 
airfoils having circular arc or parabolic camber) the moment is increased 
quite directly by increasing the camber [see Eq. (5.52)]. However, two 
airfoils having the same amount of camber but different shapes of the 
mean line will in all probability have different moment coefficients, show¬ 
ing that the shape of the mean line is an important parameter. Indeed 
the moment coefficients of aiifoils whose mean lines follow the form of 
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that shown in Fig. 7.4 are independent of the amount of camber. Thus 
it is seen that the ‘‘moment*' and “camber"' differentiation is quite 
reasonable, camber referring to the amount of deviation from a straight 
mean line and moment to the mean-line shape. 

The lift coefficients due, respectively, to these new distributions Ph„, 
and Pu are readily determined by integration, the results being 


Olhm — Pbm dx 

= f— sin e • de = 4.0 (7.70) 

Jo TT I 

and 

cibc — T I [^ 2 (sin 6 + sin 26) + A 3 sin 3^ + • ■ • An sin nO] dO 
h Jo ^ 

The above integral exists only for the A 2 term, when it ecjuals 7r/4, and 
hence 



(7.71) 


The theoretical value of the lift for the entire basic distribution is there¬ 
fore, from Eq. (7.69), 

Pb ^ f ^^p -j- JiJ 

Clb = —Cni\Clbm + hcihc (7.72) 

Ob = -“4cmj + 7rA2 (7.73) 

Pulling in the coefficient value for from E(j. (7.65), we get 

= —4 j (Ai — A 2 ) j + 7rA2 = ttAi (7.74) 

This corroborates Eq. (7.62) and in addition enables us to follow the 
ideal-angle-of-attack concept discussed in Chap. 6 and earlier in this 
chapter. 

In Eq. (7.54) it appears that one may add an additional pressure dis¬ 
tribution to that at zero lift in order to find the pressure distribution at 
some angle a, instead of adding the additional to that at the ideal angle. 
To make the picture clearer, write the total pressure coefficient as the 
sum of the ideal (basic) and the flat-plate (additional) values. Thus 

P = Ph A- {Ci — Cl)Pa 

Now, upon substituting from Eq. (7.63) and clearing, we get 

P = Po + CiPa 

showing that, in acicordance with the discussion at the end of Chap. 6 , 
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this section and the Abbott-von Doenhoff-Stivers theory to follow are 
both based on the same fundamental assumptions. 

For the purpose of introducing empirical corrections that bring the 
theoretical pressure distribution closer to that realized in practice, Jacobs 
in Ref. 7.3 writes Fa\, (7.69) in the general form as follows: 

Clb ~ Cm\Cibm “l~ hCibc (7.75) 

The first step is to modify the additional pressure distribution of Eq. 
(7.53), which, because of the infinitesimally thin mean camber line and 



Per cent chord 

Fig. 7.8. Comparison of different types of Poi loadings. 


zero radius of curvature at the nose, yields an infinitely low pressure at 
the leading edge (6 = 0°). Further, the growth of the boundary layer 
in the actual case produces an effective loss in camber which tends to 
reduce the experimental Pa values below those theoretically derived. 
The latter effect is more fully discussed in Sect. 8.2. Thus Pa as treated 
by Jacobs in Ref. 7.3 is partially replaced by Pai as given in Table 7.4 
and shown in Fig. 7.8. 

Four classes of Pai distributions are given, differing mainly in the 
values of the peak pressures near the leading edge. Apparently this 
classification is based on the consideration of the leading-edge radius of 
the actual airfoil sections, Class B corresponding to a small radius and 
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Classes C, D, and E to progressively larger ones. The larger the leading- 
edge radius, the lower will be the peak velocity apd pressure in this region. 

All of the actual loadings will, of course, go to zero at the leading and 
trailing edges since there cannot be an infinitely rapid increase of load in 
real air. Later, for finite wings, we shall apply the same logic to con¬ 
ditions at the wingtips. 

A further modification of the additional pressure distribution is made 
by adding to Pa\ a term which accounts for the effect of the boundary 
layer and brings the aerodynamic center into agreement with its experi¬ 
mentally determined position. This correction is noted by the term 

XacPae (7.76) 

in which Xac is the distance which the actual aerodynamic center is ahead 
of the quarter-chord point. Values of Par have already been given in 
Table 7.4. Thus the corrected additional distribution is given by 


Pa = Pal + XarPac (7.77) 

The modifications of the basic-moment and basic-camber distributions 
are not clearly understood. Equations (7.09) and (7.72) are used in the 
form employed in the theoretical development. Only one class of values 
for Pfcm is indicated. The basic-camber distribution Phc involves coeffi¬ 
cients which are dependent on the shape of the mean camber line, but 
the nature of this dependence in the empirical form is not indicated, and 
the significance of the three classes given for Phc is not known at present. 
These values are given in Table 7.5 and Fig. 7.9. 

Both the additional and basic distribution factors given in Tables 7.4 
and 7.5 are classified on the basis of the nature of the airfoil section 
shape and some of its aerodynamic properties. A classification symbol 
consisting of a letter and two digits for each airfoil is employed in which 
the letter indicates the type of Pai distribution, the first number the type 
of Phm distribution, and the second number the type of Phc distribution. 
Values of these classification symbols for a number of the more commonly 
used airfoils are shown in Table 7.6 along with Xac values locating the 
aerodynamic-center position ahead of the quarter chord, and finally 
values of the maximum mean camber in per cent chord. 

The use of the theory and tables is illustrated in the following example: 

Example 7.3. Find and plot the normal-force pressure distribution P for an 
NACA 4412 airfoil at Ci = 0.4. (In order to save space the calculations will be 
shown only for the 5 per cent chord station.) 

From Table 7.6 the pressure-distribution class for the NACA 4412 is (7 10; 
OLzL = —4.0°, Cmae — —0.088, oq = 0.098, and the aerodynamic center is 0.8 per 
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Per cent chord 

Fig. 7.9, Comparison of basic camber distributions for Class 1 and 2 airfoils. 

cent chord ahead {Xac = 0.008) and 2.0 per cent above {h = 0.02) the (piarter- 
chord point on the chord line. From Table 7.4, Pac = 5.5, and Pa\ = 3.22 at the 
5 per cent chord station. From Table 7.6, Pbm = 6.05, Cum = 6.30, Cuc — 0.00. 
and Phc = 0.0 at the 5 per cent chord station. 


1. 

XacPac — 0.044 

2. Cma 

.A. = 0.532 

3. 

hPic 

= 0.0 

4. -( 

'marCtlim ~ 0.5544 

5. 

hcthc 

= 0.0 

6. Cii, 

“ CmarClbm “f” HClbr 





= 0.5544 

7. 

F. = 

Pal + XacPac = 3.264 

8. P, 

= —CmacP hm + hPbe = 0.532 

9. 

ClbP a 

= 1.809 

10. Fo 

= Pb- c„Pa = -1.277 

11. 

CiPa 

= 1.306 

12. F 

= Fo + CiPa = 0.029 


The complete plot is shown in Fig. 7.10. 

7.9. Upper- and.Lower-surface Pressure Distribution. Now although 
the method outlined yields the chordwise load distribution, no cognizance 
has been taken of the specific pressures on upper and lower surfaces. 
Allen (Ref. 7.4) has outlined a method that furnishes this information 
in a short and simple manner. 
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Table 7.5. Basic Chord Load Distribution Factors for Airfoil Sections 


Sta. per cent 
chord 

Pbtn 
Class 1 

1 

Pbe 


Class 1 

Class 2 

0 


0 


0 


1. 

25 

2 85 

0 

2.5 

32 5 

2 

5 

4 25 

0 

5.5 


5 

0 

6.05 

0 

10.0 

56.5 

7, 

5 

7.10 

0 

14.5 

59.0 

10 

.0 

7.80 

0 

18.0 

57.5 

15 

0 

8.80 

0 

23.0 

47.5 

20 

0 

9.30 1 

0 

25.0 

37.0 

30 

0 

9.50 

0 

25.0 

24.5 

40 

0 

8.80 

0 

20.5 

18.0 

50 

0 

7 75 

0 

14.0 

13.0 

60 

0 

6.60 

0 

6.0 

9.0 

70 

0 

5 30 

0 

-2.5 

5.5 

80 

0 

3.75 

0 

-5.5 

3.5 

90 

0 

2.05 

9 

-4.5 

1.5 

95 

0 

1 10 

0 

-2.5 


100 

0 

0 

0 

0 


Clhm 

Clhc 

6.30 


9.70 

18.75 


Assume that the curvature of the mean camber line is slight and that 
the bound vortices that reproduce the thin-airfoil flow pattern (in accord¬ 
ance with our second approach) are located on the mean line as previously 
considered. Then the induced velocities on the upper and lower surfaces 
at any given distance x behind the airfoil leading edge are equal in magni¬ 
tude but opposite in sign. We may write these velocities as 


uu = w' + Aw (7.78) 

Ul — u — Aw (7.79) 


where Aw = induced velocity due to camber 

w' = velocity that the thick no-camber base profile would experi¬ 
ence under the same strt'am conditions 
Uu = velocity on upper surface at point .r 
Ul = velocity on lower surface at point .r 
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If Ap/ = surface pressure increment at point x, we may write for the 
symmetrical shape 

. Po + ipF* = p, + yiu'y 

where V and po are the free-stream velocity and pressure, respectively. 
Hence 

Ap/ = P* - Po = - ip{u'y 

Defining 

go = \pV^ and P; = ^ 

^ vo 

we get 

u' = V \/l - Pf (7.80) 


Table 7 6 Aiefoil Section Chaeacteristics 


Airfoil 

PD 

Fundamental section characteristics 


cation 

Per cent 
camber 

1 OIZL 

(■ mae 

Xa 

y«c 

ao 

Clark Y 

C 

10 

3 

9 

-5 

0 

-0 

069 

1 

1 

4 

0 

092 

Qark YM-15 

D 

10 

4 

0 

-6 

2 

-0 

068 

1 

1 

7 

0 

094 

Qark YM-18 

E 

10 

4 

0 

-5 

1 

-0 

064 

1 

4 

5 

0 

091 

Curtiss C-72 

C 

10 

4 

0 

-5 

6 

-0 

084 

1 

0 

3 

0 

095 

Gottingon 387 

D 

10 

5 

9 

~6 

6 

-0 

093 

0 

7 

4 


— 

Gottingen 398 

D 

10 

4 

9 

-6 

0 

-0 

081 

0 

4 

1 

0 

094 

N-22 

C 

10 

4 

3 

-5 

4 

-0 

075 

0 

6 

4 

0 

096 

NACA CYII 

C 

11 


1 

-2 

9 

-0 

027 

0 

7 

6 

0 

095 

NACA-M6 

C 

11 

i 2 

4 

-0 

8 

-0 

002 

-0 

4 

0 

0 

095 

RAF 15 

A 

10 

2 

6 

-2 

2 

-0 

053 

1 

7 

10 


— 

USA 27 

C 

10 


6 

-4 

7 

-0 

078 

1 

8 

5 


— 

USA 36-A 

E 

10 

7 

3 

-8 

0 

-0 

111 

0 

8 ! 

5 


— 

USA 35-B 

C 

10 

4 

6 

~5 

2 

-0 

070 

0 

5 

5 


— 

NACA 0006 

A 

10 

0 


0 


0 


0 

7 

2 

0 

098 

NACA 0012 

C 

10 

0 


0 


0 


0 

6 

3 

0 

099 

NACA 2212 

C 

12 

2 

0 

•”1 

8 

-0 

029 

0 

9 

5 

0 

099 

NACA 2409 

B 

10 

2 

0 

1 -1 

7 

-0 

044 

0 

7 

4 

0 

099 

NACA 2412 

C 

10 

2 

0 

-2 

0 

-0 

043 

0 

5 

3 

0 

098 

NACA 2416 

D 

10 

2 

0 

-1 

7 

-0 

040 

1 

4 

5 

0 

097 

NACA 2418 

E 

10 

2 

0 

-1 

9 

-0 

038 

1 

1 

2 

0 

094 

NACA 4412 

C 

10 

4 

0 


0 

~0 

088 

0 

8 

2 

0 

098 

NACA 23006 

A 

12 

1 

8 

-1 

2 

1 -0 

012 

1 

0 

8 

0. 

100 

NACA 23009 

B 

12 

1 

8 

-1 

1 

-0 

009 

0 

9 

7 

0 

099 

NACA 23012 

C 

12 

1 

8 

-1 

2 

~0 

008 

1 

2 

7 

0 

100 

NACA 23015 

D 

12 

1 

8 

-1 

1 

-0 

008 

1 

1 

6 

0 

098 

NACA 23018 

E 

12 

1 

8 

-1 

2 

-0 

006 

1 

i.. 

7 

6 

0 

097 
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From Eqs. (7.78) to (7.80) 

Uv — V \/l — Pf -j- Au 
ul = V \/l~— Pf — 

The pressure increments on the upper and lower surfaces of the airfoil 
at X are then 

Apt; =qo-^(V + Au)* (7.81) 

Apt. = q,-^(V + Am)* (7.82) 



Per cent chord 


Fig. 7.10. Normal force total load distribution on an NACA 4412 airfoil at ci = 0.4 by 
Jacobs’ method. 

Now if Ap is the normal pressure at station x, being positive upward, 
then 

Ap = —pv + Pl (7.83) 





148 


BASIC WING AND AIRFOIL THEORY 


we get 


and, similarly, 


Pv = \- 


Pi = 1 - 


(1 - P/ + \PY 
I -Pf 

(1 ~ P/ - ipy 
1 -P/ 


(7.87) 


(7.88) 


Hence, if the normal force distribution P over an airfoil is known, and 
the pressure distribution over the thick no-camber profile is known, then 
Eqs. (7.87) and (7.88) may be used to get the normal pressure distribu¬ 
tion over the upper and lower surfaces. For convenience, a table of 
1 — P/ for the NACA four-digit and five-digit airfoils is presented. It 
will be noted there that no values are given for the leading edge x == 0. 
This is because the slope of the airfoil is then infinite and the solution 

Table 7.7. Values of 1 — P/ for NACA Four- and Five-digit Airfoil Sections 


Sta. por cent 
chord 


Thickness per cc^nt chord 


6 

9 

12* 

15 

18 

21 

25 

1 

.118 

1 

.075 

1 

.008 

0 

.932 

0 

.857 

0 

.775 

0 

.699 

1 

.190 

1 

.232 

1 

.257 

1 

.250 

1 

.216 

1 

.170 

1 

.105 

1 

,219 

1 

.313 

1 

.395 

1 

.460 

1 

.505 

1 

.529 

1 

.543 

1 

.222 

1 

.330 

1 

.425 

1 

.513 

1 

.601 

1 

.675 

1 

.760 

1 

.220 

1 

.330 

1 

.432 

1 

.534 

1 

.635 

1 

.737 

1 

.861 

1 

.209 

1 

.316 

1 

.428 

1 

.536 

1 

.647 

1 

.760 

1 

.914 

1 

.192 

1 

.2!)8 

1 

407 

1 

.518 

1 

.634 

1 

.749 

1 

.905 

1 

.180 

1 

.277 

1 

.380 

1 

.490 

1 

.604 

1 

.715 

1 

.870 

1 

.105 

1 

.256 

1 

352 

1 

.453 

1 

.560 

1 

.667 

1 

.813 

1 

.150 

1 

.233 

1 

321 

1 

.413 

1 

.510 

1 

.603 

1 

.740 

1 

.137 

1 

,210 

1 

.290 

1 

.372 

1 

.457 

1 

540 

1 

.656 

1 

.122 

1 

.189 

1 

256 

1 

.328 

1 

,401 

1 

473 

1 

.570 

1 

.109 

1 

167 

1 

225 

1 

.288 

1 

.351 

1 

410 

1 

.492 

1 

.094 

1 

.146 

1. 

.195 

1 

.248 

1 

.300 

1 

.350 

1 

.417 

] 

.081 

1 

.125 

1. 

167 

1 

.208 

1 

.250 

1 

.293 

1 

.343 

1 

.070 

1 

.104 

1. 

,138 

1 

.171 

1 

.202 

1 , 

.239 

1 

.279 

1 

.056 

1 

.082 

1 . 

107 

1 

.132 

1 

.157 

1. 

.182 

1 

.211 

1 

.041 

1 

.059 

1. 

074 

1 

.091 

1 

. 105 

1. 

.122 

1 

.141 

1 

.021 

1 

.032 

1. 

041 

1 

.048 

1 

.053 

1 , 

.059 

1 

.069 

1 

.002 

1 

.002 

1, 

001 

1. 

.000 

0 

.998 

0. 

,995 

0 

.990 

0 

.981 

0 

.970 

0. 

955 

0 

.941 

0 

.929 

0. 

,911 

0 

.890 

0 

.949 

0 

.922 

0. 

895 

0 

.865 

0 

.834 

0 

807 

0 

,764 
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becomes indeterminate. In actual practice it is not difficult to fair the 
curves in that region. The pressure plots of the airfoils listed in Table 
7.6 should be faired to Cp = 1.0 at the trailing edge for reasons to be 
discussed in the next chapter. 

Example 7.4. Having the normal-force pressure distribution P for an NACA 
4412 at Cl = 0.4, separate it into upper- and lower-surface pressures, and plot 
them. 

Considering only the 5 per cent chord point, we have from Example 7.3 the 
value jP = 0.029. Then: 

1. ^ = 0.0072 
4 

2. 1 — Pf == 1.395 (from Table 7.6, 12 jmt cent airfoil) 

3. = -0.405 

4. Pi^ = -0.382 

The complete plot is sliown in Fig. 7.11. 



Fig. 7.11. Upper- and lower-surface pressure distribution for NACA 4412 at r/ = 0.4, 
thin-airJ(i^il»tnethod. Integrated values C 5 = 0.406, C. P. = 46.6 per cent, Cwl = —0.0878. 

7.10. Rapid Estimation of Pressure Distribution. While the previous 
sections in this chapter have demonstrated the breakdown’’ of the 
behavior of an airfoil, the method as given applies only to airfoils whose 
Pah Pac, Xacy Phcy Pbmy and i — Pf vulues are known. Virtually no hint 
exists for determining the characteristics of new or modified airfoils. 

A complete solution was given by Theodorsen (Ref. 8.1) in 1932. His 
approach, discussed in the next chapter, solves the arbitrary airfoil 
problem completely but requires a considerable amount of time and 
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effort. A second method based on some earlier work by Theodorsen 
(Ref. 7.5) and completed by Abbott, von Doenhoff, and Stivers (Ref. 7.6) 
combines the arbitrary airfoil theory with the Munk-Jacobs-Allen tabular 
approach in a manner that retains a majority of the good features of 
both. The method still requires a large number of tables and charts 
but is much more flexible than the method previously given. 

We have mentioned that the pressure distribution over an airfoil may 
be considered as that due to the pressure distribution at the ideal angle, 
plus an amount due to angle of attack, referenced to that required for 
the ideal angle. In addition, Abbott, von Doenhoff, and Stivers break 
the ideal distribution into that due to the symmetrical thickness shape 
and that due to the camber line. We then have three pressure (and 
velocity) distributions. 

1 . The distribution corresponding to the velocity distribution over the 
basic no-camber thickness form at zero angle of attack v/V. 

2. The distribution corresponding to the design load distribution of the 
mean line At;/F, plus on the upper surface. 

3. The distribution corresponding to the additional load distribution 
associated with angle of attack A^a/F. 

The pressure coefficient S, defined as 



where Ho = total head in free stream, lb per sq ft 

go = free-stream dynamic pressure, lb per sq ft 
p = pressure on airfoil, lb per sq ft 
and, finally, 

C^ = ^ = \ -S (7.90) 

go 

The above addition of velocity increments is not exact theoretically 
but appears of adequate accuracy for engineering work. 

The velocity distributions 1, 2, and 3 above are not fundamentally 
different* from those of Tables 7.4 to 7.7, but the presentation as velocity 
increments which may be added and are approximately proportional to 
their basic parameters gives the newer method much more flexibility. 
The corrections previously found necessary are incorporated in this new 
method. The infinite leading-edge velocity correction (previously in 
Pal) is in the LvJV values since they were calculated by the method of 
Chap. 8, which properly allows for the leading-edge radius. 

* Except, of course, that they are referenced to the ideal angle of attack instead of 
the zero-lift angle. 
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The use of the tables and charts of Ref. 7.6 is discussed herewith and 
illustrated by examples below. 

1. Values of the basic velocity ratios v/V for airfoils of intermediate 
thickness ratios may be obtained approximately by linear scaling accord¬ 
ing to the formula 

where h is a thickness ratio given in the tables. 

2. The desired value of ^v/V may be found by multiplying the tabular 
value by the ratio of the desired camber to that of the tabular camber. 
It is plus for the upper surface, minus for the lower. 

3. Values of the additional velocity ratios Ava/V are given for each 
chord station. The amount of additional velocity ratio may be found 
from 

where ci = lift coefficient for which the pressure distribution is desired 
Cii = ideal lift coefficient 

Example 7.6. Using the method of Sect. 7.10, find the pressure coefficient at 
the 5 per cent chord point of an NACA 4412 at ci = 0.4. 

1. From Table 7.8 = 1.174 and ^ = 0.685; 0.137 

2. The mean-line data are for 6 per cent camber and Ch — 0.76. For the desired 
airfoil (4 per cent camber) we have 

Av 4 4 

^ = g (0.137) = 0.0916 and c,< = g (0.76) = 0.506 

AWn 

3. Hence -y = 0.685 (0.400 - 0.506) 

= -0.0726 

4. Sa = (1.174 + 0.0916 - 0.0726)* 

= (1.193)* = 1.42 

(fX - 

6. Sl = (1.174 - 0.0916 + 0.0726)* 

= (1.157)* = 1.34 

*■ (f). - 

These values compare with (Ap/q)v = —0.405 and (Ap/g)* = —0.382 from 
Ex. 7.4. 
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Integration of the complete pressure diagram indicates a ci greater than 0.4, 
and trial and error must be employed with the ^vJV value [by changing the 
{ci — Cj<) term] until the proper c* is found. 

While only a single shape and mean-line data table can be given here 
for reasons of space limitations, Ref. 7.G contains complete data on 68 
thickness shapes and 22 mean-line curves. Since both these parameters 
may be interpolated for desired proportions, it is seen that the pressure 
distributions for several thousand airfoils is immediately available. 

Table 7.8. Values of v/V and Ava/F for NACA 0012 Basic Thickness Form and 
Av/F FOR NACA 64 Mean Line 


X 

per cent chord 

y 

per cent chord 

V 

V 

AVa 

V 

Av 

F 

0.0 

0.0 

0.0 

1.988 

0.0 

0.5 


0.800 

1.475 

— 

1.25 

1.894 

1.005 

1.199 

0.064 

2.5 

2.615 

1.114 

0.934 

0.098 

5.0 

3.555 

1.174 

0.685 

0.137 

7.5 

4.200 

1.184 

0.558 

0.167 

10.0 

4.083 

1.188 

0.479 

0.187 

15.0 

5.345 

1.188 

0.381 

0.218 

20.0 

5.737 

1.183 

0.3U) 

0.242 

25.0 

5.941 

1.174 

0.273 

1 

0 258 

30.0 

6.002 

1.162 

1 

0.239 

0 260 

40.0 

5.803 

1.135 

0.187 

0.250 

50.0 

5.294 

1.108 

0.149 

0.228 

60 0 

! 4.563 

1.080 

0.118 

0.207 

70.0 

3.664 

1.053 

0.092 

0.188 

80.0 

2.623 

1.022 

0.068 

0.159 

90.0 

1.448 

0.978 

0.044 

0.117 

95.0 

0.807 

0.952 

0.029 

0.084 

100.0 

0.126 

0.0 

0.0 

0.0 


7.11. Summary of Thin-airfoil Theories. We have seen how the 
Joukowski transformation has been utilized to determine the angle of 
zero lift, the ideal angle, and the pitching moment for any airfoil, and 
that based upon the thin-airfoil theory two methods have been derived 
that yield the pressure distributions over a large number of airfoils. The 
first method presented (that of Jacobs and Allen) has been set up for 
only a limited number of (now) old profiles, while the second method 
(that of Abbott, von Doenhoff, and Stivers) can handle most of the older 
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airfoils, most of the current NACA profiles, and a great number of others 
formed from a large selection of mean lines and thickness forms. The 
second method also requires the use of Ref. 7.6. When a particular air¬ 
foil is amenable to both methods, it has been the experience of the author 
in a limited number of cases that the first method is more accurate. 

We need, however, a method that will handle all reasonable airfoils, 
preferably without any tables or additional charts, and also with a mini¬ 
mum of simplifying assumptions. Such a thick-airfoil theory will be 
presented in the next chapter. 

PROBLEMS 

7.1. Show that the additional pressure distribution produces no moment about 
the quarter chord. 

7.2. Following the analysis of Eq. (7.41), show that Aer = 2.92yi if the last 5 
per cent of the camber line is parabolic. 

7.3. Show that yfaix) = 0 at a; = 0 and 1.0. 

7.4. Select a cambered airfoil for which test results are available, and calculate 
and compare azL and according to the methods in this chapter. 

7.5. Place a flat-plate airfoil on the tf axes from +2a to —2a, and show how 
the Joukowski transformation in reverse can transform it into a circle in the z 
plane. 

7.6. Consult Ref. 7.10, and compare the lift increment due to 20 and 40 per cent 
chord flaps. Assume Ci = 0.5 and 5/ = 10°. 

7.7. Demonstrate that the center of the z circle is at the origin for the thin- 
airfoil theory. 

7.8. Prove that 6 = w corresponds to the trailing edge of the airfoil. 

7.9. Show that the thin airfoil has a finite velocity at the trailing edge. 

7.10. Prove that the point at which g, = 0 becomes that at which =0. 

7.11. Show that <^ = tt + cr is the rear stagnation point of the cylinder. 
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CHAPTER 8 


THICK-AIRFOIL THEORIES 

8.1. Theodorsen’s Theory. Theodorsen (Ref. 8.1) extended the 
attack of Glauert given in Chap. 7 to include airfoils of finite thickness, 
finally obtaining a complete solution for the theoretical pressure distribu¬ 
tion about an arbitrary airfoil at reasonable angles of attack. 

As we shall sec, his attack parallels that of Glauert in that he used the 
•Toukowski transformation “in reverse” and then devised a general trans- 



Fig. 8.1. 


formation to get from the pseudo circle to the circle. This time, by 
means of a different (and more complex) procedure, it is not necessary 
to reduce the airfoil to its mean line. 

The airfoil is described (to use Theodorsen’s notation) by 


while the circle is 


f = a: + iy 

z = 


where a is a constant and is a small constant so that nearly equals 
1.0. The pseudo circle (see Fig. 8.1) 

156 


156 


BASIC WING AND AIRFOIL THEORY 


has the term [where ^ is a f{d)] to vary the radius and produce the 
irregular curve. Points on the circle arc out of angular agreement with 
points of the pseudo circle by e = ^ 

It has already been noted that the circulation will be unchanged by 
the transformations. 

We first transform the airfoil into the pseudo circle by 

f = 2 :' + y, (8.1) 


We previously have noted that at great distances (large z') f = z', show¬ 
ing that the flow at great distances is similar in both planes. Near the 
origin the flows are entirely different but related by Eq. (8.1). 

Let us now expand Eq. (8.1) as 


and hence 


f = a{e^ + e-'l') cos 6 + ia{c^ - c"^) sin 6 


( 8 . 2 ) 


Recalling the basic hyperbolic functions [Eej (2.31)1» we have from 
Eq. (8.2) 


Since 


f = 2a cosh ^ cos 6 + 2ia sinh ^ sin 6 


and 


^ X + iy 
X = 2a cosh ^ cos d 


from which 


y = 2a sinh ^ sin 6 


cosh yf/ = 
sinh ^ = 


X 

2a cos d 

y 

2a sin B 


(8.3) 


From the fundamental relation that 


we got 


cosh^ yp — sinh^ ^ = 1 


x^ 

4a^ cos^ B 


4a^ sin^ B 


- 1=0 


(8.4) 


from which by clearing and factoring and defining 
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we get 


and 


4 fain^ 6 — 4p sin^ B + 



2 sin-* 6 -- p 




( 8 . 6 ) 


Equation (8 G) relates the argument B of the pseudo iiiele with the 
coordinates of the an foil x and y 

We can similarly solve foi the modulus factor getting 


2 sinh“ xf/ = —p + 



but it IS more convenient to express ^ as a series since it is usually small 
and the process simpler thereby We proceed as follo^^s 
From Ecj (2 31) we may ^^^lte 


('^ = smh \f/ + cosh ^ 

= smh ^ + \/l + smh^ xp 


For smh xp small ^\e may expand the radical as a binomial, getting 


so that 


= smh xp + [ + ^ sinh-^ xp + 
xp = \n ('f' — \n smh xp ^ smh xp -i- 


) 


Now we may write (foi r small) 

In (1 + r) = r - + - - — + . • 

Thus 

^ = In [1 + (smh xp + i smh' xp)] 

== smh xp — ^ sinh"* xp 


From Eq (8 3) this becomes 

y 

2a sm B 


as long as ^ < In 2 

We may now repioduce the conformal i epresentation in the z' plane 
since for each point of the an foil x, y (and hence p) both B and xp have 
been detei mined by Eqs (8 6) and (8 7) Howevei, the points at the 
leading edges offer some difficulty as both 6 and y are zero and xp becomes 



_y_ 

la sm B 


-K 
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indeterminate. We approach this problem by rewriting Eq. (8.4) as 


) + (2ai^) = 


\2acosh\f'/ \2asinh^/ * ^ ^ 

If for a minute we imagine ^ constant, we see that Eq. (8.8) is that of 
an ellipse, the variation of rp at each point in the actual case changing it 
into an airfoil. Obviously, it is of advantage to make \p as small as 
possible, and this we accomplish by making the airfoil as elliptic as 
possible, that is, by placing it on axes so that it most nearly approxi¬ 
mates an ellipse. To do this, we note that the x and y intercepts of 
Eq. (8.8) are at ±2a cosh rp and ±2a sinh and the foci at 

\/Aa^ (cosh® \p — sinh® \p) = ±2a, 0 
Solving Eq. (8.8) for y, we get 


2 / = 2a sinh \p 


_ ( _^_Y 

\2a cosh \p) 


from which 


(—2a sinh ^')x 


(2a cosh ypY 


2a cosh 


(-2o sinh (2a cosh I - (^ 2acLh i) - 
dx^ / T 

-25.o.h*) 

Recalling that the radius of curvature of a curve is given by 

_ [1 + (dy/dx)*]* 

^ dV/dx* 


and that the airfoil leading edge is at xn = 2a cosh ypN, we get 


since is small. 
Finally 


(2a sinh yp^Y 
2o cosh 




( 8 . 10 ) 


( 8 . 11 ) 


Putting cosh = (1 + sinh* ^)i and expanding by the binomial 
theorem we get 
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= 2a + (8.12) 

Hence the length 4a corresponds to the distance from a point mid¬ 
way between the nose and the center of curvature of the leading edge, 
to a point midway between the tail and the center of curvature of the 
trailing edge. Normally the trailing edge is sharp so that the first step 
in the Theodorsen process is to determine a by taking one-quarter of the 
airfoil less one-half the leading-edge radius (see Fig 8.2). 

To find the velocity at a point Xj y on the airfoil, we start in the cus¬ 
tomary manner with the velocity around a circle in two-dimensional 



Fio. 8.2. 


flow. Contrary to our previous practice, however, we make the radius 
of the circle ac^® where is a small constant quantity which will later be 
shown to represent the average value of ^ taken around the z circle. 

The potential function of the flow past the circle is [from Eq. (4.51)] 


The velocity 


('+-)-'s'", 

dw _ _y {■, _ a®c®*"\ _ tT 

lz~ V ^ 


(8.13) 


(8.14) 


Now the velocity must vanish at the point on the circle which later 
becomes the airfoil trailing edge [see Eep (5.14)], and so we may write 

Zt = (8.15) 


We have then 


dz 


— 2irZTV 




(8.16) 


From Eqs. (8.16) and (2.34) the circulation is 

r = ^irae*'‘V sin (a + er) 


(8.17) 
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This flow may now be transformed into the flow around the pseudo 
circle. As mentioned previously the circulation will be unaltered, and 
L = pVT as usual. We seek to transform the circle z = into the 

pseudo circle z' = Let us consider a general transformation that 

will fit the case in hand. We shall need a general series for the variation 
00 00 

of the modulus, say c ^ ; one for the argument, say c ^ ; and a — term 

Z^ 

to assure that the flow is unaltered at infinity. 

Hence 



00 

/ ^ ze^ 

(8.18) 

Now by our definitions 

z' _ 


SO that 

2 ^ _ 

(8.19) 

From Eqs. (8.18) and (8.19) 

00 


0 

1 

+ i(0 - V>) = V (An + iBn) X 

(8.20) 


Now a general point Pm the 2 ; plane may be expressed in polar form 
z — — r(cos <p i sin ip) 

(z = for the circle only), and by de Moivre’s theorem 

2—n ^ yt——intp 

SO that 

P = ^ - * sin n<p) 

and Eq. (8.20) becomes 

00 

'f' ~ 4'o i{0 — <p) = ^ (An + iB„) I (cos mp — i sin n<p) 

Equating reals and imaginaries. 
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and 

e - V = ^ cos sin n.^ (8.22) 

The coefficients Anjr^^ Bnfr^ as well as ypQ may be determined from 
Eq. (8.21) as follows: From Eq. (8.21) 


^ = ^0 + 


id 

1 


COS TKp + 


Br. . \ 


This is a Fourier series of the form 


Jijc) — ^ao + 



cos nx + hn sin nx) 


From page 458 of Ref. 8.3 the solution is simply 


1 P" 

On — - 1 f(x) COS nx dx 

TT Jo 

1 P" 

bn — - 1 f(x) sin nx dx 

TT Jo 

and 

1 X 



do = - 1 f{x) dx 

TT Jo 

which becomes in this case 


„ I 

P" 

' \f/ cos u<p d(p 

(8.23) 

r“ T J 

0 

, B„ 1 / 

P" . 



^ sin fi(p dtp 

(8.24) 

r” TT J 

0 

1 



ao = 2^0 = - 

^ J 

/ ^ (h 

U) 

(8.25) 


Recalling that (p is the argument of 2 , we see that ^0 is the average 
value of ^ taken around the circle. 

Since the quantity d — <p is needed in the following analysis, we elimi¬ 
nate the coefficients in Eq. (8.22) by using Ec^s. (8.23) and (8.24). A 
subscript c will be attached to those angles which are held constant 
while the integration to evaluate the coefficients An/r*\ Bn/r^^ is being 
performed. 
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Hence 


{6 ^ ^ j ^ ““ ^ J ^ 


The expression may be simplified to 


(^ - fp)i 


yp (sin nip cos mpc — cos Uip sin n^c) dip 


■;?/; 

= i ^ ^ sin n(ip — pc) dp 


(8.26) 


Now a trigonometric relation exists that shows 


n 



. 1 Ot 

Sin iia — - cot 
A A 


COS (2/i -j- l)(Qf/2) 
2 sin (a/2) 


(8.27) 


and hence Eq. (8,26) may be written 
^ ^ f cot — 

_J_ i cos (2n + l)[(y - y,)/2] 

27r Jo sin [(<^ — pc)/2] ^ 

From page 368 of Ref. 8.3 we see that the second integral is equal to 
zero, and therefore 

{e - ^ i cot dv (8.28) 


We set (0 — <p)e = tc and find after considerable analysis (see Appendix 2, 
page 281) that 

(c = -- [0.628^/ + 1.0647 (i^-i - f_i) + 0.4431(1^2 - ^-i) 

TT 

+ 0 . 2311(^3 - yp-z) + 0 . 1030(^4 ~ ^- 4 )] ( 8 . 29 ) 

where \p/ = slope of \p curve at ^ 

\pi = value of ^ at ^ at v? — etc. 

We now resume the task of determining the velocity at any point on 
the surface of the airfoil. The velocity at the surface of the circle is 
dwjdz. For corresponding points in the z' plane and on the airfoil itself 
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, dw dz , dw dz dz' , i i, 

we have and The quantities f and z are related by 

the Joukowski transformation, which yields upon diifferentiating, 


= L - A 

dz' z'\ z') 




Expanding, we get 


dt 1 

(2a sinh ^ cos ^ + 2fa cosh ^ sin d) 

a 2 i z 


and from Eq. (8.3) we then have 




(8.30) 


It now remains to find From (Eq. 8.18) 




1 


+ ei 


and from Eq. (8.20) 


|[W-W+i(«-»)) + i 


= 2' l(^ - W + - <p) +ln 2 ]| 

Since 

In 2 = In {ae'^^ • = In a + 

Eq. (8.31) becomes 

^ = 2' ^ (^ — ^0 + — iV + ill + ^0 + tV) 

, d ,, , 

Now 

z = ae'f'*e^^ 


(8.31) 


(8.32) 


dz = ae**e'* -idtp = tz rf^o 
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and 

dz 


z 

from which 

dz 


dB 

So from Eq. (8.32) 


dz' . 

dz ^ 


— i dtp = i d{(p — tf) 4* I do 


— {'P + 


iz\l + 

L ^ J 


If we put 6 = <^ — 
respectively, we get 


6 and call the slopes of e and ^ against e' and 


dz' _ 2' 1 - W 
dz z l+e' 


(8.33) 


Ecjuations (8.30) and (8.33) may be combined as 


dz dz' dz 


~ (y cot B + ix tan B) 


1 - 
1 +6' 


Expanding and collecting reals and imaginaries, we have 

df _ {y cot B + xip' tan B) + i{x tan B — cot B) 

tz ““ 2(r+eO * 

Now, as we are interested rather in the magnitude of the velocity than 
in its direction, we take the square root of the sum of the squares of the 
reals and imaginaries. After some algebra w^e have 

df _ \/{x^ tan2 0 + 1/2 cot2 ^)[l + 
dz . (1 + e') 

Bringing the factor a up under the radical, we have 


dz 




[1 + (^')=1 


c^o(l + e) 


The factor c*’ is directional and is of no importance in considering the 
absolute value of the velocity. After using Eqs. (8.3) and (8.4) we have 
finally 


dz 




(8.34) 
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The numerical value of the velocity at the surface of the circle is 
obtained from Eqs. (8.14) and (8.17) as follows: 

Substitute the general point 

z == 


where a is the angle of attack as measured from the axis coordinates in 
Eq. (8.14). We get 

dw _ r. 1 . 47 raFc^® sin {a + €r) 

dz ” * 2 irae'<''e'<“+*’) 

which cancels and expands to 

^ = — F {[1 — cos 2(a + <p) + 2 sin (a + € 7 ) sin (a + <p)] 

+ i[sin 2(a + v^) + 2 sin (a + €r) cos (a + ^)]} 

To solve for the absolute value of we have 

dz 

2 

= 72^4 4 . -[> 8 gin (a + cy) sin (or + <^) + 4 sin^ (a + (p)] 


dw 

dz 


and 


dw 

dz 


— 2 T’'[hin (a + C 7 ) + sin (a + ip)] 


(8.35) 


Replace ^ by ^ + e. It Avill be recalled that cr is the value of v? — ^ 
at the tail, and hence, by the Kutta-Joukowski law, it is also the angle 
of zero lift. We now have from Eqs. (8.35) and (8.34) that the absolute 
velocity for a point on the airfoil (using v instead of 


V = 

Letting 


dw 

dz 

dz 



_ y[sin (g + ^ + c) + sin (a + 6 r)](l + €')c^“ 
\/ (sinh‘^ ^ + sin- ^)[1 + (^')^] 


F = — 


(1 + c')c^“ 


we have 


(sinh'-^ ^ + sin- ^)[1 + 

V == FF[sin (a + ^ H" «) + sin {a + € 7 ’)] 
By Eq. (8.17) this becomes 

r 1 


= FT" l^sin (a 


+ <? + *) + 


4xoc*'‘T'" 


(8.36) 

(8.37) 


(8.38) 
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which is known as the general equation for the local velocity about an 
airfoil. 

The local pressure coefficient may then be found from 

C'p = 1 - {^y (8-39) 


A practical application of the Theodorsen theory represents a con¬ 
siderable amount of work—work that must be performed with the utmost 
care and accuracy. Slide-rule accuracy is definitely insufficient. At 
least 18 points should be taken on upper and lower surfaces each, and it’ 
will take at least 63 columns of calculations, a total of perhaps 60 hours 
of work. The first 54 columns are for the airfoil itself and the remainder 
for the specific angle of attack. Hence the pressure distributions for 
additional angles of attack are much easier to obtain than those of the 
first one. 

To recapitulate, the procedure for calculating the pressure distribution 
of an arbitrary airfoil should be accomplished as follows: 

1. Plot the airfoil to an exaggerated vertical scale in order to check 
the ordinates Xi^ yi. The Theodorsen theory is accurate and will show 
up any irregularities. 

2. Draw the x axis through the mid-points of the leading-edge and 
trailing-edge radii, and erect the y axis through the mid-point of the 
length 4a, defined by Eq. (8.12). 

3. Determine the numerical values of the airfoil ordinates a*, y on 
the new axis. (Not infrequently the x axis is so near the chord that 


yi = 2 /*) 

4. Determine p from Eq. (8.5) and sin^ sin 6, and 6 (in both radians 
and degrees) from Eq. (8.6). 

5. Find yp from Eq. (8.7), and plot it against 6 in radians. 

6. Find the slope of the ^ curve ^ at each of the points being 


calculated. This is probably most accurately done by placing a shiny 
piece of metal on the curve at the point in question and rotating it about 
a vertical axis until the reflection of the curve appears to smoothly extend 
the curve itself. Repeat the process from right to left. The average 
of the two runs will be a good approximation to a true perpendicular 
to the curve and may be used to get the slope of the curve. Next plot 

^ vs. 6 to aid in evaluating and checking the slope values. 


7. Find by integrating the area under the ^ curve and dividing by 
27r in accordance with Eq. (8.25). 
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8. Evaluate t by means of the ^ and >!/' curves and Eq. (8.29). Plot 

£ vs. B, and find ^ (= «') as in step 6. Plot e' vs. 0 to aid in checking 
du 

the accuracy of c'. 

9. Find F from Eq. (8.37). 


10. For the selected a, Eq. (8.38) can now be used to yield y, and 


finally Cp is found from Eq. (8.39). 

It will be noted by referring to Eqs. (8.25) and (8.29) that they should 
have been evaluated through the use of curves plotted against <p and 
not 0, but unfortunately <p cannot be obtained until € is known. Increased 
accuracy may be obtained if, after stop 8 is completed, (p is determined 
by adding eto 6 and a new curve of ^ against cp is drawn. More accurate 
values from Eqs. (8.25) and (8.29) may then be obtained. 

The ideal angle of attack, if desired, may be found from Eq. (8.36) 
by setting v and d equal to zero. Calling c at the leading edge €n, 
then get 


ai = 


Cat -h €r 
2 


(8.40) 


and the ideal angle occurs when the front stagnation point is at the air¬ 
foil leading edge. 

Conditions at the trailing edge may ])e investigated by analyzing 
Eq. (8.36) at that point. Consider, for instance, 6 = t + AS and 
e = cr + e' Ad, where AS is very small. Substituting these values into 
Eq. (8.36) and noting that ^ is always small near the trailing edge gives 


and 


1^ ^ __ c^°(l + ei'yAd _ 

rHi + €r')-r 


Ij’rl = - 


^ll■ * © I 


11 + {ir'y] 


Writing \f/ near the trailing edge as 


we get 


”1“ AS -f- ^ AO^ 


'as 


yl/T 

AS 




If rpT is not zero, then ^/tIAS w ill be infinite at the trailing edge {AS = 0) 
and V will be zero, resulting in a stagnation point at the trailing edge of 
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the airfoil. If, however, the tail is perfectly sharp (i.c., cusped), will 
then be zero and \I/t/M = for M = 0. The velocity at the trailing 
edge will then be 


+j/)^ 

[1 + {yprY 


Normally Vt for cusped airfoils is about 0.8F so that Cj, — 0.3. 

The physical significance of this trailing-edge action may perhaps be 
best seen by noting that normal components exist at the trailing edge 
of noncusped airfoils ^^hich must vanish when the flow becomes parallel 
past the airfoil. Hence, one may reasonably expect higher trailing-edge 
pressures for noncusped airfoils. 



Nose Tail Nose 

e, radians 

Fig. 8.3. Plot of ^ Vb. 6 needed to deteiniino in Ex. 8.1. xp' ib shown lib broken line. 


Theodorsen in Kef. 8.8 discusses a method of modifying an airfoil 
through alterations to th(' € curve and subsetpient alterations to the air¬ 
foil ordinates. It will be noted that as long as cv and er are held con¬ 
stant other changes to the e curve will have no effect on cu^ and the 
ideal angle. Indeed, as far as conditions for the ideal angle and lift arc 
concerned it is necessary only to maintain the dijfcrence between es and 
€r, in accordance with K(\. (8. tOj. 

The use of the theory in this chapter is exemplified below: 

Example 8.1. Calculate the pressure distribution about the modified NACA 
65,311 airfoil shown in Fig. 7.5 at a — 0.5°. 

The results arc most simply outlined in tabular form. Explanation of the 
column headings is on the jiage following Tabic (S.l. (For the sake of brevity, 
the procedure involved in jilotting the values against has not been included.) 



Table 8.1 
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Explanation of Table 8.1 

1. Airfoil dimensions 

2. Airfoil dimensions 

3. From Eq. (8.12) and given leading-edge radius = 0.83 per cent chord. Hence 

0 

4a = 100-‘ ; a = 24.890 per cent chord 

Z 

Xi = X — ^2a +1^ = X — 5.02075 

4. i/i = ?/; o = 24.890 

5. l^'rom Eq. (8.5) 

0. From Eq. (8.0) 

7. From Col. 0 

8. From Eq. (8.7) 

9. Measured from plot of Cols. 7 and 8 (Fig. 8.3) 

10. From Eq. (8.29) and Fig. (8.4) 

11. Measured from Fig. 8.4 

12. From Eq. (8.37). from inlegrating the area under the \f/ curve with a 

phinimeter and using Eq. (8.2.5). (i/o == 0.095, = 1.0995) 

13. From previous columns and Ecp (8.38), using a = +0.5° 

14. From Eq. 8.39 



e, radians 

Fio. 8.4. Plot of € vs. 0 needed to determine e' in Ex. 8.1. e' is shown as broken line. 


From the e curve we find that €t is 0.039, making the angle of zero lift —2.23° 
(measured —2.5°), and the value of €v is —.037. The ideal angle thus becomes 
essentially 0°. 

Several pressure plots obtained by the Thoodorscn method are pre¬ 
sented in Fig. 8.5. Using the discussion of Sect. G.2, we find the airfoil 
acting at maximum efficiency in the range from a = 0.5 to 1.6°, where 
extended laminar flow could develop on both surfaces. Above a = 1.6° 
a high-velocity region exists near the upper-surface leading edge, and 
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below the optimum range the lower surface has an adverse pressure 
gradient over most of the chord. Comparison of these pressure dis¬ 
tributions with those of Figs. 6.8 and 6.17 indicates considerably lower 
drag in the optimum range for the modified 65,311 airfoil. 

An additional point of interest is shown in Fig. 8.6, where pressure 
distributions for an NACA 0012-66 modified to have a slight camber arc 
presented. Here it is illustrated that very special care must be taken 

-0.8 T —0.8t 



a0.400, - 0 060, a = 2 5", c,;=0.500, c„i = -0.060. 

Fig. 8.5. Pressure plots by Theodorseii’b method of the airfoil of Fig. 7.5. The broken 
lines in a 2.5° are from experiment. 


with airfoil thickness and camber distributions if good results are to be 
obtained. The airfoil of P'ig. 8.6 is ((uite obviously an unsatisfactory one. 

Some pressure distributions of an airfoil having smoother leading-edge 
pressure gradients are shown in Fig. 8.7. 

8.2. Pinkerton’s Addition to Theodorsen’s Theory. At the time the 
Theodorsen theory was first published (1932) airfoils in common use 
were a long way from the low-drag designs now generally employed. 
As a consequence tlie theoretical lift curve slope used by Theodorsen 
was quite optimistic. Pressure distributions found by the Theodorsen 




172 


BASIC WING AND AIRFOIL THEORY 


method hence showed too great a lift for a specific angle of attack, or 
compared with practice, holding Cn constant, the shape of the theoretical 
and experimental distributions did not exactly agree. The difficulty 
was, of course, traceable to the boundary layer, and it was felt that the 




Fits. 8.0. PrcHSiire diatrihution over inodifiod NACA 0012-60 airfoil. 


Theodorsen theory would yield a better result if some method were found 
to use the coordinates of the airfoil plus boundary layer instead of those 
of the airfoil alone. 

Pinkerton (Ref. 8.2) considered this gap between theory and practice 
and quite fortunately found a method that would account for the bound¬ 
ary layer without actually calculating its local effective thickness. The 
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first, and perhaps obvious, approach to the problem was to reduce the 
lift to agree with practice. This meant reducing the circulation foi^ a 
given angle of attack. But reducing the circulation produced a violation 
of the Kutta-Joukowski law (^Hhat the flow must leave the trailing edge 



Per cent chord 

Ot®3.0, Cjf~0.357, (theory 



OC““2.0| C_^—0.225, (theory)^ 



a=4.0. Cj»r=0.495, c, (theory)* 0.491 


Fig. 8.7. Pre.ssiire plot.s by the Theodorsen method of an NACA 04, 3-018 airfoil. Experi¬ 
mental points elosoly check the above. (The Cv values are from integration of the curves 
above, showing reasonable error.) 


smoothly”), and a large negative pressure peak appeared as the flow 
attempted to go round the sharp trailing edge. 

The solution, as advanced by Pinkerton, employs the reduced circu¬ 
lation as obtained from an experimental lift curve, while excessive veloci¬ 
ties at the trailing edge are avoided through an arbitrary modification 
to the c shape-parameter curve that makes the velocity zero at ^ = tt. 
In order to maintain a continuous e curve, the arbitrary modification is 
spread out from the trailing edge sinusoidally. This puts the preponder- 




174 


BASIC WING AND AIRFOIL THEORY 


ance of the modification near the trailing edge, which fits in well with 
the known behavior of the boundary layer. The procedure is as follows: 

First, follow through the Theodorsen method of evaluating By ^o, 
and €. Next, from the lift curve as determined from force tests deter¬ 
mine the actual lift developed at a sele(*ted a, and calculate the circu¬ 
lation from Eq. (4.20). Dividing both sides of Eq. (4.20) by AwRVy 
where R = the radius of the z circle, we have 

r _ cci 
4tRV StR 

We next designate the altered e curve as 

e. =€ + ^’’(1 - cose) (8.41) 


where Aer is the increment of e required to give zero velocity at ^ = tt 
and is a function of the angle of attack. The (piantity Aer is given by 

Aer ~ €aT — 6r 


where CaT is determined by equating Eq. (8.37) to zero and substituting 
from Eq. (8.38). Hence 


sin (x + « + Car) — 0 = 0 


Solving for €«r, we have 


€aT — Sin~ 


SwR 


Cl — a 


where V = velocity of the undisturbed stream 
a = angle of attack 
r = circulation 

B,\[/j € = airfoil shape parameters 
ypo = mean value of ^ 

R = = radius of conformal circle about wliich the flow is 

calculated 

The parameters e and ^ are conjugate functions of 0, and ^ is given by 

^ ^ Jo * ~o~ + 'f'” 

where the definite integral can be evaluated in the same manner as 
Eq. (8.28). 

The influence of the changes in ^ on the value of F are found to be 
negligible. Defining 

_ _(1 4~ cQ _ 

VT^nh*-^ ^ + sin^ i0)[l + (^0^1 
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we write 


where 




(8.42) 


^ V(sinh^^ + sin^ ^)[1 + (^0®] 

Differentiating Eq. (8.41), we have 

dea de , Aer . ^ 

rfS'-S + T™* 

The equation for the velocity at any point is given by 

v = VFa l^sin (a + e + €„) + Cl j (8.43) 

and 

( f )’ 

The effect of using the Pinkerton modification in the calculation of the 
pressure distribution of the four-digit airfoils (NACA 0012, 2412, etc.) 



Angle of attack oc c,„|. 


Fig. 8.8. Comparison of experimental results with Thcjodorsen and Pinkerton theories 
(example airfoil). 

was found greatly to improve the agreement between theory and practice. 
And indeed, applying it to the airfoil of Fig. 7.5, for which the Theodorsen 
distributions were calculated earlier in the chapter, also gave better 
theory-practice agreement (see Fig. 8.8). The drawback to Pinkerton^s 
method is the need of predetermining the lift curve slope. With airfoils of 
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modern designs the agreement between the Theodorsen theory and prac¬ 
tice is usually sufficient for engineering purposes. 

Applying Eq. (8.3) to the modified ^ curve to obtain the coordinates of 
the altered airfoil sheds an interesting light on the necessity for the 
alteration or, correspondingly, the reason why many airfoils do not 
develop their theoretical lift curve slopes of slightly over 27r per radian. 
The altered airfoil, it develops, has a slightly turned-up trailing edge at a 
small positive angle of attack, and if the investigation be pursued fur¬ 
ther, it is seen that the amount of trailing-edge reflex increases with 
increasing angle of attack. Evidently the boundary layer thi(;kcns most 
on the upper surface, and the previously mentioned effective airfoil (the 
airfoil plus the effective boundary layer) is a shape that changes with 
angle of attack. This fits in well with logic, too, as after the minimum 
pressure point is reached, the rate of boundary-layer thickening is a 
function of the adverse pressure gradient against which it must advance. 
Since for lift to arise the upper surface of an airfoil must always have 
more negative pressures than the lower, it appears that the upper-surface 
boundary layer must always thicken faster than that of the lower surface, 
and accordingly the actual lift curve slope must always be less than the 
theoretical. Also, Ave should expect higher lift curve slopes from airfoils 
whose boundary layers are thin. 

8.3. Airfoils with Specified Pressure Distributions. As we have seen, 
the Theodorsen theory will yi(dd the pressure distribution around an 
arbitrary airfoil. If this pressure distribution is not one desired for a 
specific case, the cut-and-try method of Kef. 8.8 may be used to alter it 
(with some restrictions). Ihit a direct solution to the inverse protdem— 
that of finding an airfoil Avith a specific pressure distribution—may be 
made through the thc'ory of Allen (Hef. 8.9). Allen’s theory Avill not be 
discussed in detail since it folloAvs principles already discussed in Chaps. 7 
and 8 and can be employed Avithout new knoAvledge. 

The Allen theory takes advantage of the fact that the pressure dis¬ 
tribution about an airfoil may be considered as due to a pressure dis¬ 
tribution at the ideal angle j)lus an additional pressure distribution. 
Hence a perfectly arbitrary pressure distribution could be due to any 
of a large number of airfoils, each at a different angle of attack. Hoav- 
ever, as Allen points out, Avhcn a pressure distribution is selected for a 
proposed airfoil, the chances are overAvhelming that it Avill be selected 
at its ideal angle, since there is little reason to Avant a particular airfoil 
at any other angle. Thus the problem is reduced to one Avith a unique 
solution whose basic steps are as folloAvs: 

1. Search the plots of velocity distribution of known airfoils (as, for 
instance, in Ref. 7.6), and find two airfoils whose velocity distributions 
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correspond as nearly as possible to the upper- and lower-surface velocity 
distributions desired. Average the nose radii of the two airfoils, and 
select as a ^'reference” airfoil a Joukowski airfoil which has the samp 
nose radius as the above average. 

2. Average the desired upper- and lower-surface velocity distributions 
to obtain the no-camber velocity distribution desired. Note the velocity 
difference between the reference airfoil of step 1 above and the mean of 
upper- and lower-surface values. Plot this velocity difference against 0 
(defined as usual), and adjust the curve so obtained until 


and 



Jo V 


cos 0 do = 0 


which assures a real, closed airfoil. 

3. Using the adjusted Av/V curve and the relation 


d Ay 
dx 


2ir 




perform a strip integration similar to the integration in Appendix 2 to 
obtain d Ay/dx, which is then plotted against the chord station x. This 
curve is planimetered to yield Ay. The ordinates of the symmetrical 
no-camber shape at zero angle of attack are obtained from 


y = y, + Ay 


where yr is the ordinate of the previously selected reference airfoil. 

4. The shape of the camber line is determined through the use of 
Eq. (7.18). Thus using the difference between the average velocity dis¬ 
tribution and the uj)per- and lower-surface velocity distributions, obtain 
the value of Pi, from 



Plot Pb/^ against 6, and using the relation 


dx 


2t 




do 


and the strip integration method find dy, UIx and plot it against chord 
station x. Planimetering then yields the values of which must be 
then corrected to customary airfoil coordinates. 
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5. Add the ordinates of the camber line to those of the symmetrical 
no-camber shape to obtain the final airfoil. 

As noted above, the Allen method reciuircs more time than a Theo- 
dorsen solution since two curves must be plotted and their slopes meas¬ 
ured. This extra work might be inferred since two solutions—that for 
the symmetrical shape and that for the camber line—are required. 

8.4. Estimation of Airfoil Drag. In the preceding pages we have dis¬ 
cussed methods of determining the theoretical angle of zero lift, slope of 
the lift curve, and moment of an airfoil and found that either the thin- 
airfoil theory or Theodorsen’s theory are strong approaches—suitable in 
many cases for engineering requirements. But in no case has a drag 
arisen. This, of course, is at wide variance with practice. 

The study and application of viscous-fluid theory is beyond the scope 
of this textbook and hence will not be presented. However, a simple, 
very approximate method useful for first-order work is given below. 
This method consists in assuming that the drag of an airfoil in its low- 
drag range is composed only of skin friction and further that that drag is 
the same as the well-known values for constant-pressure regions: 


Cdl = 

Cdi = 


1.32 8 

0.455 

(logioRiVp« 


for a laminar boundary layer v8.44) 
for a turbulent boundary layer (8.45) 


Under these limited conditions the assumption of zero form drag does 
not seem amiss. The procedure to follow for calculating the drag in the 
optimum range is outlined below: 

1. At a particular angle of attack examine the pressure-distribution 
diagram, and assume that laminar flow will exist up to the minimum 
pressure points on upper and lower surfaces and that turbulent flow will 
exist thenceforth to the trailing edge. 

2. At the desired airfoil Reynolds number Ii\ calculate the drag coeffi¬ 
cients for the laminar and turbulent parts, using E(is. (8.44) and (8.45). 
The Reynolds number of the laminar part (x per cent chord) will be x/2i, 
Avhile the Reynolds number of the turbulent part will be i2i — {xRi/2) 
to allow^ for the transition region. 

3. The airfoil drag coefficient will finally be 


100 Vioo'"'"''' 100 .. 


An example of the method is presented below^ while a com])aris()n w ith 
('xperiment is shown in Fig. 8.9. 
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Example 8.2. Estimate the drag of the airfoil shown in Fig. 7.6 at an angle of 
attack of 0.5® at RN = 2, 200,000. The chord is 2 ft. 

1. From Fig. 8.5 it is estimated that laminar flow will exist to the 40 per cent 
chord point on the upper surface and to the 20 per cent point on the lower. Thus 
the Reynolds numbers for the laminar flow are 880,000 and 440,000 and for the 
turbulent flow 1,760,000 and 1,980,000 



Profile drag coefficient 

Fig. 8.9. Comparison of approximate drag estimation and experiment (example airfoil). 


2, The laminar drag coefficients are 


1 ,328 

\/880,000 


Cm = 0.00200 


= 0.00141 


3. The turbulent drat; coefficients are 

0.455 

~ (l<)g,o'l7760,000)-*‘'* ■" 

Cdtb “ 0.00399 

4. Cdo = 0.4(0.00141) + 0.2(0.00200) + 0.6(0.00406) + 0.8(0.00399) = 0.0066 
The measured drag coefficient was 0.0062. The significance of having experi¬ 
ment less than theory merely indicates that (1) the laminar flow actually extends 
slightly beyond the minimum pressure peaks and (2) the formulas for constant 
pressure regions may not be exactly applicable to regions of var 3 dng pressure. 
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CHAPTER 9 


THE FINITE WING 

9.1. The Finite Wing. Up to this point we have considered only two- 
dimensional flow and have carried that development up to its current 
status as a coherent phase of aerodynamics. Now we shall turn our 
attention to the finite wing and see what effect freeing the tips has on its 
performance. 

The basic mechanism of flight was understood and practiced (with 
gliders) a long time ago. Many theorists b(‘eame interested in its prob¬ 
lems, and a decade before the first powered flight Lanchester (born 1868) 
in England postulated the type of flow that would be experienced by a 
finite wing. In a paper in 1894 Avhich later led to the publication of his 
book “Aerodynamics”* in 1907 (Ref. 9.1) he stated that the high pres¬ 
sure beneath the wings would spill out around the tips into the low- 
pressure region above the wings, forming vortices Avhich would stream 
out behind the wing. These vortices would (he continued) roll up into 
two main trailing vortices of opposite sign, located one behind each tip, 
and would be deflected downward. Further, their effect upon the flow 
at the wing would tip the resultant force vector back, causing a compo¬ 
nent of the lift to become induced drag. It is evident that Lanchester 
clearly understood this phenomenon when it is noted that in 1897 he 
secured a patent covering the use of end plates at the wing tips to mini¬ 
mize the spillage there—six years before the Wright brothers’ flight! 

Although Lanchestcr’s work was mathematical in scope, his presenta¬ 
tion w’as not, and it remained to Prandtl (born 1875) to extend the Avork 
of Lanchester into the Prandtl lifting-line theory (Ref. 9.2) presented in 
1911 and developed in the following pages. 

9.2. The Trailing Vortices. As Lanchester pointed out, the important 
difference in the flow pattern about two- and three-dimensional w'ings is 
traceable to the difference in spamvise lift distribution, which is in turn 
traceable to the disposition of the circulation. The two-dimensional 
Aving has constant circulation along the span. When Ave represent the 
airfoil by a vortex, its effect ahead of the w ing tending to increase the 
angle of attack is exactly balanced by the effect behind the Aving tending 
to decrease it. 

* Especially recommended to the student for its historical value. 
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On the other hand, the three-dimensional wing has a diminution of 
circulation toward the wing tip until, when the tip is reached, the circu¬ 
lation is zero. At each change of circulation a vortex is shed, and the 
shed vortices, being of similar sign, roll up into a single trailing vortex 
somewhat inside each wing tip. The net result is that the vortex pattern 
behind the wing is no longer similar to that ahead of the wing. The 



I 



Img. 9.1. Downwash velocity for iiifiiute (a) and finite {h) wings. (The finito-wing value of 
2w{) is for a first-approximation elliptic wing.) {Reproduced by permission from "'Principles 
of Aerodynamics" by James H. Divinnell, published by McGraw-Hill Book Company, Inc., 
1949.) 


vertical induced velocities ahead and behind the wing no longer cancel, 
as the air behind the wing is affected by the downthrust on the wing 
circulation and the trailing vortices, while the air ahead of the wing is 
affected almost entirely by the upward component of the wing circulation 
(see Fig. 9.1). (The effect of the trailing vortices is very small ahead of 
the wing.) Finally, the whole field behind the wing has a downward 
inclination whose vertical component is called the downwash^ and at the 
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wing enough inclination results materially to tip the resultant force 
backward and create a drag. 

A great contribution to the theory for a complete wing was PrandtPs 
statement that each section of the wing acts as though it is an isolated 
two-dimensional section at an angle of 
attack ao. This condition, known as 
PrandtVs hypothesis, is in general re¬ 
sponsible for the existence of a simple 
theory for a complete wing of finite 
span. There are, however, certain 
conditions when the spanwise flow 
becomes so pronounced that it is not 
applicable, as, for instance, when 
severe lateral pressure gradients arise 
with a swept-back wing. Since these 
conditions become of interest in deter¬ 
mining the stalling characteristics of 
wings, they offer an irritating obstacle 
to practical design at the current 
time. They are due, of course, to the fact that curved flow ensues, 
owing to the above reasons, and the actual effective airfoil sections are 
undefined. 

Another great contribution to the mathematical representation of this 
field was Prandtl’s statement that the trailing vortices could be con¬ 
sidered as part of one vortex which 
extends across the wing span and 
is closed a long way behind the 
wing by a starting vortex (Fig. 9.3 
and Sect. 4.2). This complete 
vortex representation will enable 
us to calculate the induced velocity 
at any point near a wing as soon as 
we develop relations to parallel in 
three dimensions the simple rela¬ 
tion of Eq. (4.3). 

But first a few words about this three-dimensional vortex, which now 
has a finite length to the axis of rotation. Our previous vortex was flat 
(two-dimensional) and its core a disk. The concept of three dimensions 
requires a vortex of finite length and, of course, a finite-length core as well. 

Helmholtz (1821-1894) in 1858 formulated vortex laws that will assist 
us in studying the three-dimensional vortex as well as the vortex pattern 
of a finite wing. Briefly these were; 



Fig. 9.3. Representation of starting vor¬ 
tex and a change of lift. 


- 


2 % 



Fig. 9.2. Growth of shed vortices into 
tip vortex, showing cancellation of com¬ 
ponents and final reduced span. 
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1. Vortex filaments either form closed curves or extend to the fluid 
boundaries. 

2. The circulation remains constant throughout the length of a vortex. 

3. The particles of fluid composing a vortex remain with that vortex 
indefinitely. 

Sir William Thomson (Lord Kelvin, 1824-1907) is usually credited 
with the additional law, '^Circulation remains constant with time.^’ 

Let us see how well actual conditions meet these laws. 

Flow pictures made (Ref. 9.4) at the instant air begins to move over a 
wing at some lifting angle of attack show that a vortex, parallel to the 
wing span, leaves the wing trailing edge and proceeds downstream. This 
vortex is called the starting vortex and is of strength equal to that of the 
lifting, or bound, vortex. The sum of the two is thus zero, satisfying 
the Thomson law. 

The starting and bound vortices may be very simply demonstrated 
with a razor blade and a basin of water. The razor blade, held half 
immersed so that it represents a wing at some lifting angle, is moved 
briskly through the water. A starting vortex immediately leaves the 
blade. As long as the motion is constant, no additional vortices appear, 
but any increase of angle produces a second starting vortex. When the 
motion is stopped, the bound vortex comes off the " wing.^’ The starting 
vortex, by connecting the ends of the two trailing vortices of the wing 
vortex system, enables that system to meet the first Helmholtz law. 
The system meets the second law by actually having constant circulation 
in each vortex section. The third law is not quite satisfied, since the 
system is continually picking up air and thrusting it into the trailing 
vortex system. Indeed, in view of the molecular action taking place in 
any gas there is doubtless a considerable exchange of molecules between 
those in the core and in free air. 

After the starting vortex has moved downstream to a point where its 
influence near the wing is negligible, there remains only the bound vortex 
with two trailing vortices in the region. The shape of this combination 
resembles a horseshoe, and ordinarily the system is so called, instead of 
identifying its components. 

Since the lift vector of a circular cylinder goes through its axis, the 
horseshoe vortex system is most accurate if the bound vortex is assumed 
to run through the wing center-of-pressure line. 

We see directly that our simple horseshoe vortex field, having its 
vortex strength determined from L = pVTb, fits in well with the actual 
conditions. Silverstein, Katzoff, and Bullivant (Ref. 11.1) examined 
this phenomenon by comparing the flow field about a Clark Y as deter¬ 
mined by the method of Chap. 8 and the vortex laws of Chap. 4. It was 
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discovered that at a distance of one chord from the wing trailing edge the 
downwash angles were matched within 0.3° by a simple point vortex field. 

While we have just discussed the case of constant circulation across 
the span, it may be seen by reference to Fig. 9.4 that any symmetrical 
(or, indeed, unsymmetrical) spanwisc distribution of lift may be simu¬ 
lated by a number of superimposed closed vortex systems. In actuality, 
these small vortices, shed at every change of circulation on the span, 
roll up into the tip vortices and move them slightly toward the plane of 

Actual lift 
distribution 


nr~ - 

—^ . 
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i _ 

_ \ 

.. . . — 


(a) 



Kio. 0.4. Theoretical vortex pattern for arbitrary distribution of circulation along the span, 
roll-up of shed vortices neglected. {Reproduced hy permission from Principles of Aero¬ 
dynamics"' by James H. Dwinnell, published hy McOraw-Hill Book Company, Inc,, 1949.) 


symmetry. In addition the whole field aft of the wing is displaced 
vertically downward by the bound vortex. 

The manner in which the circulation varies along the span is of great 
interest to the aerodynamicist since it will be shown that one particular 
variation (elliptic) results in minimum induced drag, others producing 
from 2 to 15 per cent more. All variations of the circulation are amena¬ 
ble to mathematical treatment, but for simplicity we shall consider four: 
elliptic (produced by an untwisted wing with elliptic planform; uniform 
(not actually produced by any planform, but of such simple mathematical 
scope that it helps in understanding the other cases); rectangular-wing 
type; and tapered-wing type. It is emphasized that rectangular wings 
do not have uniform loading, for reasons that will be brought out later. 
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9.3, The Biot-Savart Law. Before we can actually calculate the 
effect of the trailing vortices, it is necessary to develop vortex laws for 
Ihree-dimensional flow. Added value may be attached to this particular 
development as it embraces nearly every aerodynamic and vector princi¬ 
ple studied so far. 

First let us recall some of the rules and definitions of the velocity 
potential. <l> has been defined by the relation 

(t> = q cos 6 ds == q • ds (9.1) 


where the symbols are shown in Fig. 4.11. 

The velocity potential of one point A relative to another point A' is 


<I>A' — <t>A = q • ds — ^ q 

4>a' - <t>A = ds 


(9.2) 

(9.3) 


It was demonstrated in Sect. 4.6 that <t> exists only for irrotational 

motion and is then independent of 
the path of integration—in this 
ease AA' in Fig. 9.5. It is further 
noted in Chap. 4 that the value of 
the circulation bears a close resem¬ 
blance to Eq. (9.3): 



0 . 


r = ^ q • ds 


(9.4) 


The only difference is that for 
circulation the path of integration 
is closed. Under these conditions, 
if the line integral about the closed 
curve is not zero, its value is the circulation, and the motion is not 
complrtcly irrotational unless a solid body is included. 

Now consider an arbitrary surface which has a vortex for a boundary. 
The line integral along any closed path M that does not cut the surface 
is zero. But when the surface is cut, we get a sudden rise in potential 
due to the vortex. It is advantageous to assume a thickness to the sur¬ 
face to avoid an infinite rate of rise (see Fig. 9.6). 

Now a given potential may be produced by sources and sinks or by 
vortices. At this point it is more convenient to consider the flow field 
produced by the closed vortex line of Fig. 9.5 as being produced by a 
double sheet of sources and sinks as shown in Fig. 9.7. For instance, 
if Q is the source cjuantity, then the velocity at point P a distance r 
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away will be 

[Compare Eq. (9.5) with the development of Eq. (3.13).] 




The potential at point a due to a source at the origin is 


= /o“ q • d,^ 

which in this case is 


(9.6) 

(9.7) 


But Qr is straight (the flow from a 
source is radial), and the angle be¬ 
tween Qr and dr is zero (Fig. 9.8), so 
that 

<t>a = qrdr 

- i -4I; <“> 

or for a sink 

If we call the source intensity Qi, 
the potential at P due to elemental 
area dA of the doublet is 



Fi(.. 9.8. 


Qi dA Qi dA 
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where a® and o» are the distances from P to the proper source and sink 
elements. 

We see, however (Fig. 9.9), that 

tto — hi cos a = a, (9.10) 



where hi is the distance between 
source and sink sheets, and hence 


— = (Ui + hi cos a)~^ 

do 


1_ 

0* 


hi cos OL , hi^ cos^ a 
I n 


a/ 


(9.11) 


Excluding the last term of Eq. (9.11) 
as small, we have 


1^1 

di do 


hi cos a 


(9.12) 


We may drop the subscript on the term as with hi small and a )$> hi, 
di = do and in the term where d'^ appears the difTerence between di and 
do is inconsequential. 

Equation (9.9) is then 


d<t> 


Qi (lA hi cos a 

d^ 


(9.13) 


Now consider the flow between upper and lower sheets. Except for a 
very small (but important) amount, the entire flow is from source to 
sink between the sheets. For a scjuare-foot area the quantity is Qi cu ft 
per sec, and hence the velocity developed from upper to lower sheet is 
numerically equal to Qi ft per sec. As this takes place along a distance 
hi, we see the rise in potential = velocity X distance = Qihi, 

As we have defined the flow as producing a rise in potential equal to 
the vortex strength (or F), then Qihi = F and Eq. (9.13) becomes 


d<t> 


F cos a dA 
47r d^ 


(9.14) 


Equation (9.14) relates the velocity potential with the circulation but 
is not yet in a usable form. Indeed, from a practical standpoint, we 
shall want to change it to another general form. 

Now, return to the vortex-sheet concept, and put a small unit spherical 
surface about the point P (Fig. 9.10a). From Fig. 9.106 the projection of 
dA perpendicular to o is essentially dA cos a, and, assuming dA cos a 
to be square, the rays from dA to P will define a small square (or 
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solid angle w) on the surface of the sphere. On the unit sphere the pro¬ 
jection will be inversely proportional to the square of the distance, or 


From Eq. (9.14) 


d(t3 


dA cos a 



dA cos a 



(9.15) 

(9.16) 



or for the whole surface bounded by the vortex 


0 = 1<0 


Now the velocity at point F is 


q = ill + j?’ + kw 


r r ^ 

= V -j— w = 7 - Vo? 

47r 47r 


(9.17) 


(9.18) 


We seek q due to the vortex of strength 1\ and our development so far 
tells us that q is a function of the solid angle w. It is apparent that « 
would change if the point F were moved from the surface or, equally, 
if the vortex surface were moved from the point. The latter approach, 
it develops, is easiest to analyze. We must move the sheet along a, hold- 
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ing it parallel to itself, as any angular motion would correspond to rotating 
the point P about the sheet, and we wish to examine the effect of only 
moving P, 

From inspection, increasing the distance a decreases the potential at P 
as it decreases co. Thus it is that while we consider the effect of moving 
the vortex sheet we are also considering the effect on the potential at P. 

From Fig. 9.11, the only movement of the vortex sheet that affects w 
will be that which affects the projected area dAi = dA cos a. Moving 



the sheet parallel to itself, we see the net result is a decrease of w by a 
perimetric strip, and we may evaluate this strip as follows: The displace¬ 
ment along a of the vortex sheet parallel to itself creates a surface of 
height dr and perimeter ^ ds, A section of this surface is ds dr, and the 
projection of dsdr on the perpendicular to a is dsdr cot ^ 2 , where 62 is 
the angle between the radius vector PL and a perpendicular to a, BN. 

Now dr is perpendicular to ds, and the vector that represents the area 
ds dr may hence be written e ds dr or ds x dr. The vector that repre¬ 
sents the area dAi will be perpendicular to dAi and hence lie along a 
and have a unit length ai = a/a. In addition the angle 62 will be nearly 
90®, and we may write cot 62 = cos O 2 * Finally the change in projected 
area as the sheet is moved becomes 

A(dAi) = dr X ds • - 
a 


(9.19) 
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and the change in the solid angle « is then 


_ dAi _ rdx X ds • a. 

~'ar~ 7 


which by Eq. (1.25) becomes 


dt' dsx a 




(9.20) 


(9.21) 


As we have moved the vortex sheet parallel to itself only, the direction 
and length of di is constant. Hence we may remove dr from the integral 
[Eq. (9.21)] as follows: 

do) = dt>j) (9.22) 

To digress a moment, 


, _ j , 1 I do) , 

(it • Voi ^ — dx + — dy + — dz ^ 
dx dy dz ^ 

From the definition of a derivative Ave then have 


dt • Vo) = do) 


So from Kq. (9.23) 


rfr • Vw = dr 


ds X a 


r-: 


(9.23) 


(9.24) 


ds X a 


Substituting in Etj. (9.18), 


r r dsx a 
4^7 ^ 


and substituting for ds x a its e<iual, «o ds sin 6 , where 6 is the angle 
between a and the vortex segment ds, we have (see Fig. 9.125) 


= J1 


(9.25) 


Now, having the expression for the effect of a segment of vortex, we 
may proceed to the application problems. First, however, it is con¬ 
venient to express Eq. (9.25) in trigonometric terms. 

Taking out a section a d0 (Fig. 9.12a), we see that dx = a dd; 


so that 


sin 0 = dx/ds 


, ado 

ds = —- 
sm 0 
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Also from Fig. 9.126 sin B = A/a, so that 


ds 


h dS 
sin^ B 


(9.26) 


Changing limits, when s = A, B = Bi and when s = By B = B 2 y and, sub¬ 
stituting, Eq. (9.25) becomes 

Y 

|ql = 2—r (cos B2 — cos ^1) 


Considering the two interior angles as easier to use, we have 

|q| = ^ (cos Bi + cos Bz) (9.27) 

Equation (9.27) is a common form of the Biot-Savart law. It demon¬ 
strates first of all that, as the vortex segment is approached, the induced 



velocity it produces rapidly increases. Now, according to the Helmholtz 
laws the vortex cannot abruptly end in the fluid, but when it turns a 
sharp corner the usual approach is to consider each straight segment 
separately, just as though it did terminate at the corner. Thus for a 
vortex that ‘‘starts” atP and extends to infinity out beyond B, 61 = 7r/2, 
and Bz = 0, and 


Q = 


r 

Awh 


(9.28) 


Or if the vortex extends to infinity in both directions, Bi = Bz — 0 and 


Q = 


r 

2Trh 


(9.29) 


Of interest is the fact that the induced velocity exists beyond the 
“end” of a vortex, although its value is small (Fig. 9.13). 

The replacing of a wing by a simple lifting-line vortex and the proper 
use of the Biot-Savart law are illustrated in subsequent chapters. 
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9.4. Downwash at the Wing for Any Spanwise Distribution of Circu¬ 
lation. Undoubtedly the most important effect of the trailing vortices 


Fiq. 9.13. 
ft per sec. 


29.3 50 100 150 171 187 200 



Values of induced velocity near the “end” of a vortex segment, F = 400x sq 


is the increase of drag they produce through altering the flow angle at 
the wing. Secondarily, the manner in which they alter the flow at the 
wing is important, too, as usually the induced velocity is not constant 


across the span, and the local angle 
of attack varies over a large range. 

Let us call the downwash veloc¬ 
ity w and the wing span h. Orient 
the wing so that the x axis coin¬ 
cides with the forward airplane 
longitudinal axis, the y axis coin¬ 
cides with the bound, or lifting, 
vortex, and the z axis is downward. 
(Downwash is positive in the down¬ 
ward direction.) 

Since the circulation decreases to¬ 
ward the tips (it must be zero at the 
tip), between the points y and y + c 



Fig. 9.14. 

on the span the circulation changes 


— — dy. Hence the induced velocity at the point yi for a differential 
vortex at y is, from Eq. (9.28) and Fig. 9.14, 


dw(yi)* 


— — dy 
dy 

4ir(y - j/i) 


(9.30) 


and the total downwash at yi will be 





(9.31) 


* dw{yi) should be read at ?/i.” 
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Equation (9.31) hence defines the amount of down wash that will occur 
at point 2/1 for any arbitrary distribution of circulation described by 
dr 

r— It is known as the Prandtl downwash relation, 
dy 

Using the local downwash w, we may then find the local angle of 
attack and local lift and finally the approximate span load distribution. 
Repeating the process, we could in theory find the actual span loading 
by eliminating the effect of each new downwash distribution on the 
original assumed span loading. However, the problem is ('xtremely 
complex, and we shall usually confine ourselves to considering a uniform 
or an elliptic span loading in this and the following chapter. (In Chap. 12 
two methods for getting the span loading for arbitrary planforms are 
discussed.) 

9.6. Downwash at the Wing for Elliptic Distribution of Circulation. 

Before proceeding further it is in order to discuss the terms span loading, 
spanwise lift distribution, and spanwise lift coefficient distribution. Since 

[Eq. (4.4)] the lift is a function only 
of the density, velocity, and circu¬ 
lation, for a given set of conditions 
an elliptic distribution of circula¬ 
tion would also be an elliptic dis¬ 
tribution of lift. However, the re¬ 
lation between the section lift and 
the section lift coefficient involves 
the local chord, and hence elliptic 
lift or distribution of circulation may or may not mean elliptic distribu¬ 
tion of Cl, In fact, the only case where all three distributions are elliptic 
is that of the properly twisted rectangular wing. 

Proceeding now to the case of elliptic loading (^^loading^' as we have 
seen may be either lift or circulation), we assume a wing that has a circu¬ 
lation To at mid-span which decreases elliptically until it is zero at the 
wing tips (see Fig. 9.15). We write 



J!-+ Cl. 1 

(t/ 2 )« ^ r," 



Then 

^ ^ _ —Toy _ 

dy (6/2) VQ>/2y - y’ 


(9.32) 


(9.33) 


(9.34) 
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Substituting into Eq. (9.31), we get that the downwash at point j/i on the 
span is 


w{yi) = 


_ -Wyiiy _ 

^ J-h /2 (yi - 2 /) (6/2) V(b/2y -T* 


(9.35) 


The integrations of Eq. (9.35) is complicated by the fact that the value 
of the integrand is infinite when y = yi^ h/2 or —6/2. The complete 
integration is given in Appendix 3, and we may hence state 



But yi is any point on the span, and hence this relation applies to every 
point on the span. 

«’(y) = § (9.36) 


The interesting conclusion is that, if the distribution of circulation is 
elliptic across the span, the downwash at the wing due to the trailing 
vortices is constant across the span. While we might rightfully con¬ 
clude that the local angle of attack is also constant for an untwisted 
elliptic wing, the conclusion cannot be extended to include a simultaneous 
stall across the span, as practical considerations of viscosity dictate an 
earlier stall for the shorter chord, lower Reynolds number wing tips. 

9.6. Downwash at the Wing for Uniform Distribution of Circulation. 
The case of uniform distribution of circulation is developed in Chap. 11, 
but we may state the results here to compare with Sect. 9.4. It is shown 
in Chap. 11 that the downwash distribution at a wing with uniform 
loading is 


- s^) 

2t (y^ + 5 ^)^ — 


(9.37) 


(The symbols are defined in Chap. 11.) 

Substituting for example T = 6.28 and s = 1.0, we get the values of w 
shown in Fig. 9.16. Here it is seen that the angle of attack is locally 
reduced by uniform loading all along the span, but unlike the case of 
elliptic loading the reduction is not uniform, being greatest at the tips. 
This tends toward a wing root stall appearing earliest. We may also 
get nearly uniform loading by twisting a tapered wing, but in practice 
the twist is kept small to avoid excessive deviations from the elliptic- 
type loading, for reasons to be advanced later. 

As a matter of interest the effect of the trailing vortices on the uni¬ 
formly loaded wing quite obviously tends toward destroying its uni¬ 
formity of lift, and hence even the rectangular wing tends toward au 
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elliptic distribution. Experience tells us it gets about halfway there, 
but the alteration from the basic uniformity i^ not enough to alter the 
expected root stall. 

An interesting check of this theory and of Fig. 9.16 was made by 
Piercy and is reported in Ref. 9.3. In these experiments a wing of 24 in. 
span and 3 in. chord was set at 8® in a wind tunnel with a 4-ft-square test 
section. Using a small yawhead, the angle of flow was measured 0.9?> 
behind the wing in a plane near that of the wing. The results, shown in 
Fig. 9.17, demonstrate clearly the existence of a vortex similar to that 
supposed by the theory. At a distance of 0.5c behind the trailing edge 
a trailing vortex was clearly discerned. Its core had a diameter of 0.2c, 
and its center was 0.95s from the plane of symmetry. Inside the core 
the linear velocity appeared very nearly proportional to the radius (in 
accordance with Fig. 4.3), and outside the core the velocity closely 
checked the values of Eq. (9.37). The vortex span was somewhat greater 
than predicted in Sect. 11.6 but remained constant with a. 

The diameter of the vortex core (for which no satisfactory theory has 
been devised) increased slightly with the circulation. The center of the 
core for this particular case revolved at over 18,000 rpm. 

The high speed of the vortex core produces interesting and beautiful 
effects in air under special conditions. The high speed implies a low 
pressure, and for air we then get a low temperature. Since the amount 
of moisture the air can hold decreases with falling temperature, vortices 
in humid air becomes visible, appearing somewhat like steam in air, as 
the moisture condenses out. This phenomenon is a familiar sight at the 
wing tips and landing-flap terminations and, more frequently, streaming 
helically behind propeller blade tips at take-off. 

9.7. Induced Drag Coefficient. We may now examine the effect of 
the downwash on drag for the simplest case—that of elliptic loading. 

For the finite wing, Eq. (4.25) becomes 

^ = (9-38) 

and for elliptic loading in accordance with Eq. (9.33) we get 

Making the substitution that y = (i>/2) sin 0, dy = (6/2) cos 0 d0 and 
finding new limits we have 

/•V2 _ JL 

L — pFFo / \/l — sin* 0 ^ cos 0 d0 

J -V2 2 


(9.40) 
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Integrating and solving for To, we have 


Substituting into Eq. (9.36), 


2b f»rVb^ 


(9.41) 


(9.42) 


and it is seen that the effect of downwash is to deflect the airstream 
through an angle 

^ (9.43) 

as is shown in Fig. 9.18. The changes in lift and velocity are small and 

may be neglected, but the effect on 
^ " >2 drag may be large. 

I Considering the dragwise compo- 

^ Lt nent of the lift Di, we have 

I D,=L tan a, = L (9.44) 

^ becomes 

"" (p/2) wb^ 

Multiplying both sides of the equa¬ 
tion by V and dividing by 550 to get horsepower we have, since the lift 
must equal the weight IE in steady unaccelerated flight, 


hpi = ^ 


(w/byv 


550irq 


(9.46) 


where q = dynamic pressure (p/2) F“. Putting V in miles per hour and 
letting <r = p/po, where po = density at standard conditions, the final 
form is 

_ iW/bV 


3.0(rFmph 


(9.47) 


Equation (9.47) demonstrates that the horsepower required to over¬ 
come induced drag is a function of the span loading, the velocity, and the 
density and gives a clearer insight into the problem than the usual 


Cm = 


TT A.R. 


(9.48) 
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which may be found from Eq. (9.45). Equation (9.48) seems to indi¬ 
cate that induced drag is a function of aspect ratio, where, more accu¬ 
rately, only the drag coefficient varies with aspect ratio, and the area, 
changes that occur with changing aspect ratio and constant span are 
such that the induced drag remains constant with constant weight and 
speed. 

It should be noted that Eqs. (9.45), (9.47), and (9.48) were derived 
for elliptic loading only. 

PROBLEMS 

9.1. If a wing of 6 ft chord has a local lift coefficient of 0.6 and is operating in a 
100-mph airstream, what is the local circulation? 

9.2. Prove that the untwisted elliptic wing gives elliptic distribution of circula¬ 
tion. 

9.3. What is the downwash in feet per second at the wing centerline of a wing 
with uniform loading if its lift is 10,000 lb, span 30 ft, V = 200 niph, and the air 
standard sea-level density? 

9.4. Find the induced velocity 4 ft from a doubly infinite vortex of strength 
r = 30 sq ft per sec. 
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CHAPTER 10 


THE MONOPLANE WING 


10.1. The Fundamental Wing Equation. Continuing our conception 
of the wing as represented by horseshoe vortices, we turn now to the con¬ 
sideration of each section of the wing as affected by the entire velocity 
field. 

It is seen immediately that the local angle of attack of a section of an 
untwisted wing of finite span is not the geometrical angle between the 
section chord and the free stream, but that angle diminishcKl by the local 
downwash angle w/Y. Further, since w/Y varies across the span of most 
finite wings, the local angle of attack varies too, and it is evident that 
any airfoil characteristic that is a function of a [such as c^max, (L/D)max, 
etc.] probably will not occur simultaneously across the span. Thus a 
finite wing is usually ‘‘worsethan its airfoil section. The maximum 
lift of the wing, for instance, is frequently 20 per cent less than the air¬ 
foil maximum lift coefficient. 

In the following pages we shall apply the Biot-Savart law to several 
wing planforms and determine how serious the variation of angle of 
attack along the span is in specific cases. In addition we shall examine 
design parameters which minimize this effect. 

Expressing the local or section angle of attack mathematically, we have 

«o(?/) = a{y) - (10.1) 


where «(2/) = geometric angle of attack at sta. y 

^o{y) = effective (two-dimensional) angle of attack at sta. y 
w(y) = downwash at sta. y 
The value of w at j/i as shown previously is 


/ 6/2 

■ fc /2 


dy 


dy 


-fc /2 2 / 1 - 2 / 


( 10 . 2 ) 


According to the method of Sect. 2.7 we may express a distribution of 
circulation symmetrical about a centerline as a sine series, keeping only 
odd values of n. First, however, we must describe the wing in terms of 
trigonometric functions. Let y = —s cos 6, where $ = the wing semi- 

200 
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span. Then dy — s sin B dd. The arbitrary series for the circulation 
becomes 


= 4sV 


wiSj) = 


y An sin 
■V 

L 

(10.3) 

e 

► 7iAn COS nB 

1 

(10.4) 

: (corresponding to yi) 


/ y/* 

(10.5) 

Jo V\ — y 

00 

^ nAn cos nB 


- 

cos Bi — cos B 

(10.6) 


By the method of Appendix 3, it may be shown that 


Jo cos di — cos 6 ~ sin 6i 


where 6\ is a constant. Hence 
wiSi) = 


Z-/ sin Bi 


(10.7) 


( 10 . 8 ) 


Since di was perfectly arbitrary, Eq. (10.8) holds for a general point 0 
so that 


09 

w sin ^ ^ ^ sin 


(10.9) 


As ao = ci/ao and [Eq. (4.20)] o = 2r/rF, Eq. (IQ.l) becomes [using 
Eqs. (10.4) and (10.9) and letting = aor/8,s] 


^ „ sin nB{fin + sin 6) = ^la sin 


( 10 . 10 ) 


* These coefficients A„ have no connection with those us(‘(l in Chaps. 7 and 8, of 
course. 
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Equation (10.10) is the fundamental equation for determining the 
coefficients An for a monoplane wing. Its use will be discussed more 
fully later. 

10.2. Lift and Drag. We now substitute the value of from Eq. (10.3) 
into the equation of wing lift; 

L = J'^pVTdy (10.11) 

00 

L — 4ps*F* ^ An sin nO sin 6 d6 (10.12) 

1 

But /; sin nS sin 6 dd = 0 for all values of n except n = 1, at which 
time (integrating) it becomes 7r/2. Equation (10.12) hence reduces to 



(10.13) 

(10.14) 

(10.15) 


D^ = 4psW^ fo 

1 

00 

= 2p)iWhr'^nAn’‘ (10.16) 

1 

where, as will be shown later, the constants An may be determined by 
the wing geometry and Eq. (10.10). 

10.3. Minimum Induced Drag. Of considerable interest is the span- 
wise distribution of circulation that yields minimum induced drag. 
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Since in Eq. (10.16) p, s, and V are necessary, we turn our attention to 

the expression The minimum condition for the series is, of 

course, n = 0, but it was shown in Sect. 10.2 that n = 1 was necessary 
for lift. Since the terms are squared (and minus signs may hence be 
neglected), two terms will always have a larger value than one, and we 
conclude that the minimum induced drag is 

= 2ps27V^i2 (10.17) 

For the minimum induced drag condition, Eq. (10.3) becomes 

r = 4sy^i.sin e (lo.is) 

Since y = —s cos 6, cos 6 = —y/s and sin d = \/l — {y/sY, Eq. (10.18) 
becomes 

^ (10.19) 

Equation (10.19) is that of an ellipse and demonstrates that the mini¬ 

mum induced drag is realized when the spanwise distribution of circu¬ 
lation is elliptic. This desirable condition may be attained by having a 
wing of constant profile and elliptic distribution of chord along the span 
with zero twist. If the 50 per cent chord line is straight, the planform 
of the wing will be an ellipse, a variety of elliptic chord Avings being 
possible with arbitrary mean lines. 

Equation (10.17) may be rewritten as 

"'--I''**'’,-AX 

or in horsepower form as in Eq. (9.47). 

Before continuing, it should be emphasized that this section and its 
conclusions are valid only for wings that may be simulated by simple 
horseshoe vortex systems—systems such that the downwash at the wing 
is due only to the trailing vortices. This is ordinarily the case. But 
special situations such as low aspect ratios (when the chordwise distribu¬ 
tion of vorticity becomes important), flying near the ground (when the 
image airplane influences the flow near the real airplane), or flying near 
another airplane may easily result in less than the above indicated mini¬ 
mum drag. 

10.4. Aspect-ratio Corrections for Induced Flow: Angle of Attack. 

It has been shown that the trailing vortices impart a downward velocity 
to the airstream at the wing and hence that the lift of any section of the 



204 


BASIC WING AND AIRFOIL THEORY 


wing is less than the two-dimensional lift for the same geometric angle 
of attack. The general monoplane equation 

00 

^ iln sin nd{iin + sin Q) = fia sin 0 (10.21) 

1 

may be used to determine the coefficients A n and in particular the coeffi¬ 
cient proportional to lift Ai. Since the general equation contains the 
angle of attack a and determines the lift by determining A i, it also deter¬ 
mines the slope of the wing lift curve a. From Eq. (10.15) 

Cl = 7rAi(A.R.) = aa (10.22) 


where a = aerodynamic angle of attack = angle of attack measured from 
zero lift 

Hence 

tAi (A.R.) 

a 


a = 


(10.23) 


Now a certain value of the lift coefficient may be expressed as a sec¬ 
tion (two-dimensional) slope times an effective (two-dimensional) angle 
of attack, as 

Cl = ccodo (10.24) 

or as a wing lift curve slope times a wing angle of attack as in Eq. (10.22). 
Hence 


Cl 


and 


ao = 


Cl 


and 


CL do 

a — ao = CLl-J 

\a ao/ 

Substituting Ai = Cl/tt A.R. and a = Cija^ we get 


(10.25) 

( 10 . 20 ) 


and setting 
we get 


a 


ttA.R. \Ai Uo / 


TT A.R. 

a. 

(10.27) 

““ + ^xr: +'' 

(10.28) 


It is seen that t is a small positive factor that increases the induced 
angle over that for the minimum case of elliptic loading to make allow- 
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ances for deviations from elliptic loading. We shall evaluate it for 
specific wing planforms later. , 

10.6. Aspect-ratio Corrections for Induced Flow: Drag. The relation 
for the induced drag of a wing [Eq. (10.16)] may be simplified if we write 

00 

1 + 5 = (10.29) 

where 5 is some small positive quantity. It then becomes 

7 ). = 2psW^irAi\\ + b) 

and the induced drag for any wing is now related to that for an elliptic 
wing by 6. Substituting from Eq. (10.14) and dividing both sides by 
(p/2)F®aS, we get 

Cm = (1 + 5) (10.30) 

and the total wing drag is then 

Cj) — CiiQ + (1 + b) 

where Cdq = wing profile drag. 

It is seen that b compares with r [of Eq. (10.28)], and experience shows 
us it represents a small additive correction to the induced drag for elliptic 
loading to allow for deviations from that minimum condition. 

Actually in practice the values of r and b are rarely computed by them¬ 
selves. In general the facts presented above and in Sect. 10.12 to the 
effect that b is smallest for taper ratios of around 2^ is used as a back¬ 
ground for employing that taper, small variations arising when structural 
or dimensional conditions become important. 

The mechanism usually employed instead of the b form is to lump all 
drag other than that at (7 l = 0 into the induced drag (calling it an 
effective induced drag) by means of an efficiency factor e which is less than 
1.0. Thus 

Cl} 

total ~ X>,min 4” ^ j^ (10.31) 

The shortened span eb is called the effective span, and (eb)^/S is called 
the effective aspect ratio. The factor e accounts for (1) the increase of 
fuselage drag with Cl] (2) the increase of wing profile drag with Cl] 
(3) the increase of tail drag with Cl] (4) the increase of drag due to 
nonelliptic span loading; and (5) other miscellaneous losses that vary 
with Ct , 
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The use of e is adequately covered in many textbooks on practical 
aerodynamics and will not further be discussed here except to note that 
the almost universal use of taper ratios near 2^ to 1 springs directly from 
theoretical considerations. Indeed, at the higher aspect ratios (see Fig. 
10.10) it is particuarly important to employ elliptic planforms or the 
proper taper ratio to avoid seriously large increases of induced drag. 

10,6. Corrections for Change of Aspect Ratio. When the wing 
coeflScients are known for one aspect ratio, ( )i, Eqs. (10.28) and 
(10.31) may be rearranged to solve for the coefficients at a second aspect 
ratio, ( ) 2 . 


ai = ao + 

a2 = «o + 


Cl 

TT A.R.I 
Cl 

T A.R.2 


(1 + Ti) 

(1 + T 2 ) 


and 


Similarly 


a2 ~ ai + 


Cl/I +1 
T Va.R. 


T2 

2 


C L2 = Cdi + 


Cl^ / 1 "I- ^2 
TT \A.R 2 . 


1 +Tl\ 

A.R.I / 

1 + 

A.Ri./ 


(10.32) 

(10.33) 


A.R.=oo A.R 



These equations are less useful than 
the empirical airplane efficiency factors 
described in Sect. 10.5. 

10.7. Slope of a Three-dimensional 
Elliptic-wing Lift Curve. Using the 
relation developed above, we may now 
derive the theoretical slope of the lift 
curve for an elliptic wing of any aspect 
ratio. From Eq. (10.28) and Fig. 10.1, 

, Cl 

and we see that (7 l/xA.R. is the in¬ 
duced angle a^ of an elliptic wing as 
well as the coefficient of the first term 
of the circulation series. That is 


ai = 


A.R. 


= Ai 


V 


where Wq = downwash at an elliptic wing; it is constant across the span. 
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Since 



where a =* lift curve slope per radian 


Cl _Cl ^ Cl 

a ao T A.R. 

Differentiating with respect to Cl, we have 

_ irao A.R. 
do "4" ^ A.R. 


(10.34) 


Assuming the infinite-aspect-ratio lift curve slope ao for a thin wing to be 
27r per radian, 


A.R. ^ A.R. 

“ A.R. + 2 ^ A.R. + 2 


(10.35) 


Practicing aerodynamicists frequently replace the constant in the 
denominator of Eq. (10.35) by 2.5 or even 3.0 since their experience 
has shown that such a change improves the correlation with experi¬ 
mental results. 


Table 10.1. Lift Curve for Elliptic Loading 


A.R. 

00 

! 10 

8 

6 

4 

a (per radian) 

6 28 

5 236 

5 027 

4 712 

4 188 

a (per deg). 

0 1097 

0 0914 

i 

0 0877 

0 0823 

0.073 


10.8. The Edge Correction. Jones (Ref. 10.1) points out that a correc¬ 
tion of (Eq. 10.34) for three-dimensional 
flow is quite in order. For instance, 
consider that the maximum, or ‘‘edge,” 
velocity around an infinite circular cylin¬ 
der is 2F, while that around a sphere is 
1.59F (F is the free-stream velocity). 

The conception is that three-dimension- 
ally the air has more “places to go” as 
it passes over a three-dimensional body \V 

and hence develops less velocity incre- Fig. 10 . 2 . Pianview of elliptic 
ment (see Fig. 10.2). wing showing increase of “escape 

' , . . , . for three-dimensional flow. 

Applied to an elliptic wing, this con¬ 
cept indicates that the edge velocity is, on the average, decreased by the 
factor: 
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^ _ wing semi-perimeter 
wing span 

and since the edge velocity determines the circulation through the Kutta 
condition, the lift is similarly decreased. 

The correction may be put into the lift curve slope formula as follows: 
From thin-airfoil theory 

C,. = 2.(a-a.; 

which with the edge correction becomes 

A.R. 


Cl = 27ra ^ 


E A.R, + 2 

Starting anew with Eq. (10.34) and including the effects of airfoil 
thickness from Eq. (5.65) and the edge correction, the final complete equa- 


0.10 


0.8 




0.4 








A.R.+ 2'^ 

K':. 

-- 


^A.R. 

+2 







8 


10 


0 2 4 6 

Aspect ratio A. R. 

Fig. 10.3. Effect of edge correction on lift curve slope, thin elliptic wings. 


tion for the slope of the lift curve of an elliptic wing becomes 


where 


k 

e 


a = 2Tk 


A.R. 

E A.R. + 2k 


1 + e 
1 + 


-X airfoil thickness ratio 

3 V3 


(10.30) 


as in Eq. (5.65). . 

The relative size of the edge correction is shown in Fig. 10.3, and the 
theoretical slope of the lift curve for a number of elliptic wings is given in 
Fig. 10.4. 
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10.9. Rectangular Wings. The values of r and 5 are of interest for all 
planforms in order to find how serious a deviation from elliptic loading 
will be. The simplest case to examine is that of a rectangular wing. 
(Tapered wings are considered in another section.) 



included 


The general expression for circulation 

aO 

r = 4sV y sin nd (10.37) 

1 

will, of course, be applicable to the rectangular wing, and we shall use 
the fundamental monoplane equation 

00 

^ .In sin nd{nn + sin 6) = /xa sin 0 
1 

to find the values of ^In and then Eqs. (10.27) and (10.29) to find r and 8 
for a specific case. The span stations will as usual be expressed in the 
form y = —scos 6, and the term /x, which for elliptic or tapered wings 
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varies along the span, becomes a constant for the rectangular wing as 
follows: 

do 

“ m: 

The successive coefficients Ai, 4a, Ah, A 7 decrease rapidly in size so 
that ample accuracy is obtained by keeping four only. The fundamental 
monoplane equation becomes 

AI sin 6 {fjL + sin ^) + As sin 3^(3 m + sin + A 5 sin 5^(5/i + sin 6 ) 

+ At sin 7d{7ii + sin 6) = fia sin d (10.38) 

and by selecting four span stations at which we should like to find the 
circulation (four values of Oj that is) we shall obtain four equations in 
four unknowns and hence a solution. Nearly any well-distributed span 
stations would be satisfactory, a slight advantage accruing if we select 
6 = 22.5, 45.0, 67.5, and 90°, as through the mechanism of y = —8 cos 6 
we then get points displaced toward the wing tip, where the greatest 
variation occurs. 

For example, consider that the values for An are wanted for a rectangu¬ 
lar wing of aspect ratio of 6 . Then 


2t 

^ ~ 4Xr: 


0.262 


Substituting the four angles in Eq. (10.38), we have 


0.247 


+ 

1.080 

A1 

+ 

1.564 

Ah 

+ 

0.862 


= 0.383 


Ha 



jia 


yoL 


ya 


0.685 

Ai 

+ 

1.055 

Al 

_ 

1.421 

Ah 

_ 

1.797 

At 

= 0.707 


fxa 



ya 



ya 



ya 


1.097 

A 1 

_ 

0.654 

Ai 

_ 

0.854 


+ 

2.545 

h 

= 0.924 


fjLa 



ya 



ya 


ya 


1.262 


— 

1.786 

A,3 

+ 

2.311 

ill 

— 

2.835 

At 

= 1.000 


fia ya 


(10.39) 

(10.40) 

(10.41) 

(10.42) 


A good method of solving Eqs. (10.39) through (10.42) is by the use of 
determinants. However, as these simultaneous equations form a fourth- 
order determinant, reduction according to proper laws is first in order. 
The solution finally becomes 


— = 0.917, — = 0.1108, — = 0.0218, — = 0.00373 

and we confirm, fortunately, that the terms rapidly decrease in size so 
that a four-point solution is adequate. 
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= 0.1615 


_ Ai^ + 34.,* + 54s* + 747* _ , 

" 4i* 

(0.917)* + 3(0.1108)* + 5(0.0218)* + 7(0.00373)* _ , 
(0.917)* 

= 0.045 


which means that [in accordance with Eqs. (10.28) and (10.30)] the 

induced angles and induced drag for 



Fig. 10.6. Values of Anlfioc for rectangular Fig. 10.6. Values of t and 6 for rectangular 
wings. wings. 


appear since the induced drag and aiighvs may be only a fraction of the 
total values. 

Other values of An/y^ot are shown in Fig. 10.5 and of r and 5 in Fig. 10.6. 
The span wise distribution of circulation for a rectangular wing may 
now be found by substituting the values of An into the expanded expres- 
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sion for T : 


r = AsV{Ai sin ^ + -43 sin 36 + Ab sin 56 + Aj sin 76) 

The spanwise distribution of circulation obtained by this method is 
shown for a wing of A.R. = 6.28 in Fig. 10.7. The broken line is the 
mean between the chord distribution and a semi-ellipse having the same 
area as the wing. The significance of this approximation is discussed in 
Chap. 12. 



Fig. 10.7. Spanwise distribution of circulation over rectangular wing bj' lifting-line theory 
(solid line) and an approximate curve (broken). 


10.10. Slope of Rectangular-wing Lift Curve. The slope of the lift 
curve for rectangular or tapered wings follows from Eq. (10.3()) by includ¬ 
ing the effect of t on the induced angle. The final result is 


a — 2irk 


A.R. 

E A.R. + 2/v(l + r) 


(10.44) 


where k and « are the same as in (Eq. 10.30), and r must be determined by 
the method of Sect. 10.9. Values of Eq. (10.44) arc plotted in Fig. 10.8 
for a number of aspect and thickness ratios. 

10.11. Rectangular-wing Pitching Moment. From the usual con¬ 
ception of the existence of an aerodynamic (*entcr about which the 
moment (Coefficient is constant for reasonable values of ci (or a), we may 
directly infer that the complete wing (coefficient about the aerodynamic 
center should be the same as that of the airfoil, for the variation of the 
effective angle of attack along the span should have no effect on c^oc- 
That is, 


mac Cfnac 


( 10 . 45 ) 
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Hence a rectangular wing should have the same moment coefficient as 
its airfoil section when they are examined at equal lift coefficients. 

In practice, according to Bradfield (Ref. 10.2), Itiq. (10.45) agrees best' 
for aspect ratios near 6.0. Below that the aerodynamic center moves 



Aspect ratio 


Fig. 10.8. Theoretical values for the slope of the lift curve for rec^tan^ular winKS, edge 
correction included. 



Fig. 10.9. Comparison of theoretical and experimental determination of aerodynamic- 
center location, rectangular wings. 


forward with decreasing aspect ratio. The reason for this action can be 
intuitively derived by considering a factor not included in the discussion 
above: 

The trailing vortices induce a downward velocity field (Fig. 9.1) that 
increases toward the wing trailing edge so that, effectively, the cambered 
airfoil is in a cambered flow and the relative curvature between the two is 
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hence reduced. Since the moment about the aerodynamic center depends 
on this relative curvature, its value is reduced both by increasing lift 
(which increases the curvature for a given aspect ratio) and by decreased 
aspect ratio (which increases the curvature for a given lift). 

10.12. Tapered Wings. We may now apply the general monoplane 
equation to the case of a tapered wing, following a method used by 
Glauert in Ref. 10.3. First let the ratio of the tip chord to the root 
chord be X. The local chord will be 


c = Co[l — (1 ~ X) cos 6 ] 

where co = center-section chord. 

The parameter ii becomes 


and 


/i = — (I ■“ X) COS 


ttoCo 


(10.40) 

(10.47) 


where ao = slope of the lift curve for infinite aspect ratio. 
Using the above relations, the wing area is 


and the aspect ratio is 


S = sco(l + X) 


A.R. 


do 

2/xo(l + X) 


(10.48) 


which is used for finding /xo. 

Proceeding as in Eq. (10.38), we replace /i by jLio[l — (1 — X) cos 6 ] and, 
again selecting values of 6 of 22,5, 45, 67.5, and 90®, get four simultaneous 
equations, from which the coefficients Ai/a, An/a, As/a, and AT/a may 
be found. Equations (10.27) and (10.29) may then be used to solve for 
6 and r, enabling us to compare the aerodynamic performance of tapered 
wings with those of elliptic and rectangular planforms. 

For example, for aspect ratio 6.0, taper ratio 0.75 (X = 0.75), 
fio becomes 0.299. The simultaneous equations are 


2.665 — + 11.25 — + 16.07 — + 8.67 — = 1.00 
a a a a 

3.873 — + 5.874 — - 7.88 — - 9.88 — = 1.00 
a a a a 

4.420 — - 2.661 — - 3.490 — + 10.42 — = 1.00 
a a a a 

4.342 — - 6.28 — + 8.34 —® - 10.34 —^ = 1.00 
a a a a 
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Solving, A\/ct — 0.242, At/a = 0.020, Ai/a = 0.008, and Ai/a = 0.0. 
By Eq. (10.29) / 

. (0.242)* + 3(0.020)* + 6(0.008)* + 7(0)* , _ « 

8 -( 0 ^ 242 ? * “ 



Tip chord y Tip chord ^ 

Root chord * Root chord * 


Fig. 10.10. Values of 5 and r for various aspect and taper ratios 



Fig. 10.11. Theoretical values for the slope of the lift curve for wines with 2 to 1 taper, 
edge correction included 


We would therefore expect the induced drag of a wing of A.R. = 6 
with a taper ratio of 0.75 to be 2.6 per cent above that of an elliptic 
wing of the same aspect ratio. 
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Additional calculations for many other aspect ratios yield the data 
shown in Fig. 10.10. Of some interest is the fact that a taper ratio of 
about 2.7:1 yields the nearest approach to elliptic loading drag for an 
aspect ratio of 4, while about 2.5:1 is best for an aspect ratio of 12.0. 

Theoretical lift curve slopes for wings with a taper ratio of 0.5 are 
plotted in Fig. 10.11 as obtained from Eq. (10.44). Other taper ratios 
may be considered through Eq. (10.44), directly. 

The usually good agreement between the values of Eq. (10.44) and 
experiment may be improved when the section lift curve slope is known by 
replacing k by ao/2ir, where ao is the experimentally determined section 
lift curve slope. 

The effect of taper on the spanwisc load distribution and on the stall 
pattern is discussed in Chap. 12. 

PROBLEMS 

10.1. Show that r and 5 in Sects. 10.4 and 10.5 are for rectangular wings and not 
for uniformly loaded wings. 

10.2. Calculate check values for Figs. 10.5 and 10.6. 

10.3. Compare the total induced drag of two rectangular wings with (a) one 
far behind the other and (b) with the leading edge of the rear touching the trailing 
edge of the front one. 

10.4. Find the horsepower required to overcome induced drag of a modified 
B-29, span 140 ft, W = 120,000 lb, wing area 2,000 sq ft with («) elliptic wing, 
(b) rectangular wing, (r) wing with 2:1 taper. All wings have same aspect ratio. 
Vind = 150 mph, 30,000 ft altitude, standard air. 

10.6. Prove that maximum L/I) is obtained when the iiidu(;ed drag equals the 
profile drag. 
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CHAPTER 11 

THE FIELD ABOUT THE WING 


11.1. The Field near the Horseshoe Vortex. According to the Biot- 
Savart law a field of induced velocities exists around the horseshoe vortex 
system with which we simulate the wing and its trailing vortices. We 
may now examine this field and, using the Biot-Savart law obtain first- 
approximation values for the various induced velocities. The results 
have practical value for an understanding of pitot-static-tube position 
error, span load distribution, wind-tunnel boundary corrections, and 
ground effect. 

Two types of span loading (uniform and elliptic) are simply solved for 
their respective fields and will be considered in the following pages. It 
will develop that the expedient of using simple vortices to represent the 
wing yields reasonable values for all 
but the case of downwash at the 
tail. Here additional factors that 
allow for the dowmward displace¬ 
ment of the trailing vortices must 
be employed for best results. 

The axes previously used will 
suffice. The x axis is in the plane 
of symmetry positive upstream, the 
y axis coincides with the bound 
wing vortex positive to starboard, 
and the z axis extends downward 
at the intersection of the x and y 
axes. It will be seen that this is an orthogonal right-hand system. 

In order to visualize the origin of the flow field about the wing, let us 
assign subscripts to the velocity components w, v, and w for each of the 
three vortices: for the bound vortex ( )b; for the starboard vortex ( ),; 

for the port vortex ( )p. We see that the total induced flow at {Xy y, z) 
will be (see Fig. 11.1) 

U — Ub + u, + Up (11-1) 

y = Tfc “h r, -j- Vp (11.2) 



Fig. 11.1. Set of axes and a horseshoe vor¬ 
tex showing the velocity components of each 
segment. 


and 


ttJ = + u\ + 
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(11.3) 
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Some simplification occurs since from the normality of the bound and 
trailfcg vortices the longitudinal velocity component u depends only on 
the bound vortex so that we may write 

u = Ub (11-4) 


and the lateral velocity v depends only on the trailing vortices s and p 
so that 


V === V, + Vp 


(11.5) 


The vertical velocity w is composed of all three components. 

In the following sections some liberty has been taken with exact mathe¬ 
matical nomenclature in order to simplify the expressions as much as 

possible. First of all, the minus 
signs have been left off terms which 
through squaring become plus; sec¬ 
ond, absolute-value bars have not 
been used as frequently as exact 
rigor would dictate. It is believed 
that these procedures tend toward 
clarity and brevity with no appreci¬ 
able loss in exactitude. 

11.2. Uniform Loading. When 
uniform loading is assumed, the 
circulation has a constant strength 
r which is also the strength of both 
trailing vortices. Consider a general point P as shown in Fig. 11.2. The 
induced velocity at P due to the bound vortex will be normal to plane 
PEG and Avill have a value 



4ir(PG) 

ZPBC + cos ZFCB) 


(11.6) 

r 

r_ y + '1 


y - s 1 

47r s/l^ + 2 

‘ Lv {y + «)■ + 

V{y 

— s)^ + + z^\ 




(11.7) 

The components 

of the velocity are 



Ui = qb sin ZPGF 

II 


(11.8) 

+rz 

r y + ^ _ 


y - s 1 

49r(a:* + 2 ^) 

Lv {y + sy + a-* + 2 * 

Viy - 





(11.9) 
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t;6 *= 0 


GF 


Wb = Qb COS APGF = Qb pjg 


-Tx 


+ Z^) (y 4 - 5)2 ^ V(y sy + X^ + Z^^ 

The induced velocity at P due to the starboard vortex s is 

r 


y + s 


y — 8 


Att PE 


(cos Z.PDC + cos APCE) 


1 + 


— X 


4 ir y/z'^ + ( 2 / - L V(y - sy + 

w, = 0 

Va = Qa sin APEF 

4t 2 ^ 4- (y 

Wa — —Qa COS APEF 

=r - X ^ y ~ ^ 

At z^ + {y — sy 

And for the port vortex p we have 


x^ + 2^ j 



Up — 0 

Vp = Qp sin APMF 

~r 2 


[- 


— X 


Alt 2^ + (2/ + sY L y/{y + s)2 + a;2 + ^2 


w, = 5 p cos Z.PMF 
= r y + g 

42r 2^ + (2/ + 


( 11 . 10 ) 


] 


( 11 . 11 ) 

( 11 . 12 ) 


(11.13) 


(11.14) 


(11.15) 


(11.16) 


7,.[‘ + VfTTOTT.] <"■"> 


The total velocity components w, v, and w may now be found for points 
of interest about the wing through the use of Eqs. (11.1) to (11.3). How¬ 
ever, the general solutions become involved, and it is preferable to limit 
our illustrations of the method to two zones: 

1. The lateral plane {x = 0) and in particular the z axis 

2. The longitudinal axis (y = z = 0) 

These zones will be considered for both uniform and elliptic loading. 

Many authors discuss induced velocities as a fraction of the induced 
velocity at the center of pressure of an elliptically loaded wing. The 
reason for this action is that dividing most of the expressions by 
1^0 == {Cl/t A.R.) V simplifies them considerably. However, the term 
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Wo is much less familiar and easy to understand than the free-stream 
velocity V, and hence, although we shall write the equations in their 
simplest form, the illustrative examples and plots will assume an aspect 
ratio of 6.0 and Cl = 1.0, making it possible to give all induced velocities 
as a percentage of free-stream speed. 

11.3. The Lateral Plane (Uniform Loading). The longitudinal com¬ 
ponent at the lateral plane is, from Eq. (11.9), 

y - s _ 

V{y - sy + 

or, for points on the z axis where ^ = 0, we have 


(11.18) 




J/ + S 


VCj/ + + 2® 


and 


« = J1 2g ^ SVCl J_ 2s 

4s 47r2 -f g* 

^ _ Cl J_S^_ y 

V A.R. 2z + s* 


(11.19) 


Ji — J_ 

tco ” ^ Vz* + s* 


( 11 . 20 ) 


As w is positive forward, the total velocity is V — u, and we see that 
V is increased above the wing and decreased below it. The actual 



Fig. 11.3 Decrease of landing-gear drag coefficient with Cl for single-engine attack air¬ 
plane. Part of the discrepancy is decrease in projected area with angle of attack, another 
part, failure of the vortex theory very tlose to the wing, and the remainder, difficulties of 
determining landing-gear drag center. 


amount at a semi-span (z = s) below the w ing is 


_M 1 6^ 

Wo 2s 1.414s 


0.353 


For a wing of A.R. = 6 at the large value of Cl = 1.0, 

10 T7 j 0.353 ,. 

Wo = -TT- V and u = —p;— V = 0.0187F 
w oir 
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or about 2 per cent of V. Thus from a first-approximation standpoint 
a pitot-static tube at the very large 
distance of one-half span below the 
wing on the z axis should reason¬ 
ably yield about a 2 per cent error 
in free-stream velocity under the 
above uniform loading conditions. 

The decrease in wind velocity un¬ 
der the wing becomes much more 
pronounced as the wing is ap¬ 
proached and, of course, as the lift 
coefficient increases. Thus, as is 
well known, the drag of the landing 
gear decreases more rapidly than 
the speed squared, and it is common 
to have the drag of the underwing 
mounting struts used for wind-tun¬ 
nel models approach zero at high 
angles of attack. 

Other values of u/V are shown 
in Fig. 11.4. 

Continuing our discussion of the 
lateral plane (x = 0), we see that 
the lateral and vertical components are 



u 

V 

Fio 114 Induced horizontal velocitv 
along z axis, for A 11 « 6, Cl =* 1 0, uni¬ 
form loading 


V = Vp + V. 


( 11 . 21 ) 


and 


M’ = U-p + M), (11.22) 

Considering Eq. (11.21) (inst, \\c have, from Kqs. (11.13) and (11.16), 


V — 


It + (v — .s)2 4 t 2 - + (y + .s-)* 


which clears to 


V = 


il _ _ 

4ir ()/■* + .s‘= + r^)^ - 4<tV 


(11.23) 


(11.24) 


Equation (11.22) becomes [after substitution from Eqs. (11.14) and 
(11.17)] 

(y -j) _, jr_ (y ±j) 

— Air : 


r 

ic = — — 


and this clears to 


47r 2^ + (y s)^ At 2“ + (iy + 
25 ( 1/2 - 2 ^ - s^) 


tc = — 


47r (y2 -f 2^ -f- 5^)2 _ 4^22^2 


(11.26) 


(11.26) 





222 BASIC WINQ AND AIRFOIL THEORY 

Substituting T = SVCl/^s and lOo = SVCl/Ats^, we get 


— 

Wo 


1 

2 \ 





(11.27) 


Considering Eqs. (11.24) and (11.26), which represent the lateral and 
vertical components in the lateral (x = 0) plane, we see that, for nearly 
all values of y and z, the denominators are both positive. Hence the 
lateral velocity is directed toward the plane of symmetry above the wing 



and away from the plane of symmetry below the wing. This is, of 
course, apparent from Fig. 11.1. The sign of the normal velocity w 
depends on the sign of the quantity {y^ — — z^) and is in general such 

that w is directed downward below the wing and upward beyond the 
wing tips as in the Lanchester vortex pattern. 

The upward flow beyond the wing tips is probably quite expected 
from a number of considerations: from the escape of the air at high pres¬ 
sure under the wing to the region of low pressure above the wing; or 
from the sense of the nearer tip vortex, which would have the prepon¬ 
derant effect. Of interest, too, is the somewhat similar situation that 
arises when a landing flap is lowered over the inboard portion of a wing. 
The drop in circulation at the most outboard flap station results in the 
shedding of a powerful trailing vortex having the same sense as the near 
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tip vortex. The upward induced flow from this flap vortex increases the 
angle of attack of the wing outer panel, and in many cases of hig^ily 
tapered wings a tip stall is thus produced that nullifies the beneficial 
effects of the flap. 

Birds, incidentally, have realized the existence of upward flow beyond 
a wing tip and use it (in the Vee formation) when reduced effort is 
required. 

Returning to our mathematical discussion, s becomes insignificant at 
great distances from the wing when compared with y and z, and Eqs. 
(11.24) and (11.26) then reduce to 


_ r Asyz 
“ 4^ {if + 

and 



r - e=) 

4t if + z^Y 

(11.28) 

Substituting r = »SIFr,,/4.s-, \\«' get 



SV(\ 1 4.S-J/Z yz SVCl 

4s Itt ( 2/2 + z^Y iV^ + z^Y 4ir 

(11.29) 


SVC,. ] 2.s(j/2 - z2) -if - z*) SVCl 
^ 4s 4ir ( 2/2 + z2)2 2 ( 2/2 + z^ 4ir 

(11.30) 

and 

W _ «2 (t/2 — Z^) 

IDo ~ 2 ( 2/2 + z 2)2 

(11.31) 


Equations (11.29) and (11.30) will be of use later when wind-tunnel 
boundary effects are under scrutiny. 

11.4. The Normal Axis (Uniform Loading). Reconsider the lateral- 
plane equations [Eqs. (11.26) and (11.24)] along the z axis {x and y = 0). 
We then have 

i; = 0 


and 


4ir (z^ + s^y 27r(z2 + s2) 


(11.32) 


Again introducing F = SVCl/^Sj we get 


SVCl 1 S __ i Cl t 7 

4s * 27 r ‘ 22 + 52 2 TT A.R. 22 + s 2 • ^ 


(11.33) 


Recalling that Wo = {Cj/w A.R.)F, we may rewrite Eq. (11.33) as 

WJ _ 1 1 

Wq 2 (2 As) 2 -|- 1 


(11.34) 



224 


BASIC WING AND AIRFOIL THEORY 


Assuming several stations below the wing and an aspect ratio of 6 with 
Cl = 1.0, we find values shown in Table 11.1. 


Table 11.1. Values of w/wq and w/V along the z Axis for Uniform and Elliptic 

Loading 

(Elliptic loading values from Sect. 11.6. Values of w/V are for A.R. = 6 , Cl *= 1-0.) 


2 

8 

w 

Wo 

uniform 

loading 

w 

Wo 

elliptic 

loading 

w 

V 

uniform 

loading 

w 

V 

elliptic 

loading 

0 

0.50 

1.00 

0.0265 

0.053 

0.25 

0.471 

0 758 

0 0248 

0 040 

0.50 

0.40 

0.554 

0.0212 

0.0265 

1.00 

0.25 

0 293 

0.0133 

0.0155 

1.50 

0.154 

0 105 

0 0082 

0 0088 

2.00 

0.100 

0.106 

0.0053 

0.0056 

3.00 

0.050 

0.050 

0.0027 

0 00265 

4.00 

0.294 

0.030 

0.0010 

0.0016 


Of interest is the following: the down wash at the plane of symmetry 
of a uniformly loaded wing tends to 2.65 per cent V while the value for 
the elliptic wing is twice that, or 5.3 per cent F. At a semi-span below 
the wing the velocities on the z axis are quite similar. (This is not so 

for points out along the span, as will 
be seen in Sects. 11.3 and 11.7.) 

Another approach is to consider 
the local angle of flow deflection. 
For this case of the normal axis with 
uniform loading we have at a semi-span below the wing w = 0,25wo or 
0.013257Cl. Thus the deflection angle* e = 0.01325Cl, or 0.01325 
radian (= 45.5') at Cl = 1.0 (see Fig. 11.6). Downwash angles will 
assume greater importance in the following section. 

11.6. The Longitudinal Axis (Uniform Loading). Now let us consider 
the longitudinal axis (y = z = 0). From the symmetry of the horseshoe 
vortex it is seen that along the x axis the lateral velocity v = 0. 

* At the wing wo use the symbol a» for the dow nwash angle, while downstream from 
the wing the symbol e is more common. 
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The normal component 


W = Wb + Wa + Wp 

4iri — x) 


which clears to 


w 



_r_ A _ 

27 rs \ X 


Since x is positive forward, it is convenient to substitute Z = —x so that, 
finally, 


w 

Wo 



(11.35) 


Values of Eq. (11.35) with the usual A.K. = 0 and Cl = 1.0 are shown in 
Fig. 11.7. 



Fig. 11.7. Down wash velocity and angle behind wings of A. R. = 6 at Cl “ 1.0. Elliptic- 
wing data from Sect. 11.9. 


It is thus apparent that the flow field behind a uniformly loaded wing 
has a downward inclination which, since Wo varies as Cl, varies with the 
lift. The local downwash angle is 


_ w _ 

^ ~ V ~ tA 


X-5['+a/'+ (?)*] 


and the rate of change of downwash is 


* 

da 


1 a 

27a::r: 
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which is always less than 1.0—^in practice about 0.4. Thus in effect the 
tail angle of attack will always change less than the wing angle, and in 
consequence the horizontal tail must be larger than preliminary estimates 
neglecting downwash would reveal. 

Equation (11.36) also assumes paramount importance in considering 
the phenomenon of tuck-under, or nose-heaviness, which occurs at very 
high subsonic speeds. For reasons beyond the scope of this book, near- 
sonic phenomena can decrease the lift of the thick inboard stations of a 
wing without seriously affecting the outboard station. The loss of lift 
ahead of the tail results in a loss of downwash and a consequent increase 


Fig. 11.8. 
Sect. 11.9. 
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Down wash angle behind the wing The values foi elliptic loading are from 
The roll-up values for the uniform loading assume A R ==6 0 


of the tail angle of attack and tail lift. The added lift raises the tail 
and, unless provided for, can result in the destruction of the airplane 
through a subsequent dive. 

Returning to Eq. (11.35), it would appear there that the downwash 
increases as the lifting line is approached until at the lifting line (Z = 0) 
it is infinite. This effect should be recognized as the usual theoretical 
vortex failing. Figure 9.1 demonstrates that some boundary must be 
assigned for limiting the approach to the lifting line, and Sect. 11.4 indi¬ 
cates the proper values of downwash at Z = 0. These limits have been 
applied in Figs. 11.7 and 11.8. 

If we wish to compare the downwash w^ith the induced angle at an 

C 

elliptically loaded wing «» = —we have 

TT A.lv. 


±^l[l + Vl + {s/ir] (11.37) 

It will later be shown that an elliptically loaded wing should develop 
twice the downwash angle far aft of the center of pressure that it does 
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at the center of pressure. Hence for that case e/ai should approach 
2.0 aft of the wing. Equation (11.37) tends to approach 1.0 as Z —> oo. 

11.6, The Vortex Span (Rectangular and Elliptic Wings). The 
induced velocity equations so far developed have been called jftrsZ-approaji- 
mation values since they contain no provision for the behavior of the trail¬ 
ing vortex sheet other than straight rearward travel. It is well known 
from both theory and practice that this does not occur. In the practi¬ 
cal case there is always some decrease of circulation as the wing tip is 
approached, and hence many vortices are shed rather than the single one 
of ideal uniform loading. Thus there follows some roll-up of the shed 
vortices as discussed in Chap. 9, and, in addition, the whole vortex sheet 
is swept vertically downward by the bound vortex. 

It develops that the roll-up takes place too slowly to affect seriously 
the amount of downwash in the vicinity of the horizontal tail, and the 
downward displacement of the vortex sheet moves the location of maxi¬ 
mum induced velocities along with it without changing their values so 
that in the final analysis the induced velocities calculated without lateral 
or vertical displacement of the vortex sheet are quite in order as to 
magnitude, although somewhat in error as to location. 

Investigators have found the actual vortex field to be as follows: 

First of all a vortex appears immediately following the trailing edge 
of the wing, but its strength is somewhat less than that indicated by the 
maximum circulation at the wng mid-section. The reason for this is 
that some of the vortices, shed nearer to the plane of symmetry, have 
not yet had time to join the main tip vortex. This fact was demon¬ 
strated by emplacing a survey plane perpendicular to the tip vortex and 
selecting a closed path in that plane which encircled the vortex. The 
circulation found from ^ q • rfs showed progressive increase as the survey 
plane moved farther and farther downstream. The reason, of course, 
was that additional vortices from farther inboard finally reached the tip 
vortex and added to its strength. The distance in which roll-up is sup¬ 
posed to be completed has been given (Ref. 11.6) as 

X = 0.566' (11.38) 

Cl 

where x = distance from quarter chord to a point where the roll-up is 
complete and the vortex span has become 2s', somewhat less than 2s. 
For a lift coefficient of Cl = 1 and A.R. = 6 the roll-up would then take 
3.36 semi-spans. 

In experiments conducted by Silverstein, Katzoff, and Bullivant (Ref. 
11.1) the roll-up of the vortices discussed in Seels. 9.2 and 11.9 was 
found to be of secondary importance as far as influencing the flow at. a 
Teasonable tail plane position is concerned as long as the aspect ratio is 
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large.* But the downward displacement of the vortex sheet due to the 
bound vortex had to be considerenl. This displacement may be readily 
calculated, since the centerline of the vortex sheet passes through the 
wing trailing edge and moves downward with the downwash itself. Its 
inclination at every point is the downwash angle e at that point, and 
hence the vertical displacement h at some point aft of the trailing edge is 

h tan 6 dx (11.39) 

jT.E. 

and the trailing vortex is hence slightly curved. 

Fortunately, it is not necessary to consider the curvature, and ade¬ 
quately accurate downwash calculations accrue from considering the 
vortex as not rolled up, but displaced downward. In other words, the 
downwash velocities and angles along the longitudinal axis as calculated 
by the method outlined in this chapter match accurately those found in 
practice along a longitudinal axis that has been displaced in accordance 
with Eq. (11.39). 

Returning to the problem of the downwash velocities and angles along 
the longitudinal axis, we may investigate the roll-up by assuming that 
the final distance between th(' vortices is 2s'. Since only two vortices 
then exist, it is in order to assume that they arc due to a uniform circu¬ 
lation Fa over a wing of the shortened span 26*'. Then 

L = pVTa{2s') 

and expressing the actual distribution of (Mrculation as 

00 

r == AfiV ^ .1H Hin nO 
1 

we have from Eq. (10.13) 

L = 2Trs^pVh\ 1 

Along the longitudinal axis 6 = 90°, and Ih^iico the circulation series 
becomes 

r = 4.s*y(Ai *— As + .Ir, — • • •) 


s' ^ L 2irspV^Ay 
s 2pVVa ‘ L 

_ TT Ai 

4 Ai — As + As 


(11.40) 


For elliptic loading where only Ai exists, we have immediately that 
the final vortex span is 78.5 per cent of the actual span regardless of 
aspect ratio. From the values of A\/p.a in Fig. 10.5 we may calculate 

* Recently wings of small asp6*ct ratio have come into prominence. For this case 
the work of Spreiter and Sacks (Ref. 11.8) should be consulted. 
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the vortex span for rectangular wings, which, obviously, varies with 
aspect ratio and is generally greater than that for elliptic loading. Values 
of s'/s are shown in Fig. 11.9 for elliptic anil tapered wings. They 
should be considered instead of the geometric span for problems where 



Fig. 11.9. Values of the vortex span for elliptic, rectangular, and tapered wings. 

the downstream effect of the vortices is being found, an example being 
the calculation of wind-tunnel wall corrections.* 

The effect of roll-up on the downwash folloAvs: From Eq. (11.35), 



1 + 


I 


L 

4ir(s')VV 





and the downwash becomes 


_w_ {p/2)SV^Ci. 
* V 47r(s')Vr* 
C,JS 


1 + 


Vl^ + (s' 


I 


2t • 4s^ \s‘ 
1/5 
a* 


5 1 + 


2 Vs 


1 + 


+ ( s ')^1 
I 

vi^ +(s')*i 


Tj 


(11.41) 


* For wind-tunnel wall corrections concerning the main wing, the vortex span far 
downstream does not have the importance that it has, say, near the tail, and a reason¬ 
able compromise is to use 0.9 span instead of theoretical values closer to 0.8. 
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As J 00 , the limiting value of the downwash becomes 


€ 



(11.42) 


Frequently, however, the airplane designer seeks the rate of change of 
downwash with angle of attack d^/da rather than the vortex span. Thus 



Or, from Eq. (11.42), 

dc _ ^ a 
doc Ofi TT A.R. 


Values of d^/da are shown in Fig. 11.10. 



Fig. 11.10. Values of d^lda, theory and flight test. The theoretical values are for the x axis 
one semi-span behind the wing, (Elliptic-loading figures are from Sect. 11.9.) The flight 
test points are for various tail lengths and merely demonstrate reasonable values. 


We shall now examine induced flow along the various axes for the case 
of elliptic loading. 

11.7. The Normal Axis (Elliptic Loading). For the case of elliptic 
loading the circulation at any point on the span is, from Eq. (9.33), 

r.r.yf- (f)’ 

where To = value of T at mid-span. 

Using To from Eq. (9.41) and L from Eq. (10.13), we have, letting s = 6/2, 


r = 2VbAi-yjl - 


y 
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Since, for elliptic loading, 



26FAi 

26 


VAi 


then 

and 


r = 4wo 

dV _ Aw oy _ 

\/6^ — 


Now the expressions for the induced velocity at various locations have 
already been determined for the case of uniform loading, the integration in 
each case having been performed all the way across the span so that the 
complete effects are contained in each expression. We will now simulate 
elliptic loading by summing a number of uniform loadings as shown in 


dr 

Fig. 9.4. Each will have a strength of — dy and we will only need to inte¬ 
grate from 0 to s in order to determine the total number, or, in other 
words, r. Thus the expression for tlie induced velocity along the z axis 
has already been determined for the case of uniform loading (Eq. 11.32) as 


w 


r s 

2t 


for uniform loading. Hence for elliptic loading 


or 


w 


w = 


Z^ + 2/2 


-i/; 


4woy 


y/s2 2 /' + y"" 

Letting y = ssm 6, dy — s cos 6 dS, we have 

v^o _ 2*^ a- sin2 6 dO 
w TT jo + §2 sin2 6 

Dividing numerator by denominator 

= 2 rVi_5^_ ) 

w’o TT Jo \ 0* + s* sin* 6/ 


dy 


= ?.![_ ? r 

T 2 T jo 


Z^ + §2 siii2 

(z/s)* 


de 


{z/sy + sin2 e 


de 


Considering only the integral, we have 


2z^ __ 

TT s* Jo 2(zVs*) + 1 — cos 20 


(11.43) 


(11.44) 
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Equation (11.44) is directly integrable by Formula 300 of Ref. 11.2, 
which is 


/ 


dx 


a + b cos X 


¥ 


. tan 


tan (x/2) a 
( a + b) 


Letting a = (^z^/s^) + 1, 6 = —lyX = 20,dx = 2dB, we have 


?£! 

TT 



2de _ 

+ 1 — cos 26 



Substituting the limits, we have tan 0 = 0 and tan~^ 0 = 0 and, at 
7 r/ 2 , tan (t/2) = oo and tan~^ oc = 7r/2. Hence 


and 



j _ 2^2 1 

6*2 + A{zys^) + 


V(2A^*)^ + 1 


(11.45) 


Values for Eq. (11.45) are given in Table 11.1. As a matter of inter¬ 
est, the difference in downwash angle between elliptic and uniform load¬ 
ing at a semi-span below the wing is but 0.127° for a wing of A.R. = 6 
at Cl = 1.0. 

Rewriting Eq. (11.45) as 


JC _ \^z^ s'^ — z 

^0 \/§2 

(Y - — 2 z \ / 2;2 + §2 _|_ ^2 

\wq) z^ + §2 

Now, expanding the radical as a binomial, 



2^2 + 6*2 - 2z 


('+ 



_ 

4«* + 42^8* 


82 ® ■ 


■) 


> 
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For large z, s becomes small against 2 , and we may drop 4zh^ against 4:z\ 
Then 

w _ 

Wq 2z^ 


Since 

we have 


1^0 


TT A.R. 




w = 


SVCl 

8irz^ 


SVCl 


Referring to Sect. 11.4 and neglecting against z^ as above, we find that 
Eq. (11.34) reverts to the equation above, demonstrating that at large 


V 



Fig. 11.11. Streamlines around flat plate at right angles to free stream. 


distances from the wing the induced velocity is independent of the span 
loading. 

11.8. The Lateral Plane (Elliptic Loading). The principle already 
developed that elliptic loading yields uniform downwash Wo across the 
span may now be utilized to yield the flow pattern in the lateral (x = 0) 
plane. 

To review, the streamlines past a flat plate at 90° to a uniform flow 
are shown in Fig. 11.11. The flow is expressed by the potential function 

w — ij) + i\l/ = iV \/f2 — 4a^ (11.46) 


where f == { + ir? and the width of the line is 4a. The stream function 
of the flow is and the vertical velocity (positive up) at any point in 
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Figure 11.11 shows the flow as if the plate were still and the fluid 
moving. Consider the case, starting from rest, where the fluid is still 
and the plate moves. Particles (•) ahead of the fluid are pushed along 
the stream while particles behind the plate (o) are carried along. A cer- 


\\\\\,.///// 


tain tip flow develops, and the particle 
paths (the streamlines) appear as in Fig. 
11.12. The student may be reminded of 
the view downward from the front of a 
scow. 


Fig. 11.12. 


/} J I I \ \\\W Now in the case of the airplane wing with 

elliptic loading the airplane wing produces 
Fig. 11.12. ^ uniform downwash along the span. Rela¬ 

tive to the fluid the figure resembles Fig. 11.12, and at the wing the 
downward velocity w = u\). 

To return to the expression for this flow, we already have the local 
vertical velocity for Fig till, 




Fig. 11.13. Streamlines of flat plate moving m still air. 

Recalling that this is relative 1o the flat plate, we may find it relalive 
to the fluid by simply adding the vertical velocity ino, having finally 

' ‘ w = uh^ — ^ (11.47) 

This mechanism is further explained in Fig. 11.13. Numerical values 

n f 

later demonstrated show that — yields an upward flow as in Fig. 11.11. 
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Before we start the analysis of the problem, three changes in Eq. 
(11.46) must be made: First, since we are currently using the symbol w 
for downwash, we shall use W for the potential function. Second, the 
uniform vertical velocity V becomes the uniform downwash Wq. Third, 
the semi-span s = 2a. Finally 

W = iwQ (11.48) 

Equation (11.48) is not yet useful, however, as in order to obtain 
and ^ we must separate the potential function into reals and imaginaries 
This, it develops, is most simply done by making the substitution 

f = s sin (X + in) 

= s sin X cos in + s cos X sin in 

Using Eqs. (2.33), we have 

f = sin X cosh n + is cos X sinh n 
or 

{ = 6‘ sin X cosh n 

(11.49) 

T/ = s cos X sinh n 
Equation (11.48) becomes 

ir = iwo 's/f “ — 

= iwos \/sin2 (X + in) — 1 
= -WQfi cos (X + in) (11.50) 

Separating the potential function into stream function and velocity 
potential, we have 

}V = i\l/ 

= —Wqs (cos X cos in — sin X sin in) 

= Wos (cos X cosh /i — / sin X sinh n) 

so that 

(f) = — iCoN cos X cosh n 
^ = Wi)f} sin X sinh n 


Equation (11.47) becomc's 


_ __ d{woS sin X sinh n) 

d(s sin X cosh m) 

From fundamental laws of partials 


(11.51) 


84^ ___ 84/ d\ . 84^ 8n 


(11.52) 
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Using Eqs. (11.49), 


•-7 = 1 = 6* cos X cosh /I — + 6* sin X sinh n — 

of of of 

^ = 0 = — 5 sin X sinh m ^ + s cos X cosh /x ^ 

of of of 


from which 


dn _ sin X sinh /x OX 
Of cos X cosh /X Of 


(11.53) 


and 


or 


Of ^ . , OX , . X . sin X sinh /x OX 

^ = 1 = s cos X cosh /X — ; + sin X sinh /x • -r- — 

Of Of cos X cosh M Of 


OX 


cos X cosh /X 


Of if(cos^ X cosh^ /X + sin^ X sinh^ /x) 
so that Eq. (11.53) becomes 

0/x _ sin X sinh /x 

Of 5 (cos^ X cosh^ /X + sin^ X sinh^ /n) 


Also, 


^ = s cos X sinh ^ 
OX 


d\f/ 

diJL 


= s sin X cosh /x • w;o 


Substituting in Eq. (11.52), we have 

dyj/ _ Wos cos X sinh /x cos X cosh n sin X cosh n sin X sinh /x^ 

Of s(cos2 X cosh^ n + sin^ X sinh^ /x) s(cos“ X cosh^ /x + sin'-* X sinh^ /it) 

Combining terms, and using cos- X + sin^ X = 1, we have 

d\p _ sinh n cosh fx 

Of cos^ X cosh^ /X + sin- X sinh^ /x 


And substituting cos^ X = 1 — sin^ X and sinh^ /* = cosh^ M 


dyp _ sinh fj. cosh /x 
Of cosh^ n — sin^ X 


And finally Eq. (11.47) is 

w = w;() ^1 — 


sinh ; 


cosh- ^J^ 


cosh /X \ 
— sin^ X/ 


1, we have 


(11.54) 


Now the symbols f and rj of Eq. (11.49) correspond, respectively, to 
y and 2 , and hence we may substitute selected values of y/s and z/s into 
Eq. (11.49) and, solving Eq. (11.54), get values for le/ico. 
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For example, when y/s 


Solving, 

and 


0.25 and z/s = 0.10, we get from Eq. (11.49) 
0.25 


sin X = 


cosh II 


cos X = 


0.10 

sinh y 


sinh fx = 0.103 
cosh y = 1.005 

sin X = 0.248 


Substituting in Eq. (11.54), 


— = 1 - 0.111 = 0.889 

W(i 


Furlhor values are shown in Fig. 11.14. 



Fiq. 11.14. Down wash velocities in yz plane for elliptic loading, A.R. — Q, Cl ~ 1.0. 


11.9. The Longitudinal Axis (Elliptic Loading). The expression for 
the downwash on the longitudinal axis for uniform loading [Eq. (11.35)] 
may be extended to cover elliptic loading by substitution of the proper 
variables. Hence 


r 

2t8V 

J. 

2x2/F 


0+^') 


i 

= T-Jl_+ 

Jo ‘^'tyV ~ y^\ 


(11.55) 


Vi* + y 
l 


) 


dy 


Writing a, — Wu/V, we have 




)! 


dy 


^ ^ \/ 

Letting y = s cos dy = —s sin 6 dS and changing limits, 

^/l^ + cos 6^ 


(11.56) 


«. V Jo \ 


I 


0 


de 


(11.57) 
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To simplify the integration, write a distance downstream in terms of 

1 ■— 

the semi-span according to P = —^ 2 — where A: is a variable. Then 


-1 = 1 + ? —7^= 

«. vi - 


(11.58) 


where E is the complete elliptic integral 


E = y/l — sin*^ 6 dO 

Selecting values of i/s, we may find k and then E from the tables of 
Ref. 11.2. The results are plotted in Fig. 11.8. 

Using the second-approximation logic of Sect. 11.5, Eq. (11.40) reduces 
(for the case of elliptic loading) to 


s 


^ = 0.785 
4 


and the value of e/at far behind the Aving becomes, from Eq. (11.41), 




1 

6 . 785 *' 


1.63 


as compared with 2.0 for Eq. (11.57). As before, 


At i = s, 


and 




= i(l.()3)(l + 1.27) 
= 1.85 


de ^ e a 
da at T (A.R.) 

4 71 

= 1.85 • ^ = 0.46 
Ott 


(11.59) 


for A.R. = 6.0. 

Values of Eq. (11.59) are shown in Fig. 11.8, and one is struck by the 
reduction in downwash on the x axis according to whether the roll-up is 
considered to occur or not. From a cursory examination it would appear 
that the downwash should remain the same. Actually the total down¬ 
ward energy does remain the same, but the span wise distribution of 
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downwash for the rolled-up condition is that of uniform loading (Fig. 
11.5), while that for the unrolled-up condition is/that of elliptic loading 
(Fig. 11.14). The final result for the rolled-up condition yields less 
downwash at the x axis but more further outboard. 

We may now compare theory and practice for the downwash behind a 
wing in order to ascertain the degree of accuracy of the theory. Silver- 
stein in Ref. 11.1 has measured values for a Clark Y wing of aspect ratio 
6 at a Cl == 0.74. We shall use his data for comparison. First of all, 
to obtain the theoretical values, we shall need e/a* for the elliptic load¬ 
ing case (no roll-up) and for the uniform loading case (no roll-up). These 
we get from Fig. 11.8. Since a* = Cl/tt A.R. = (0.74/G7r)57.3 = 2.25°, 
we finally get the downwash angles for the two loadings, as in Table 11.2. 


Table 11.2 


1 

s 

(-) 

/ elliptic 

Golhptio 

(-) 

uniform 

^ ^uniform 

€mean 

0.4 

2.95 

6.63 

1.85 

4.16 

5.40 

0.8 

2 33 

5,24 

1.30 

2.93 

4.09 

1.2 

2.17 

4.88 

i 1.16 

2.61 

3.74 

1.6 

2.11 

4.74 

1.08 

2.43 

3 58 


According to Schrenk (Ref. 12.3) a good approximation to the span- 
wise lift distribution is to take a mean between the distribution of chord 


Distance behind wing center of pressure, y 
0 0.4 0.8_1.2 1.6 2.0 
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Fiq. 11.15. Comparison of no roll-up downwash values with experiment, a, downwash 
angle for elliptic loading, no roll-up [Eq. (11.68)]; b, downwash angle for uniform loading, no 
roll-up [Eq. (11.36)]; c, mean of a + 6; d, values from experiment. 


and an equivalent ellipse (see Chap. 12), and correspondingly the down- 
wash for a rectangular wing becomes a mean between the downwash for 
uniform loading and that for elliptic loading. This mean curve is shown 
on Fig. 11.15. Comparing the experimental curve with the theory, we 
find agreement within -g® in the tail region—certainly a satisfactory check. 
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11.10. Sweepback (Uniform Loading). Sometimes, in order to 
achieve balance (by moving the mean aerodynamic chord without mov¬ 
ing the root chord) or to reduce the 
efTects of compressibility at high 
, speeds, a wing will have sweepback. 

j \ lifting line, then, will have 

_- ^ sweepback too, and the simple vor- 

j tex pattern previously discussed 
C K fil be realized. 

'—8 - X - 8 - >■ To understand the effect of 

^ ^ sweepback, consider the bent lifting 

line with uniform circulation shown 
^^*^****^ Yig 11 ig ^ in Fig. 11.16. Since a straight vor¬ 

tex segment has no effect on itself, 
the downwash velocity at P will be due to the bound lifting-line segment 
AC and the port and starboard trailing vortices. Thus 


C r 


Eihi^) 


Fig. 11.1G. 


W = Wb + Wp + Ws 

Considering Wb first, we have from the Riol-Savart law 


(11.60) 


4wPD 


(11.61) 


FT) — y sec A (sin 2A) = 2y sin A 

and 

Al) = y sec A (cos 2A) == ^(cos A ~ sin A) 
Ijetting /.PCA he called we have 


tan PC A = t an 0 = 


2y sin A 


(11.62) 


which clears to 


From the figure 


AC + A I) s sec A + //(cos A — sec A) 


(an ^ = 


y/s sin 2A 
1 + y/s sin'-^ A 


cos ZPAC = — cos 2A 


Considering one-half of the wing, we may write its lift as 


(11.63) 


^ = ^,SF2l^ = p(FcosA)|r 
which, since b/2 = s sec A, may be reduced to 


(11.64) 
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The aspect ratio is ^s^/S, so that finally 

r = (11.65) 

and Eq. (11.61) becomes 

\ C L C.SC A , 

Now consider the down^\ash at P due to the port trailing vortex CE 


We have 
and letting 

so that 

and finally 


U'p = 1-4^, (cos ZPEC - cos ZPCG) (11.66) 

47r/ (jr 


PG = 2 / + s 


ZPCG = Zyp 


^ (s — y) tan ,\ 


= tan - cot A 

(11.67) 

Ll - y/s J 

VCr 1 — cos 4/ 

~ lxA.R. 'l+ y s 

(11.68) 


The downwash at P due to the starboard vortex is 


w. = (eo.s ZPFB - cos ZPBH) 

Y 

u\ = ;r—--^ (1 — sin A) 

4ir(s -y) 

VC, (1-sinA) 

4xA.R. (l-t//s) 

The total downwash is then 


(11.69) 


, (11.70) 


Wt 

T 


Cr. 

4x A.R. 


CSC A . 


COS 2A) + 


1 — cos if/ 
1 


1 — sin A1 
I - y/s \ 

(11.71) 


The following example illustrates how sweepback reduces the angle of 
attack near the centerline and thus moves the centroid of lift out along 
the span: 
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Example 11.1. Find the distribution of downwash along a uniformly loaded 
swept-back wing if A.R. == 6.0, Cl — 1.0, and A = 40®. 


1 . 


1.0 


= 0.01323 


47r A.R. 4x • 6 

2. A = 40°, sin A == 0.643, cos A = 0.766, esc A = 1.556, cot A = 1.192, 
2A = 80°, sin 2A = 0.985, cos 2A = 0.174 


3. ^ = tan“ 


1 556 

4. Wb = 0.01323 2 ^ (cos d — cos 2A) 

_ 0.0103(cos d - 0.174) 

.v/s 


5. 


Wp 


= 0.01323 


(1 — cos yj/) 
1 + y/s 


6. w, = 0.01323 


1 - 0.643 0.00473 


1 - y/s 1 - y/s 
7. The complete results are showrn in Fig. 11.17 and Table 11.3. 



Fig. 11.17. Downwash alon/i; the lifting; line of a uniforinlv loaded swept-bark wing. 
Cl = 1.0, A R. =. 6, A = 40° 
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11.11. Dihedral (Uniform Loading). Early experimenters found that 
putting a dihedral angle in the wing greatly improved lateral stability 
through providing a tendency for the airplane to right itself after a sider 
slip. The actual amount of roll developed is, in the practical case, a 
function of many factors: the dihedral, and where it starts on the wing; 
whether the airplane is a high-wing or low-wing design; and the wing 
taper and sweep. However, the mechanism of the simple case of the 
straight wing with dihedral makes an interesting starting point. 

From Fig. 11.18 it is seen that a straight wing with dihedral develops a 
greater angle of attack on the windward side in a slip and a lesser amount 
on the leeward side. The change in angle is quite difficult to demon- 



Fio, 11.18. Effective angle-of-attack increase due to dihedral. 


strate without a model, and suffice it here merely to state that a rec¬ 
tangular wing with a dihedral angle 7 , a yaw angle and a root angle 
of attack a will develop an angle of attack on port and starboard wings 

in the amount _ 

a! = sec“^ a/ 1 + sin^ ^(tan 7 + cot ^ tan a)^ (11.72) 

If we suppose the wing to be uniformly loaded (an approximation, of 
course) then the lift increment AL will act at the mid-point of the semi¬ 
span and roll moment developed will be (for two half wings) 

KM = AL I • 2 


From the definition Ci = RM/qSb, Aad = a' — a, and ACl = Aaj * a 
(where a is the slope of the lift curve), we get 


^ Aad 'CL A.1 i 


(11.73) 


We may then use Eq. (10.35) to determine the lift curve slope for a 
particular aspect ratio and find the roll due to dihedral thereby. This 
process has been followed for the case of A.R. = 6 and the results pre- 
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Rented in Fig. 11.19. To a close approximation this elementary method 
yields a roll of dCi/d\l/ = 0.00027 per degree of dihedral. In practice, 



Angie of yaw deg. 

Fia. 11.19. Effect of 5® dihedral on rolling-moment coefficient due to yaw. A.H. = 0.0, 

uniform loading. 

less than the above value has been found, and it is customary to call 

dCi/dtl/ — 0.00021 ^‘one degree of effective dihedral.'' 

PROBLEMS 

11.1. Explain why a smoke ring moves through the air. 

11.2. Do the birds flying in Veo formation (other than the leader) have to sup¬ 
ply asymmetric lift? Explain. 

11.3. Does the lead bird in a Vee formation need more or less power than he 

would alone? 

11.4. Show with a model how sweepback increases the dihedral effect. 
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CHAPTER 12 


SPANWISE LOAD DISTRIBUTION FOR ARBITRARY WINGS 

problem of determining the span wise distribution and hence the 
span wise lift coefficient distribution has already been discussed in Chap. 
10 through the use of Eq. (9.31), which relates the local do^vnwash to a 
known distribution of circulation, and in that chapter a few cases embrac¬ 
ing simple planforms were solved for both the circulation and downwash 
distributions. The case of the complete solution of an entirely arbitrary 
wing is a good deal more complicated, and usually some symplifying 
assumptions must be made. 

Solutions to the problem of determining the spanwise lift distribution 
for arbitrary wings have been advanced by Multhopp (Ref. 12.1), 
Weissinger (Refs. 12.2 and 12.8), Faulkner (Ref. 12.9), Mutterperl 
(Ref. 12.10), Schrenk (Ref. 12.3), and others. Weissinger’s work is an 
extension of Multhopp’s theory, while Schrenk’s approximation is a 
simple semi-graphical process based on the assumption that there is a 
tendency for the spanwise lift distribution of any ving to approach the 
ideal elliptical type. Multhopp^s and Schrenk^s methods vill be dis¬ 
cussed at some length in the pages to follow, it being believed that an 
understanding of Multhopp^s method will suffice for the use of Weiss- 
inger’s process. 

First of all we recall that from a purely aerodynamic viewpoint the 
span loading curve should be elliptical in shape (Sect. 10.3) and that we 
can obtain the elliptic curve through the use of an elliptic planform with 
no aerodynamic twist or by properly twisting various planforms. A close 
approximation to an elliptic curve may be obtained through the use of 
2^ to 1 taper with no twist. 

However, it must be noted that other factors may be more important 
to a particular design than minimum induced drag. Among these we 
find cost of construction and weight, and, indeed, the airplane designed 
to operate under conditions wffiere the induced drag is small need not be 
concerned with small changes in induced drag at all. 

While the minimum induced drag for a given span occurs with elliptic 
loading, great changes in induced drag are realized by changes in the 
span, and larger spans—until the vdng weight becomes excessive—are in 
general preferable. Exceptions are noted for special criteria such as 
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maneuverability in roll (which increases as span decreases) and near - 
sonic drag rise (which may be decreased by sweepback). The location 
of the stall is another criterion that often influences the wing design. 

Thus we see that many factors affect the wing layout, and it is quite 
necessary that the aerodynamicist be able to investigate an entire wing, 
learning beforehand what he may expect from the completed wing. 

12.1. Multhopp’s Spanwise Load Distribution Theory. All of the 
spanwise load distribution theories with which the author is familiar 
start with the well-known Prandtl downwash equation [Eq. (9.31)] 


^^(2/i) 


1 

47r 


/ 


51 ' , 

-4/2 2/1-2/ 


( 12 . 1 ) 


= downwash velocity at y\, ft per sec 

= selected span station at which the downwash velocity is 
desired 

— location of the vortices causing the downwash 
= the strength of the vortex being shed at y 

dr 

However, the solution of Eq. (12.1) becomes complicated when — is 

unknown (it was assumed in Chaps. 9, 10, and 11) since the downwash 
at a given point (which helps to determine the local angle of attack and 
hence the local lift) is a function of all the shed vortices, and these in 
turn are influenced by the circulation at the point in question. The 
fundamental relation is still that of Eq. (12.1), but a new setup is required 
to cover the situation when y is a variable. Multhopp also assumes that 
the wing may be replaced by a line vortex and writes Eq. (12.1) as 


where w{y\) 
yi 


dy 


y 

dy 


w{y) 



dV 



( 12 . 2 ) 


where y == spanwise station where the downwash velocity is desired 
(a change from the above nomenclature) 

7) = spanwise station where vortices are located 
The induced angle at y is then 


a.(y) = 


_2 

4wV 




(12.3) 


where r'(»?) = j- 

aij 
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In order to make the analysis nondimensional, we now write 


6 / 2 ’ 


V 

6 / 2 ' 


said V( 7 ;) = 


Also 


^ drjy 


r'(^) - ^ T'(n), 


and 7'(^) 


Hence 


... 1 / [2 6F J, 

•/-I 6/2 6/‘. 

2’ry-i y — ^ 


dfi 


6 r’ffl 
2 6F 

-A. 


6/2 6/2 

From Eq. (4.26) we have the circulation at point y, 


and using 


Y(y\ = 

2 


rj(^) = Oo(y)[a(y) - a^{y)] 


(12.4) 

(12.5) 

( 12 . 6 ) 


where ao(y) = two^imensional slope of the lift curve at y 
a(y) = angle of attack at y measured from zero lift 
at{y) = induced angle at y 
ciiy) = section lift coefficient at y 
<^{y) = chord at y 


we have 


r(y) = c{y) ^ (y)[a{y) - a.(y)]T^ 


Again making T nondimensional and leaving off the (y) on the right- 
hand side, where little confusion could occur, we have 


7(§)=||*(a 


«0 


— / \ 
= ^ (a - a.) 


(12.7) 


where X = “local aspect ratio” = 6/c. 
Thus 


or 


/-\ Cto CloOLt 

■'<»> "21;“- a 


(Iq r , CLq 

2j^« = 7(l/)+^a. 
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Inserting Eq. (12.4), we find that the local angle of attack 


j_ r yw 

2ir J-I y — v 


drj + ^ y(y) 

do 


'rhe local lift coefficient is, by Eq. (12.5), 


2T 

or in nondimensional form 

Cl = 2Xt (12.8) 

where all quantities are at y. 

Hence, if y is known as iif(y)y the local lift coefficient becomes known 
through Eq. (12.8). 

Writing the equation for the total ^\Ting lift, we have 


and 


^ ^ fit is) dy 

= q 2c\y{y) dy 

Ci = ^ J ^ 2c\y(y) dy (12.9) 


The aspect ratio A.R. = h^/Sy and the total wing lift coefficieni will 
be the same whether we integrate y{rj) dri or y{y) dy; so finally 


Ci = A.R. yiv) dri 


( 12 . 10 ) 


We may note at this time that the solution for y to be later set up 
requires the values of a at several span stations. If there is no geometri¬ 
cal twist, a is the same at all stations. Under these' circumstances, 
assuming a = \ radian will result in Eq. (12.10) yielding the lift curve 
dC 

slope per radian. The induced drag will be 


and 


4 


A = 



Cj), = A.R. y{v)oti dri 


( 12 . 11 ) 


The values of will be found as foIlow^s: 


^effective — — CC OC% 

Eq. (12.7) may be written 


yiS) = 


doOLe 

'W 


( 12 . 12 ) 


(12.13) 
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Since the values of 7 will be found for certain stations along the span, 
the corresponding values of «« may be found by Eq. (12.13). After 
finding Cd, from Eq. (12.11), it will be of interest to compare it with 
Eq. (9.48), which is the ideal minimum. 

Now then let us turn to the method of finding the local nondimensional 
circulation 7 . From Eq. (12.5) the local circulation is a function of the 
local chord (which of course depends on the particular wing being con¬ 
sidered) and the local lift coefficient. The latter may be considered a 
function of the local lift curve slope (which again depends on the par¬ 
ticular wing being considered) and the local effective angle. The local 
effective angle is a function of the geometric twist (again depending on 
the wing being studied) and the local induced angle a*. 

The local induced angle is [Eq. (12.4)] a function of both the vortex 
locations ^ and the locations of the particular points y which combine 
to give the distance from the vortex to the point [h in Eq. (9.29)]. 
Multhopp’s approach at this point is to find the local circulation at 
several 'preselected points instead of a completely general solution. Thus 
we shall only need 7 at, say, 7 points. In turn we shall find ci at 7 points. 
The beauty of this arrangement is that, if we agree to use the seven span- 
wise stations employed by Mul- 
thopp (a 15-point solution is also 
presented in Ref. 12 . 1 ), we may 
use his solutions for the y — n dis¬ 
tances; that is, alf wings will be 
treated at similar fractions of the 
span. 

A simple method to determine a 
satisfactory spanwise distribution 
of our arbitrary points (we shall want more points near the tips, where the 
curve changes most rapidly) is shown in Fig. 12 . 1 , where a semi-circle is 
emplaced upon the nondimensional wing and divided into eight equal 
angles B according to the relation 



m + } 


(12.14) 


A\h('re VI = number of stations selected—in our case 7 

p (nil) = identifying subscripts of a particular span station where the 
downwash is to be found—in our case any number from one 
to seven 

The span station is then, from Fig. 12 . 1 , 

= cos 0, 


( 12 . 10 ) 
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Now then the local effective angle of attack at station v, a„, is equal 
to the local geometric angle of attack a, plus the effect of all the shed 
vortices SAan. Hence 

7 

= a, + ^ Attn ( 12 . 16 ) 

n— 1 

where subscript v signifies station under consideration and subscript n 
signifies vortex location. 

For example, at station 1 we have 

a^i = ai + Aofi 4" A«2 Aoja + Aa^ + Aa^ 4- Aa^ 4" Aa^ (12.17) 

The direct effect of the vortex at station 1 on the downwash at sta¬ 
tion 1 is, of course, zero, but it affects itself indirectly through its effect 
on the other vortices. 

In order to get Eq. (12.16) into terms more easily handled with the 
wing geometry we note that from Eq. (12.13) 

ae _ 2X 

y(y) ~ 0,0 

or using the subscript notation, and defining a shorter form, 

ctfi = ^ 

T. " Oo 

The term is hence an angle, and we may write Eq. (12.16) as 

7 

OLe = byy^ = + y bynTYn (12.18) 


where 6„n = a Multhopp coefficient tabulated in Table 12.1 accounting 
for the increment of induced angle at station v due to vortex 
at station n, radians 

by = Si Multhopp coefficient tabulated in Table 12.1 that accounts 
for the effect of the circulation at station v on that at sta¬ 
tion n = [2\y/ao{v)] 4“ byy 

In Multhopp^s actual solution to obtain the values for the coefficients 
it develops that 


— ^ ^ 
4 sin 0y 


(12.19) 


__ _^ By 1 -- (— 1 )*^"* ^ 

(cos Bn — cos By)^ 2(m 4- 1) 


( 12 . 20 ) 


from which we see that l)oth fc,, and are always positive and byn = 0 
when 7? — V is an even number. We have at, say, station 2 
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Effective angle = geometric angle + induced angle 

7 

a.* = hiyt = 02+ ^ 6,n7n (12.21) 

1 

from which 

ao 

— ^>272 + ^ ^vn7n = — «2 

1 

or, expanding, 

— 6272 + ?>2171 + ^>2272 + ?>2373 + ^>2474 + ^2676 + ^2676 

+ ?>2777 = — 0(2 (12.22) 

Equation (12.22) may be written for all seven span stations, and if the 
stations are located as in Fig. 12.1, the distance, or ‘^influence coeffi¬ 
cients,’’ byn may be substituted from Multhopp’s solution (Table 12.1). 


Tablk 12.1. Values of h^n ^'or m = 7 



1 

2 

3 

4 

5 

6 

7 

1 

5.2262 

1.8810 

0 

0.1464 

0 

0.0332 

0 

2 

1.0180 

2.8284 

1.0972 

0 

0.0973 

0 

0.0180 

3 

0 

0.8398 

2.1648 

0.8536 

0 

0.0744 

0 

4 

0.0560 

0 

0.7887 

2.000 

0.7887 

0 

0.0560 

5 

0 

0.0744 

0 

0.8536 

2.1648 

0.8398 

0 

6 

0.0180 

0 

0.0973 

0 

1.0927 

2.8284 

1.0180 

7 

0 

0.0332 

1 

0 

0.1464 

0 

1.8810 

5.2262 


The seven equations may be reduced by noting that if the wing is 
symmetrical 


2Xi 2 X 7 

doi do7 


ai = ai 


2 x 2 

2X, 


- = 

-- 

02 = ae 

O 02 

floe 


2X, 

2 X 5 


—— s= 

— 

as = «5 

ao8 

Uo& 


so that 


71 = 77 

72 = 76 

73 = 7r, 


The solution of the equations then reduces to that of four equations in 
four unknowns, the effect of the ^^missing” side being taken into account 
by combining appropriate coefficients. That is, we now have 
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7+1 

2 

— b,n+ ^ B,nyn = — «, (12.23) 

1 

where the coefficients i?„n may be found in Table 12.2, and the complete 
set of equations is 


— feiTi + ^1272 + Bisys + .^1474 = —Oil 
^2171 “ ^272 “h ^^2373 + 1^2474 = «2 

■63171 + 63272 &373 + 63474 = —as 
64171 64272 + 64373 — 6474 == --Qf4 


(12.24) 


Table 12.2. Valttes of for m — 7 



1 

2 I 

3 

4 

p 





1 

0 

1 9142 

0 

0 1464 

2 

1 0360 

0 

1 1944 

0 

3 

0 

9142 

0 

0 8536 

4 

0 1121 

0 

1 5771 

0 


Example 12.1. Calculate the spanwise lift distribution for the following wing at 
a - 13.645°: 


Span b = 200 ft 
Area S = 4,000 sq ft 
Tip: 

Chord Ct = 10.0 ft 
Airfoil: NACA 0012 
flo. tip = 5.68 per radian 
Ijocal chord c„ == 30 — 20^„ 


No twist 

Taper ratio = 3.0 to 1.0 
Root: 

Chord Cr = 30.0 ft 
Airfoil: NACA 0018 
oo, root = 5.50 per radian 

Table 12.3 


1 

Stn 

2 

Oy 

3 

i 

Vy 

4 

20r?v 

5 

Cy 

6 

tto 

7 

2X 

8 

ao 

. . 

1 

22 50 

0 9239 

18 478 

11 522 

5 68 

34 716 

6 134 

2 1 

45 00 

0 7071 

14 142 

15 858 

5 65 

25 224 

4 486 

3 

67 50 

0 3827 

7 654 

22 346 

5 58 

17 900 

3 216 

4 

90 00 

0 0000 

0 000 

30 000 

5 50 

13 333 

2 424 


Explanation of Table 12.3 

1. Col. 1. p varies from 1 to 4 for a 7-point symmetrical wing 

2. Col. 2. ^:^r^(57.3) 

3. Col. 3. ijv = cos 
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4. Col. 6. Chord from formula for €» above 

6. Col. 6. Slope of the lift curve, interpolated between tip and root 

6. Col. 7. X =■ - 

c 

Substituting into Eq. (12.17), using Tables 12.1 and 12.2 and = 1.0 radian, 
we have 

-(5.2262 + 6.1336)71 + 1.914272 + 0.0 + 0.146474 = -1.0 
1.03671 - (2.8284 + 4.4866)72 + 1.194473 + 0.0 = -1.0 
0.00 + 0.914272 - (2.1648 + 3.2160)73 + 0.853674 = -1.0 
0.112171 + 0.00 + 1.577473 - (2.000 + 2.4242)74 = -1.0 

Solving 

71 = 0.1258 

72 = 0.1992 

73 = 0.2713 

74 - 0.32595 

Finally, assuming that the span wise lift coefficient distribution is desired for 
a = 13.645°, we have the accompanying tabulation. Col. 5 is obtained from 
Eq. (12.8) after the values of y found for 1.0 radian are multiplied by 13.645/57.3 
to get them for 13.645°. 


1 

2 

3 

4 

5 

St a. 


jp 

2X7' 

Cl 

1 

0 9239 

0 1258 

4 3G73 

1 040 

2 

0 7071 

0 1992 

5 0195 

1 195 

3 

0 3827 

0 2713 

4 8563 

1 156 

4 

0 0000 

0 32595 

4 3453 

1 0347 


Plots of 7 and Ci are shown in Figs. 12.2 and 12.3. 

The method of Multhopp is applicable to wings with twist and sweep- 
back. Twist is simply introduced by varying the a terms in Eq. (12.17). 



Span station 
Fig. 12.2. 


Sweepback is similar to twist and may be treated by a method given by 
Theilheimer (Ref. 12.6). However, it has been the experience of Flatt 
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(Ref. 12.4) and the author that the Schrenk method is so much shorter 
without any serious sacrifice of accuracy that sweepback examples or dis- 



Span station 
Fig. 12.3. 


cussion of Multhopp or Weissinger will not be presented. Twist is 
demonstrated in Ex. 12.2. 


Example 12.2. Find the span wise load distribution for the wing of Kx. 12.1 if 
there is 3® aerodynamic twist (washout). The simultaneous equations remain 


1 

2 

3 

4 

Sta. 

Vy 

Of twistr 

deg 

OftWlBt» 

radians 

1 

1 

0 9239 

2 772 

-0 04837 

2 

0 7071 

2 121 

-0 0370 

3 

0 3827 

1 148 

-0 0200 

4 

0 0000 

0 000 

0 000 


the same as before on the left-hand side since the wing geometry is unaltered, but 
the twist is put into the geometric angle term on the right-hand side. 

~ (5.2262 + 6.1336)71 + 1.94272 + O.OO 73 + 0.146474 = +0.04837 
1.03671 - (2.8284 + 4 . 4866)72 + 1.194473 + O.O 74 = +0.037 
O.O 71 + 0.91472 - (2.1648 + 3.2160)73 + 0.853674 = +0.020 
O.II 2 I 71 + O.O 72 + 1.577473 + ( 2.000 - 2.4242)74 = +0.0 

Solving 

71 == —0.00544 

72 = -0.00664 

73 = -0.00516 

74 = -0.00198 
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If we now call the section lift coeflBicient for the untwisted case cint and that for 
the twisted case Cuj the total will be 


Cl = + Cit 


since the twist is referenced from the root-chord zero-lift line. 
We have finally the accompanying tabulation. 


1 

2 

3 

4 

5 

Sta. 

Vw 

cit = 2 X 7 

ClfU 

Cl 

1 

0 9239 

-0 189 

1 040 

0 851 

2 

0.7071 

-0 1675 

1 195 

1 028 

3 

0.3827 

-0 0924 

1 156 

1 064 

4 

0 00 

-0.0264 

1 0347 

1 008 


12.2. Schrenk’s Method. Another approach to the problem of span- 
wise load distribution having much less theoretical foundation is pre¬ 
sented by Flatt in Ref. 12.4. It follows a method first presented by 
Schrcnk. 

Schrenk^s method makes allowance for the effect of the varying down- 
wash along the span of a nonelliptic wing by assuming that the final 
span load distribution for an untwisted wing is halfway between the 
actual plaiiform shape and a semi-ellipse of the same area. As it turns 
out, the assumption is most reasonable. This section presents a method 
suitable for determining spanwse loading for simple arbitrary planforms 
and twists, but actually does not follow directly from theory. 

Following the procedure used for examining chordwise pressures for 
thin airfoils, the spanwise lift distribution may be handled in two parts: 
the additional lift distribution ccia and the basic lift distribution cc*. 
These distributions are considered separately and may be added to yield 
the net distribution. The additional part ccia is that part of the lift due 
to angle of attack referenced from the wng zero lift angle. It is pro¬ 
portional to the average lift coefficient of the wing. When once determined 
for a wing lift coefficient (7 l(i), it may be found for Cl( 2 ) by 

(cc,a)t = ^ (cc,„), (12.25) 

The basic lift distribution is always constant for a given wung shape. 
It is the lift distribution \vhen the wing Cl — 0 and exists only when the 
wing is twisted aerodynamically. The total lift 


CCi = CClo + CCu, 


( 12 . 26 ) 
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The theory assumes that the additional lift distribution ccia for Cl = 1.0 
is a mean between the actual distribution of wing chord and a semi¬ 
ellipse having the same area as the wing. 

A second assumption is that the basic lift distribution is a mean between 
the wing zero lift line and the geometric-lift coefficient distribution due to 
twist. 

Flaps and ailerons are treated as special cases of abrupt twist. 

A third assumption (not covered in Ref. 12.4) is that the nondimen- 
sional spanwise lift distribution coefficient is decreased by a function of 
the sweepback angle so that the center of lift is moved outboard. This is 
demonstrated in Ex. 12.3. 

The ideal distribution would be elliptic for the additional and zero for 
the basic. 

It might be mentioned that the above assumptions fit in well with 
simple reasoning. First the flow is always apt to tend toward the path 
of least resistance (in this case elliptic loading), and second the sustenta- 
tion of abrupt pressure variations in free air is quite foreign to practical 
experience. 

The additional lift may be found as follows: 8et the wing area S ecjiial 
to one-half the area of an ellipse whose semi-minor axis is A and semi¬ 
major axis is 6/2. Then 

2S = ^ ^ (12.27) 


The equation of the ellipse is then 


+ = 10 


Letting y be out along the span and x = c, (the 
vertical, we have 


(cc)^ , y'^ 

(is/irby^ ^ ( 6 / 2 )* 


1.0 


from which 


“elliptic” chord) he 


Cc 



(12.28) 


From the assumption that cciai is the mean between wing chord and 
the semi-ellipse having the same area as the wing, we have 


CCial 


C + Ce 
2 



where ccjoi is the additional lift distribution when Cl = l.O (see Fig. 12.4). 
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For a variable thickness ratio use an effective chord ci defined by 


tZo 

Cl = Ctt- 
ao 


(12.29) 


where Oo = local slope of the lift curve per degree 
do = average slope of the lift curve from 

do = c / coo dy 
o Jo 

For .straight taper wing.s both c and caa vary linearly and 

c,flo« + Cidai 


(12.30) 


fl-o — 


Ca + Ct 


where the subscripts s and / r('f(‘r to tlie plane of symmetry and tips, 
respectively. 



(Correcting ccia\ for thickness, we have 

2S 


For C] = X instead of Cl = 1.0, we have 


I 


(12.31) 


('('lax ^('('la\ 




The value of ccia will be zero at the wing tip. 

The basic lift distribution is found as follo'ws: 

Let €o be the section twist angle referred to the zero lift line of the 
airfoil section at the plane of symmetry. The angle of zero lift for the 
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wing IS 


CXZL 


rb/2 rh/2 2 

= / €oC ^ S Jo (12.32) 


The geometric twist angle €i referred to the zero lift line of the wing is 

ei = €o — azL (12.33) 


Now then, the twist is not w holly effective. For instance, consider an 
untwisted wing and one twisted, say, 3^ washout at the tip. The two 
distributions of circulation are showm in Fig. 12.3. Note that for equal 
total lifts the twisted wing must have higher circulation at the center- 
line, and hence the vortices shed before the tip region is reached have a 
greater total. Further, each of these shed vortices tends to increase the 
angle of attack at the wing tip. The amount by which they diminish 
the twist that made them is, of course, the question before us; and, it so 
happens, a value of 50 per cent is a very satisfactory approximation. 
Thus we could say that twist is half effective owing to the induced effect it 
creates. 

Hence we may say 

€lOo €0 — OlzL 
Ctt, = -y- =-2- ^0 


The net lift distribution for Cl = a" is therefore 


CCi 




+ Ooc (12.34) 


Two types of wing twist are considered: 

1. Linear twist—eo varies linearly along the semi-span 

2. Uniform twist—€oC varies linearly along the semi-span 

An aerodynamic twist obtained by a change in airfoil section is usually 
assumed to be a linear twist. Uniform twist occurs whenever the tip 
chord is twisted relative to the root chord w^hile retaining straight leading 
and trailing edges. 


€0 


€oC 



(12.35) 

(12.30) 


If the basic lift distribution is a function of more than one type of 
twdst distribution, the net result can be obtained by the algebraic sum 
of the individual twist distributions for each joint. 

For uniform twist along the entire span, the ccih and cw distributions 
are directly proportional to the twist angle. Thus if cm is the dis- 
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tribution for * 0 , 

c«,n = ncu, for mt , (12.37) 

I 

We may either plot values of Ct vs. span for the span wise lift coefficient 
distribution; cci vs. span for the spanwise lift distribution; or cci/cCl vs. 
span for the nondimensional spanwise lift distribution, where c is the 
mean geometric chord. 

The effect of sweepback is simply found (see Ref. 12.7) from 

teX - feX-. - - t) 

where A = angle of sweepback. 

Additional items may be followed in Ex. 12.3, adapted from Ref. 12.4. 

Example 12.3. Plot the spanwise distribution of lift coefficient and lift for the 
wing of Ex. 12.1 by the Schrenk method. 

Span = 200 ft Aspect ratio = 10 ao (root) = 0.096 

Area = 4000 sq ft Taper ratio = 3.0 ao (tip) = 0.099 
Root airfoil: NACA 0018 Tip airfoil: NACA 0012 



Aerodynamic twist: 3° washout from root to tip (straight leading and trailing 
edges, or uniform twist) 

Consider (a) straight wing, flaps zero and (b) 35® sweepback, flaps zero. 

From the airfoil dimensions an equation for the chord is set up, and then a 
table such as Table 12.4 may be filled in. For this particular type of problem 
careful slide-rule accuracy is probably sufficient. 

From a plot of cao vs. y, and Eq. (12.30), do = 0.09675. 

The information from Table 12.4 is shown in Figs. 12.7 and 12.8. Possibly the 
most striking conclusions are: 

1. The degree of dissimilarity between the Ci and cct distributions, caused, of 
course, by the distribution of chord. The load distribution is probably of more 
interest to the structural engineer, while the o distribution appeals largely to the 
aerodynamicist. 
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2. The effect of sweepback is to move the centroid of lift and the location of the 
start of the stall farther out. 

12.3. Determination of the Stall Pattern. 'J'he information containc'd 
in Fig. 12.8 may be used to determine the approximate stall pattern by 



lit. 12 0. 



Semi-span 

Fig. 12.7. The effect of sweepbat k on the spanwise load distribution. 

comparing the span wise distribution of o with the span wise distribution 
of Ci, max. The cz, max distHbution wdll not be constant owing to the 
changing Reynolds number, and hence the stall may not start at the 
point where ci is greatest. 

The procedure embraces plotting the ci and ci, niax distribution on one 
sheet and increasing wing Cl progressively until the ci curve touches 
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that of Cl, max. The span wise location of the tangency is then the span- 
wise location of the start of the stall. 

In general it is desirable to have the stall start somewhat out from the 
root but inboard of the innermost part of the aileron so that lateral con- 



Fi(* 12.8 The effect of sweepback on the spanwiHe distribution of lift (oofficient. 



Semi-span, per cent 

Fia. 12.9. Determination of the spanAMse location of the stall. 

trol remains good. A stall that is too strong at the root may cause 
undesirable tail buffeting. 

The above method has not been very successful when applied to swept- 
back wings since it makes no provision for the three-dimensional effect 





Table 12.4. Span wise Lift Distribution 
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of the boundary-layer flow. Currently no solution to this problem has 
been advanced, other than general experience to the effect that the stall 
usually appears early. 

Example 12.4. Find the location of the start of the stall of a i scale model of 
the wing used in Ex. 12.3. A stalling speed of 100 mph, standard air, is assumed. 

1. The calculation of requires an additional reference, as the curves for 
variation of c^.^ax with Reynolds number are not included in this book. If 
Ref. 12.5 is not immediately available, one may consult nearly any of the 1946- 
1947 basic aerodynamic textbooks. 

2. Table 12.2 and its column explanations are probably sufficient to explain the 
mechanism of working a simple stall problem. It should be noted, however, that 
Cl is not directly increased by increasing Cl but must be handled by Eqs. (12.2) 
and (12.10) since Cu, does not change with Cl. 


Table 12.5 


1 

?/ 

2 

c 

3 

RN 

4 

Cl, max 

5 

Clb 

6 

Cl - 


Cl = 

1 ^ 

1.45 


10‘ 

Cla 

Cl 

Cla 

Cl 

0 

10 

9.35 

1.66 

0.036 

0.921 

0.957 

1.335 

1.371 

10 

9.34 

8 73 

1.635 ! 

0.031 

0.950 

0.981 

1.376 

1.407 

20 

8.66 

8 10 

1.616 

0.025 

0.978 

1.003 1 

1.416 

1.441 

30 

8.00 

7.48 

1.600 

0.018 

1.005 

1.023 

1.456 

1.474 

40 

7.34 

6.86 

1.585 

0.010 

1.030 

1.040 

1.483 

1.493 

50 

6.66 

6.22 

1.565 

0 

1.051 

1.051 

1.524 

1.524 

60 

6.00 

5 61 

1.546 

-0.012 

1.067 

1.055 

1.547 

1.535 

70 

5.34 

4.99 

1.520 

-0.027 

1.071 

1.044 

1.553 

1.526 

80 

4.67 

4.37 

1.490 

-0.046 

1.050 

1.004 

1.522 

1.476 

90 

4.00 

3.74 

1.454 

-0.073 

0.969 

0.897 

1.405 

1.322 

95 

3.67 

3.43 

1.435 

-0.089 

0.870 

0.781 

1.262 

1.173 

97 

100 

53.50 

3.33 

3.27 

3.12 

1.425 

-0.099 

0.778 

0.680 

1.127 

1.028 


Explanation of Table 12.5 


1. From Table 12.4, Col. 1 

2. From Table 12.4, Col. 2 

3. Reynolds number * 6,380 X 100 X 1.467 X c 

4. Cl, m*x from a cross plot of Fig. 28 of Ref. 12.5 

5. From Table 12.4, Col. 13 

6. From Table 12.4, Col. 7 

7. Col. 5 + Col. 6 

8. 1.45 X Col, 6 

9. Col 5 + Col. 8 
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CHAPTER 13 


MISCELLANEOUS APPLICATIONS OF PERFECT-FLUID THEORY 

13.1. Types of Applications. The theory discussed previously has a 
multitude of other useful, practical applications. Among these we find 
biplane theory, effect of end-plate boundaries, ground effect, helicopter 
theory, and the corrections to indicated wind-tunnel data for span wise 
loading effects, flow curvature, downwash, tail setting, hinge moments, 
rolling and yawing moments, and rotor and propeller data. It is beyond 



the scope of this chapter to cover all these phenomena, but the basic 
princuples of several will be discussed. 

13.2. Single Boundaries. The case of a single boundary (the y axes, 
say) close to a source or a vortex is a simple starting place. For this 
instance we may emplace a mirror image of the source or vortex and, 
since it is below the y axis, assign its streamlines a negative value. Add¬ 
ing the two flows in a manner similar to that of Chap. 3 then yields a 
^ = 0 boundary halfway between the real and image source. This is 
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demonstrated for a source in Fig. 13.1. A similar procedure using vor¬ 
tices is followed for analyzing ground efiFect. 

13.3. Solid Round Boundaries (Circular Wind-tunnel Jet). The case 
of a small wing in a closed circular jet offers an easy starting point for 
the study of wind-tunnel downwash corrections. Let us first consider 
the flow field produced in free air by the trailing vortices, as shown in 
Fig. 13.2. This flow, as indicated by the streamlines, cannot exist if we 
surround the wing by a solid tunnel boundary, and hence the normal 



Fig. 13.2. Streamlines for a vortex pair in free air. {Reproduced hy permission from “ Wind 
Tunnel Testing*' hy Alan Pope, published by John Wiley & Sons, Inc., New York, 1947.) 


downward flow field must be altered by the tunnel walls. The problem 
is to find a series of sources, sinks, vortices, or doublets which, when 
combined with the free-air flow of Fig. 13.2, produce a ^ = 0 line which 
coincides with the actual tunnel wall. When this has been accomplished, 
it is a relatively simple matter to calculate the effect of the added items, 
which will be the same as the actual wall. 

In the case of the small wing in the closed round jet a very simple 
solution arises, requiring only the addition of two vortices at a distance 

/g2 

from the tunnel center, where R is the tunnel radius and 6/2 


X = 
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the wing semi-span. The strength of these added vortices is the same as 
the original or bound vortices, but their directibn is opposite (see Fig. 
13.3). 



Fig. 13.3. The location for added vortices needed to simulate a round closed boundary 
about a wing. {Reproduced by permiaaton from '*Wind Tunnel Testing"' by Alan Pope, 
published by John Wiley & Sons, Inc,, New York, 1947.) 


The addition of the two flows (Fig. 13.4) yields ^ = 0, exactly match¬ 
ing the tunnel wall. 

Now consider the effect of the added vortices. Since they start at the 
lifting line of the wing, they are singly infinite and the velocity they 


induce (positive downward) at the 
wing centerline is [Eq. (9.28)] 



where r = distance from the vortex 
to the tunnel centerline. 
Substituting r = R-/{b/2) 

2icW‘2 47r7?* 

The strength of the added vortices 
equals that of the bound (wing) vor¬ 
tex and is 

2b 

rience Eq. (13.2) becomes 


^A*B+C'¥D^0 



Fig. 13.4. {Reproduced by permission 
from '"Wind Tunnel Testing" by Alan 
Pope, published by John Wiley dk Sons, 
Inc., New York, 1947.) 


SVC,. ^ _ I ^ 
4ir/f - ■ 2b 8 rW* 


w — 


(13.3) 
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X. 

For small angles the down wash c = w/V, and writing the tunnel test 
section area = C we have 


A _ ^ 


(13.4) 


Since Aa is negative, the effect of the rigid boundaries is to decrease 
the free-air induced angle, making the tunnel angle of attack for a given 
Cl too small or making the wing appear to have a larger aspect ratio 
than it actually has. The corrections to the observed data will have the 
opposite sign from the above. 

The actual coefficients become 

a = + S ^ Ti (57.3) (13.5) 


and since 


Cm = f Cl 

Cd C i ), tunnel + 5 ^ C 


(13.()) 

(13.7) 


where d = 0.125 for a small wing in a closed round jet. Other values of 
d must be determined for other configurations. 5 varies with model 
span, span load distribution, test section shape, and whether or not the 
wing is on the test section centerline. 

It is a characteristic that closed test sections make the data appear 
optimistic, drag and angle for a given lift being smaller than in free air. 

13,4. Open Round Boundaries. The basic closed-jet parameter of no 
lateral velocity through the tunnel wall (although lateral pressures may 
be sustained) is reversed for the case of the open jet: lateral velocities 
may then occur, but no lateral pressures can exist. This condition is 
met by the boundary being <t> = 0, 

Again the small wing in the round test section proves a simple case, 
and again the condition <^) = 0 is met by the simple addition of two 
vortices at x = R^/(b/2). This time, however, the direction of rotation 
of the added vortices is identical with that of the nearest bound vortex. 
The mathematics are the same as before with the exception that the 
added velocity w is down, making the results appear pessimistic—too 
much drag at a given Cx, and too large an angle of attack appearing 
necessary. 

The actual coefficients become 

S 

Oi = O^tunuel “1“ ^ ^ Cl (57.3) (13.8) 

Ci. = + 8~C,r- (13.9) 

but in this case d is negative. 
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13.6. Flat Boundaries. The problem of the tunnel with flat boundaries 
is more difficult than that of the small wing in-a circular tunnel and 
requires an infinite series of vortex pairs. To demonstrate the prin¬ 
ciple, boundaries for a source between two vertical walls are shown in 
Figs. 13.5 and 13.6. It is seen that the walls are straightened up by 
the addition of each added image, and in a similar but more complicated 
manner this same process takes place for the wing vortex pair and its 
images. 



Fig. 13.5. The streamlines for three equally spaced sources. 


Using the same nomenclature as before, y along the span, but letting 
the tunnel breadth = 5i, we put an infinite series of vortex pairs along 
the y axis, spaced at y = ± mh\. Designate one of them by the letter A 
(Fig. 13.7). Owing to vortex pair which represents a ving at distance 
mbi from the tunnel centerline, the induced velocity at the tunnel center- 
line will be, according to Eq. (11.30), 


= — 


SVCl 

87r(m&,)2 


(13.10) 


which will be upward. The induced angle, positive up, will be* 


A(Aq:i) 


Aw ^ SCl 
V Swimbiy 


(13.11) 


This amount is due to one vortex only. 


* A positive w means that the induced angle is increased. The additive correction 
Aa must then carry a negative sign. 



2 
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Now while we must consider all the vortex pairs from — oo to + oo 
the one at 0, 0 is real, and its effect on itself is not part of the desirable 




.— t, —► 

(A) 


+ 

1 ! 

G-€) 

G-^ 

•4“ 

+ 1 

G-G) 


Fig. 13.7. Vortex system to duplicate solid infinite vertical boundaries. 


data. 

write 


Now 


Hence, neglecting the case oi m = 0 as far as images go, we may 


^ ^ (V ^ V i- 

' \Z/ Z/ my Z/ m^ 

—« 1 1 


(13.13) 


And hence 



1 


Aoei 


tS 

2461 =“ 


Cl 


(13.14) 


(13.15) 


The case of the boundary above and below the wing follows from 
Eq. (11.31) and considerations of the flow along the z axis at large dis¬ 
tances from the added ‘‘wings.’’ This time the spacing is ±nh, but the 
image wings have alternately plus and minus signs being plus (like the 
bound wing) when n is even and minus when n is odd. For the nearest 
image (n = 1) we have from Fig. 13.8 


_ SVCl _ SVCl(-I)^ 

8tz^ Sir(nh)^ 


(13.16) 


where ( — 1)" is inserted to satisfy the above sign requirements. 
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The total induced flow due to the images is 


The series 


and hence 


. _ w_ SC\X 

V 4irh^Zl 


(-!)« 


(- 1 )" 




(13.17) 


(13.18) 


(13.19) 


From Eqs. (13.15) and (13.19) we see that the lateral vertical bound- 

_ aries exert twice the influence of the 

horizontal boundaries. 

^ ^ 13.6. Rectangular Boundaries. 

^ (+) ^ The problem of the effect of the walls 

- of a rectangular wind tunnel on a 

^ . small airfoil has been discussed by 

C Glauert (Ref. 13.1), who found that 

a doubly infinite series of vortices is 


3 -€ 


G-0 

(+) 




rt _>> '!—I—T—r—I-[- 

^ I + I + I + i + I + 

_ I I I I I I 

Fiq, 13.8. Vortex system to duplicate Fig. 13.9. Vortex field for simulating solid 


_I_ 








solid infinite horizontal boundaries. 


vertical and horizontal boundaries. 


required and that they must be emplaced at the points y = mhi and 
z = nh, where m and n include all positive and negative integers. Con¬ 
sidering only one image wing (at y, z) we find its effect on the bound 
wing to be [Eq. (11.31) and Fig. 13.9] 




(13.20) 


An image at (m6i, nh) would yield the induced flow 
^ Sir (mW + n^hy 


( 13.211 
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and for the entire field (m and n = 0 are considered later) 


* w SCl 


^ 


Li Li ^ ’ (m*6i* + nW)* 

m»> — ao 

Letting X = h/bi, we then have 

. SCl X f 1^- "i*-X*«* 

^ = w 4 4 


(13.22) 


(m* + X*n*)* 


(13.23) 




Unfortunately no simple value exists for the above expansion, and we 
must rearrange the summation as follows: 

From trigonometry we may write 


ee 

cot 2 = i + 2z ^ "ni" 


mV* 


Letting z = iXtx and recalling cot z = +i coth iz, 


(13.24) 


— i coth Xttx = - 2i\Trx 

i\tcx 


OD 

y_1 

mV — 


(iXirx)* 


which clears to 

00 

X "" “ 2)^ ^ 

Differentiating with respect to x, 

oo 

y -2 x-£ 

Li (w* + x-x^)^ 


(13.25) 


(13.26) 


^ (— csch* XTx)X7r + coth Xtx 


X^x-* ' 2Xx 


Now multiplying both sides by x, 


X (w" 


-2X2x=> 


1 


+ W)'‘ W 


^ csch* Xttx — 7^, coth \tx (13.27) 


2Xx 


Adding Eqs. (13.20) and (13.27), we get 


00 

X 


= + _L _ csch* X.x 
(w* + X»x*)^ ^ 2X*x2 2 
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Replacing a: by w and multiplying both sides by ^ — 1)", we have for 


Eq. (13.23) 


•e ee 

2.x. 


(- 1 )“ 


TO* -XV _ 1 V (-i)” »■* 

(to* + X*n*)* 2X* Z/ n* 2 

n — 1 

00 

[X (13.28) 


Now we may write 


csc^ X = 


- 2 + e-2 


(13.29) 


which after performing the indicated division becomes 


= + ^ + • • •) = ^4pe-*- 


where p is any integer from 1 to <». Hence 


csc^ \Trx “ ^ ^ 


(13.30) 


n*1p*l 


Substituting Eq. (13.30) into Eq. (13.28) and replacing the first term 
through the use of Eq. (13.18), we have 


so 00 

i X 


TO* — X*n* 
(to* + X*n*)* 




n * 1 p=1 


(13.31) 


Equation (13.31) is summed for the range 1 to instead of ~ oo to <» 
as required by Eq. (13.23), and further manipulation is required. For a 
symmetric series we may write 


00 00 
X ^« = 2 2 


(13.32) 


^ Jim “ 2 ^ Bm + Bm-0 


( 13 . 33 ) 
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The product of these two equalities jdelds 

ae OD to to «o 

2 2 ^ I I • 2 '2 

tn« —cen*-->w m*ln — l w—l 

•0 

+ J5m-0 * 2 ^ + i4n>»0 ' BfnmmO (13.34) 


00 oe ao oo 

2 2 


(-1)- 


m ■“ — « n “ — • 


00 00 

— to n a — 00 


— X*n* 
(m* + 

-X*n* , 




(- 1 )" 


m* — X*n* 

(w« + \hiy- 


= ^ + 8x^ 


00 oo 

XX 

n *1 p—1 


(13.36) 


Expanding the n series of the term on the right-hand side, we have 


( —1)( —l)"pp-^^'"'’ 


00 00 

X X - jirp ■ 

n»1p—1 

_ (c^^’’" — 1) 

P ^4Xrp 
= P 

gSXrp _j_ J 

Substituting back into Eq. (13.36), we have, finally. 


oo 00 

X X 


— X’n* 

(w* -I- “ 3 


Wl* — « 71 -s — ao 


V — p- 

Z/ 1 + e» 


(13.37) 


liewriting Kq. (13.23) in the form 


- s s (t + »'■ 21 ik 

1 


(13.38) 
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Fortunately the above series converges so rapidly for ordinary wind- 
tunnel dimensions that sufficient accuracy is obtained by solving for the 
first term only. Thus for a height-width ratio of 1.0 (square test section) 

* ^ si (l + 

= 0.131 +0.006 = 0.137 


0.4 


0.2 




0.4 0.8 


1.2 1.6 


2.0 


Height-width ratio y 


Fio. 13.10. Values for 5 for small wings in 
closed rectangular wind tunnels. 


Additional values are shown in Fig. 13.10. Other tunnel configurations 
and larger models utilize the same principles as the above. 

13.7. Apparent Additional Mass. Another application of the funda¬ 
mentals outlined previously develops when the acceleration of a body in 
a fluid is considered. For instance, compare the state of a fluid in which 
a body at rest is immersed and one that has a body moving. The moving 

body must push aside the fluid as 
it moves, and hence some of the 
fluid has motion and kinetic energy. 
Comparison between the state with 
the body at rest and in motion dis¬ 
closes that a difference of total 
energy exists. If this fluid kinetic 
energy is divided by where V is 
the velocity of the body in the direc¬ 
tion of its motion, the dividend will 
have the units of mass. This ^^mass’^ is the apparent additional mass of the 
body in the direction of motion. For the calculation of the force required 
to produce an acceleration of a body immersed in fluid the proper mass 
to use is that of the body plus its apparent mass or, as the sum of the 
two is defined, the virtual mass. It now remains to consider the methods 
used to calculate the apparent additional mass. 

The kinetic energy being stored in the fluid is a function of the velocity 
normal to the surface of the body, which by definition of <l> may be written 

—* Further, any irrotational motion has a function which may repre¬ 
sent it, and in turn 4> represents the impulse needed to create the flow. 
To understand this, recall that p<i> has the units of impulsive pressure. 
The impulse may be found by multiplying by the area of the body in 
question, S. 

Now it is a proposition in dynamics that the work done by an impulse 
is equal to the product of the impulse and one-half the sum of the initial 
and final velocities. If we let the initial velocity be zero, then the average 

velocity is ^ and the kinetic energy of the fluid due to a surface incre- 
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ment is 




Then the total kinetic energy is 

The minus sign satisfies mathematical convention. 
The apparent additional mass is then 


rriA = 


^2 


And the apparent additional volume is 


P 

Frequently the apparent additional volume is divided by the volume 
of the body to form a nondimensional coefficient sometimes called the 
inertia factor or the coefficient of apparent additional volume: 


body volume 


PROBLEMS 

13.1. Plot the streamlines for a source (Q = 200) 10 ft from a wall. 

13.2. Plot the streamlines for a vortex P = 27r sq ft per sec 10 ft from a wall. 

13.3. Plot the streamlines for a circular boundary, following the method of 
Sect. 13.3. 

13.4. Using the Biot-Savart law (Chap. 9) and the work of Prandtl on pages 27 
and 28 of TR 116, demonstrate that the weight of an airplane is represented by an 
increase of pressure on the ground. 

REFERENCES 

13.1. H. Glauert, The Interference of the Characteristics of an Airfoil in a Wind 
Tunnel of Rectangular Section, R & M 1459, 1932. 

13.2. H. Glauert, Wind Tunnel Interference on Wings, Bodies and Airscrews, 
R & M 1566, 1933. 

13.3. H. Glauert, ‘‘Aerofoil and Airscrew Theory,^' pp. 188-198, Cambridge 
University Press, London, 1926. 




APPENDIX 1 


The reason for selecting the transformation 


z' 





is not at all apparent, and in order to understand the thin-airfoil theory we shall 
have to consider Eq. (7.5) in detail. 

In the first place the flow pattern due to two bodies having the same lift will be 
essentially the same at great distances from the bodies. Any transformation 
that relates the two should reduce to an equality when z is large. [Examine 
Eq. (5.3) for this property.] Thus the first thought for the 2 ' transformation is a 
series of the form 


2' = 2 + 




but following through with this arrangement it is found that the proper end con¬ 
ditions are not simulated. We must, it develops, multiply the constants by i. 
In addition, since there is little difference between the circle and the near circle, 
the transformation will be close to 1.0. Hence we write 



The constants may be simplified and made smaller by writing them in terms of 
the radius of the circle as 

+ .) (,) 

because upon substitution of 2 = the a’s cancel out and we get 

2 ' = 2(1 + -f + • • •) 

Now € is small so that cose = 1, and the product of sine and small numbers 
may be neglected. Substituting <^ = ^ + c and expanding, we get 


2' 



An sin vd 



An COS nd] 


( 2 ) 


2' = a(l + r)e*® 

= ae^(l + r)e^** 
= 2(1 + r)e"** 
279 


Since 
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we get, by expansion and remembering that r and c are small, 

0' = 2(1 + r — i€) 

and from Eq. (2) 


= ^ An sin nB 
1 

ee 

~ An COS nd 



APPENDIX 2 


Evaluation of the Integral of Eq. (8.28) 

(9). = - ^ (1) 

The integral of Eq. (8.28) may not be evaluated directly because, while 
^ = /(^), no regularity exists that might make possible a mathematical sub¬ 
stitution and hence a direct integration. We may not even plot the curve and 
measure the area beneath it with a planimeter since at ^ the curve becomes 
discontinuous. However, that point is the only discontinuity, and if we set 
aside a region of width s on each side of <pcf we may divide the remaining 350° 
(say) into strips and integrate each. The value of yp for these strips may be 
taken as the arithmetic mean of the value at each strip edge. This mean, which 
we shall call xpAi is very nearly the average for the strip. Hence, for any strip 
from (pi to (p 2 not including (p^ we have 

( 2 ) 


When (pc > ^, (^ — <pc) and its sine are negative and the meaning of the 
logarithm becomes obscure. However, this negative sign actually indicates 
only the relative position of (p as regards and the proper relations are main¬ 
tained if only the absolute value of the log term is retained. Thus, 


Acc 


. (P2 — (pc 

sin-s— 


— - In 


. (Pi — fPt 
sin-^ 


(3) 


The summation of all the Acc terms will solve Eq. (1) for all but the narrow 
strip at (pr which is considered now. 

If the value of a function y = /(x) is known at x = a, then the value of i/ at a 
point near a may be found from Taylor^s theorem: 

fix) = f(a) +f'ia) +/"(a) • • • /*(«) 


For our case we have to expand an f(<p) in the region of v>r. Hence, since 
fiv) = f /(»»<■) = 
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so that 

^ + (v? — <Pc)yl/i! + 2^ ' ‘ + • • • (4) 


Now pjq. (4) is valid only for a narrow strij) (of width 2$) near <pe, and under 
these conditions the integral of Eq. (3) becomes (omitting writing the — l/27r 
term for a moment) 



The advantage of Eq. (5) is that the 
values marked c are constants, and the 
integral is now in terms of one variable <p. 
It will develop that the second term is 
the only one that has any real value. 
Consider the first term 

Cstripd) = cot ^ (Iap (6) 

It represents (see Fig. 1) a very small 
strip going to infinity along the positive 
axis when s is plus and oppositely when 
approached from the negative side. 
These opposite strips will therefore can¬ 
cel out, and we see that the value of Eq. 
(6) for a small strip is zero. 

The third term of Eq. (5) 

n “■ , 

68trip(3) — J Ye 2 2 

is in a way similar to Eq. (6), being plus when <p is slightly greater than tpr 
and minus when <p is slightly less than <pc. This integral does not go to infinity 
when <p = <pct however, but rather to the indeterminate 0 • oo. However, the 
fact that the strips on each side of tpc have opposite signs is all we need to con¬ 
clude that the integral of Eq. (6) is also zero. 

The second term 

C8tnp(2) = COt^—iy~ (<p — <p,) dtp 



Fig. 1. 


(8) 
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does not have the same plus and minus strips shown by the others. When 
> <pc, we have a plus strip, but when <p < ^e, both the cotangent and <p — <Pc 
are negative, making the term positive. To simplify the integral, let 

(<p — fpc)/2 = u 

Then (Up = 2dw, and the limits of integration become +8/2 and — «/2. Our 
second term 

/•+«/2 

€stnpC2) = 4^ e 


u cot u du 


(9) 


While Eq. (9) appears soluble by integration by parts, Ju cot udu is the 
“exception that proves the rule’^ and requires special treatment. In our case, 
however, an advantage accrues from having the integral strips very narrow, and 
so we may treat the area as a rectangle. First we must find the value of u cot u 
as w —► 0. 

The rule requires that we rearrange the function 
until installation of the limit yields Hence 

0 
0 


lim 

u—tan u 


and replacing numerator and denominator by 
their derivatives and inserting the limit yields 


1 


sec* u 


1.0 



The shaded area in Fig. 2 becomes 1[(.V2) — (—5/2)] = s, and the integral 
becomes 

^Btrip Aij/ rS 

And if our strip width be arbitrarily set at —tt/IO to +ir/10 (« = w/10), 

TT 2t 
Cstnp - 4^r 2 Q “ ^ 

Referring back to Kq. (S.2S), the value of a strip is 
e..np = - 2 ^ cot 

And this becomes (for the strip near <pr) 


fp — <Pc 
2 


- i ^ 

“ 2t 5 ~ 5 


( 10 ) 


We are now in shape to integrate Eq. (8.28) for the complete range. We 
shall do this in strips of width tt/S, using the average value of for a given 
strip width, and for that strip near tp, we shall use the value from Eq. (10). 
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Now, from Eq. (3), the value of a strip (other than the one near (pc) is 


At. = 


>xln 


. Ip 2 — <Pt 

Ism - ^ 

. <Pi — <pi 
sin —2 — 


For the interval of 4'a we select x/5, letting <pc fall at the mid-point of one 
strip. We then have from Fig, 3 strips remaining as follows: <pc -h (x/10) to 
<Pc "t" (Stt/IO); <Pc 4- (3x/10) to <pc -h (5ir/10); tp, -h (5ir/10) to <pc -h (7x/10); 
Vc + (7x/10) to <pc + (97r/10); <pc -h (9ir/10) to <p. - (Ox/lO); <p. - (9x/10) to 
<Pc - (7x/10); <pc - (7t/ 10) to - (Sx/lO); - (5x/10) to - {3x/10); 
<Pc — (3x/10) to <pc — (x/10). 

The small strip for which the value of t. is —^//Sis^J. — (x/10) to^. -f (x/lO). 


fe |2 fe |2 fe |2 ^|2 H 2 H 2 fe |2 fe |2 fe |2 fel 2 fe |2 

1 I I I I + + + + + I 

y S? 5.“ Si? Si? Si* 



Fig. 3. 


Let the value of ^ at ^ + (tt/IO) = Then, writing out the 

summation series, we have from F]q. (3) 




^ _ 1 


€c + 


^V> M(3ir/10) + ^»a4-(5ir/10) 
2 

+ —2 - 


>/io) + ^y, 4 -( 3 ir/io) | sin (37 r/20) 


In 


|sin (57r/20) 


Isin (37r/20) 
sin (97r/20) 
sin (77r/20). 
+^».-( 7 t/io) , I sin (-7x/20 ) 
2 jsin (—9ir/20) 

, ^<pe-(hir/\0) -|-V'*>.-<3»/io), Isin (-3x/20) 
*" sin (-5ir/20)! 


. sin (7r/20) , 

, ^»cf(5T r/10) + ^ yc Ff7ir/10) , sIh (7 7r /20 ) 

2 ^ sin (^/26) 

_j_ ^^o -K9ir/u }) + ^<pc-(9 ir/io) |sin (— 97r/20) 
2 


+ 


/^e-{77r/10) 




-(5r/10) 


In 


+ 


4'ipc-iii r/lO)+ 4^ 


Ve-(ir/10) 


In 


sin (97r/20) 
sin ( —57r/2()) 
mr{~-7T/20) 
si n (—7r/20) 11 
Isin (~3ir/20)l 1 
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Now the first and ninth terms above may be collected as 


^yB+(8ir/10) + ypipe+iir/10) 
2 


In 


sin (37r/20) 
sin It/20) 


-(3ir/10) , 

+- ^ -In 


sin (—7r/20) 
sin (-'3x/20) 


and since the sine of a minus angle may be written as minus the sine of the angle, 
the log terms above become identical, and we have as the average of the two 
coefficients 


^tpt—ir/b)) In 


sin (37r/20) 
sin (7r/20) 


( 11 ) 


In a similar manner the second and eighth, the third and seventh, the fourth 
and sixth may be combined. Writing 

= value of ^ at ^ g 

TT 

^-1 = value of ^ at ^ = (pr — g 

27r 

^2 = value of ^ at ^ etc. 


and completing the collections, we have 

^ [I rPc' + In 

+ (^3 - 

The interval — 97r/20 to +97r/20 disappears as In | —1| = 0. Substituting 
values for the angles we have 

(c = - - [0.028^/ + 1.0647(1^1 - + 0.4431(^2 - iA-=) + 0.2311 (i^a - lA-») 

TT 

+ 0.1030 (1^4 - 

In a similar manner, a 20-point solution (Ref. 8.2) yields 

- [0.3142,^/ + l.OOKif-i - -f 0.494(1^2 - 1 A- 2 ) + 0.313(,^, - 

T 

■f 0.217 (i/' 4 - + 0.158(1^-2 - i^_6) + 0.115(1^-6 - f-e) + 0.0884(1^7 - ^- 7 ) 

-t- 0.0511(^8 - ^-g) + 0.0251(1^8 - 

but in this case 

TT 

= value of ^ at ^ etc. 


sin ( 37 r/ 2 0 ) 
sin (7r/20) 

Isin (7ir/20) 


1 ) In 


sin ( 57 r/ 20 ) 


■f (^2 — ^- 2 ) In 

+ (^4 - ^- 4 ) In 


sin ( 57 r/ 20 ) 


sin ( 37 r/ 20 )| 

sin (97r/20)|-| 
Isin (77r/20)lJ 


Still further solutions are given in Refs. 8.4 and 8.5. 
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Integration of 

, ^ -Fo rb /2 _ydj/_ 

irh J-b/2 (yj - y) v'6® - 4y* 

As previously noted, the denominator of the above expression vanishes at the 
points y = 2/1, 6 / 2 , and — 6 / 2 , and we must therefore integrate the ranges 
(— 6 / 2 ) + €1 to 2/1 — € 2 , 2/1 + ^2 to ( 6 / 2 ) — cs and finally obtain the complete 
value of the integral by taking the limits as € 1 , € 2 , and €3 approach zero. 



The problem may be simplified by making a trigonometric substitution, 


6 . 
2/ = - 2 ^ 

dy = ^ sin d dS 
6 

2/1 = - o cos a 


where a, which corresponds to the span station at which the down wash is sought, 
is held constant while the integration is being performed. 

The new limits are 0 for — 6/2 and t for 6 / 2 . 

We now have 

^ X h f"" e dd 

^ ' 27r6 Jo cos 6 — cos a ^ 

Dividing the numerator by the denominator, we get 

(3) 

2 x 6 Jo V cos 6 — cos a/ 

which becomes directly 

To Fq cos a fv dd 
26 2x6 Jo cos ^ — cos a 
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w 


(4) 
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Since the integral of the last term occurs under other circumstances, we shall 
take it out separately for consideration, writing 


/= P__ 

Jo COS ^ — cos Of 


(5) 


A further simplification occurs if we write tan (6/2) = x. Then 0^2 tan~^ x 
and dS = 2/(1 + x^) dx. The integral becomes 


I = 



1 +r 


dx 


cos (2 tan“^ x) — cos a 



_^_ 

tan* - - a:* 
z 


The integration of this discontinuous function [the integral becomes infinite 
when tan (a/2) = x] must be performed from 0 to tan (a/2) — € and from 
tan (a/2) -f € to a, finally letting c —^ 0. For proper evaluation it becomes 
expedient to change the signs of the second integral and to make the upper 
limit tj a large number. Then 


1 / dx r dx \ 

cos^ I \Jq tan* f ~ Y 


( 6 ) 


Integrating, we have 
I 


J = 


2 Of 

cos* - 


1 , 
In 


2 tan ^ tan ^ — x 


tan - — « 


Jo 


COS*- 


a: + tan ^ 

-In- - 

2 tan^ X — tan ^ j 




which expands to 
/ = 


o • a a \ c 

2 sin ^ cos -s \ 


i — tan • 


+ In 1 — In 


t + tan ^ 


+ In- 


2 tan - -h 


Dropping the second term as equal to zero and combining the first and fourth, 
we have 


7 


sm a 


tan^ 

2 tan 2 — « 1-- 

In- - -In — ' 


2 tan ? + « 
h 


tan? 


1 + 


Passing to the limit as € —♦ 0 and f —♦ oo, we see that the final value of the 
integral 7 = 0, or 
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I = /■'_ ^ _ 

Jo 008 0 — COS a 

For the more general integral 


= 0 


'■=/«' 


cos nd 


cos u — cos a 


(id 


it is simplest to assume values for n and treat each term separately. For instance, 
let n = 2. We have then 


Jo cos 6 — cos a Jo cos 0 

and by simple division 


ir 2 cos2 e 


cos a 


dS 


I2 = I 2 cos 0 (W 2 cos a — ^ dB — I ^ — — 

Jo Jo cos 0 — cos a Jo cos 0 — cos a 


(10 


By direct integration the first integral drops out as equal to zero, and by Eq. (7) 
the last integral is zero, too. The middle integral, by division, becomes 


I 2 ~ 2 cos 


a rde + 2Qos^a f'- - 

Jo Jo cos 0 — cos a 


d0 


of which the last integral is again zeio. Thus 

, ^ 27r cos a sin a tt sin 2« 

1 2 = 27r cos a = —;-= - 


By inspection, since we liad selected 7? = 2, we have 


In 


r 

Jo <•' 


)S 710 
OS 0 — COS< 


(10 


TT sin 7ia 
sin a 


(S) 


The student may easily check the ^alidity of hkp (S) by assuming values of n 
as above. 

For the completion of l']q. (4), using Kq. (7), w^c see that 


_ To 
^ ” 26 


( 9 ) 



ANSWERS TO PROBLEMS 


1.1. R - 3t + 3i - 5fc 
|R| = 6.56 

1.3. R = + + k 

1.6. M and N are parallel 

1.7. a = 56.1®, ^ = 68.2°, y = 138.0° 


1.2. R = 4t + 3j - 2k 
|R| = 5.385 

1.4. R = A • B = -34 
1,6. e = 170° 


1.8. 129.5° 
1.10. -24 

1 . 12 . iV, ^ 


1,9. -8i - 20i - 32* 
1.11. 8i + 20i + 32* 


+ 


iV> 


dAy 

dy 


+ iVs 


dj^ 

dz 


plus six more terms 


1.14. 61.0® 2.2. 2 = 3t - 2j 

3.1. Yes 3.2. Yes 


3.3. rp = 50a; — 86.52/ 

3.4. 24 = —4 ft per sec, q = 8.95 ft per sec 
v = 8 ft per sec, 6 — 116® 

3.6. 24 = 16 ft per sec, v = 21 ft pei sec 
q = 26.4 ft per sec, 6 == 52.7® 

3.6. qr = 7.14 ft per sec, qe = —15.02 ft per sec 
q = 16.62 ft per sec, d = 25.4® 

3.8. qr = 3.14 ft per sec, qe = —2.47 ft per sec 
q = 3.99 ft per sec 

3.9. 2.97 ft 3.10. Q = 7600 sq ft per sec 

3.11. q^Mx = 126 ft per sec at 117® from v axis 

3.12. 2,141, 2,117, and 2,039 lb per sq ft 

3 . 13 . ^ = 0.04 

5 

3.14. 14.6 from horizontal 

4.4. yp = 2xy 4.6. </> = —2x2/ 

4.6. q = 8.95 ft per sec 4.7. Yes 

4.8. Not irrotational 4.11. —48.6® 

4.12. 137.5 ft per sec at 146® to horizontal 

6.1. No 6.3. Usually not required 

6.6. Cl = 0.438, = 0 6.7. = -0.072 

6 .8. a;;/. = -3.44®, = -0.0944, C.P. = -0.486 

6.9. 6.84 pel radian, 1.095 X 27r 

6.10. 0.894 6.11. NACA 4515 


6.12. az/. = -4.59®, = -0.125, C.P. = -0.56 

9.1. 265 sq ft per sec 

9.3. 5.09 ft per sec 9.4. 1.19 ft per sec 

10.3. When wings are separate, the drag is doubled 

10.4. (1) 2,660; (2) 2,880; (3) 2,730 

11.2. Yes 11.3. I^ess 
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INDEX 


A 

Abbott, 1. H., 120, 133, 142, 150, 152 
Additional pressure distribution, 110, 
136, 138 

Aerodynamic center, 86, 95 
Airfoil, aerodynamic center of, 86, 95 
angle of attack of, 81 
angle of zero lift, 85,88,91,98,120,178 
arbitrary, 129, 155 

camber of, elfect of, on angle of zero 
lift, 85 

on lift curve slope, 85 
on moment, 85, 86 
meaning of, 141 
cambered Joukowski, 97, 100 
pressure over, 112 
center of pressure of, 86, 106, 120 
characteristics of, 120 
circular-arc, 88 

with constant center of pressure, 129 
construction of, 100 
cusp trailing edge, effect of, 115 
design lift coefficient of, 91 
drag bucket of, 91 
flat-plate, 87, 128 
general equation of, 87 
graphical construction of, 100 
ideal angle of, 91, 110, 132, 167 
Joukowski, 79 
Kdrmdn-Trefftz, 114 
lift curve slope of {see Slope of lift 
curve) 

with parabolic camber, 129 
pressure distribution of {sec Prcshiuc 
distribution) 

simulation of, by vortices, 134 
with specified pressure distribution, 176 
stagnation points of, 82, 91, 105 
symmetrical Joukowski, 91 
chord of, 93 
pressure over, 106 
thick, 155 
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Airfoil, thin, 120 

Allen, H. J., 120, 144, 152, 176 

Angle, ideal, 110, 167 

of Joukowski airfoil, 113 
of zero lift, 85, 88, 91, 98, 120, 178 
for cambered airfoil, 98 
for circular-arc airfoil, 91 
for flat-plate airfoil, 88 
Arbitrary thin airfoil, 129 
Argument of complex number, 13 
Aspect ratio, 248 
local, 247 
Avanzini, G., 88 

B 

Bairstow, L., 78 
Basic pressure distribution, 140 
Bernoulli’s equation, 24, 27, 38, 48, 51 
55, 59 

Binomial theorem, 22 
Biot-Savart law, 124, 186, 200 
Blasius, 72 
Blasius equations, 68 
Boundaries, circular, 266 
flat, 269 

rectangular, 272 
single, 265 

Boundary conditions, 28 
Boundary layer, drag of, 178 
effect of, 172 
laminar, 106 
turbulent, 178 

C 

('amber, 88, 97 

Cauchy’s second theorem, 15, 84 
Cauchy-Riemann equations, 64 
Center of pressure, 86, 88 
constant, 129 

Characteristics of airfoil, 120 
Circle, nrajor, 102 
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Circle, near, 120 
pseudo, 120, 155 
Circular-arc airfoil, 88 
Circular cylinder, 46 
Circulation, 52 
Complex variables, 12 
properties of, 13 
Continuity, equation of, 25 
Corrections for aspect ratio, 203 

D 

d^Alembert, 24, 25 
d^Alembert’s paradox, 48, 61 
Del, 9 

de Moivre’s theorem, 160 
Determinants, 21 
Dihedral, 243 
effective, 244 
Direction cosines, 7 
Downwash, 182, 193, 198, 217, 224 
Drag, estimation of, 178 
induced, 181 
minimum, 185, 202 
skin-friction, 178 

E 

Edge correction, 207 

Elliptic loading, 194, 197, 217, 227, 230 

End plates, 181 

Kquipotential lines, 66 

Euler, 24, 26, 62 

F 

Flaps on thin airfoil, 133 
Flat-plate airfoil, 128 
coefficients of, 128 
pressure distribution over, 135 
Flatt, J., 253 
Fluids, 24 
perfect, 24 

perfect incompressible, 24 
Fourier series, 17, 19 
Fundamental wing equation, 200 

G 

General airfoil equation, 87 
General force equation, 71, 87 
Glauert, H., 120, 125, 272 


Goldstein, S., 58 
Gradient, 9 
Ground effect, 265 

H 

Helmholtz, 48, 183 
Hyperbolic function, 20 

I 

Ideal angle, 91, 132, 150, 167, 168 
determination of, 139 
Ideal lift coefficient, 168 
Imaginary quantity, 12 
Induced angle of attack, 203 
Induced drag, 248 
Induced velocities, 217 
Inertia factor, 277 
Irrotational motion, 51, 56, 57, 62 

J 

Jacobs, 120, 152 
Joukowski, 77 
Joukowski airfoils, 79 
Joukowski transformation, 75, 100, 121, 
155 

ill reverse, 155 

K 

Kdrm^n-Trefftz airfoil, 115 
Kirchhoff, 29 
Kutta, 76, 79 

Kutta condition, 91, 132, 208 
Kutta-Joukowski theorem, 61, 165, 173 

L 

Laminar boundary layer, 106, 178 
Lanchester, F. W., 181, 222 
Laplacian, 10, 16, 64 
Lift, effect of separation on, 106 
of Joukowski airfoil, 79 
Kutta-Joukowski theorem of, 61 
maximum, 84 
of rotating cylinder, 61 
slope of curve of {see Slope of lift curve) 
of thin airfoil, 79 

Loading, elliptic, 194, 197, 217, 227, 230 
rectangular wing-type, 194, 227 
uniform, 194, 195, 217 
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M 

Mach number, critical, 47 
Mass, apparent, 276 
Modulus, of complex number, 13 
Moment, of airfoil, 88, 91, 95, 98, 124 
of wing, 212 
Motion, equation of, 20 
Multhopp, H., 245 
Multhopp coefficients, 250 

N 

Near circle, 120 
Newton, 84 

Nondimensional plane, 127 
P 

Parabolic-camber airfoil, 129 
Perfect fluid, 24 
Piercy, N. A. V., 197 
Pinkerton, R. M., 171 
Plane, nondimensional, 127 
Plotting by using 33 
Polar representation, 22, 30 
Potential function, 67 
Prandtl, L., 181 

Prandtl downwash equation, 194 
Prandtrs hypothesis, 183 
Pressure coefficient, 150 
Pressure distribution, 104 
additional, 110, 130, 138 
basic, 137, 140 

calculation of, for arbitrary airfoil, 155 
for Joukowski airfoil, 107 
for Kdrmdn-Trefftz airfoil, 119 
for thin airfoil, 120, 134 
discussion of, 110 
due to camber, 140 
due to moment, 140 
effect of sharp leading edge on, 119 
for fiat plate, 110 
ideal, 110 
at ideal angle, 137 
on lower surface, 144 
rapid estimation of, 149 
specified, 176 
over thin airfoil, 124, 134 
at trailing edge, 149 
Trefftz method, 112 


Pressure distribution, on upper surface, 
144 

zero-lift, 138 
Pseudo circle, 120, 155 

R 

Rankine oval, 41, 44, 45 
Reference airfoil, 177 
Reynolds, 24 

Reynolds number, 24, 28, 178 
Roll-up, 227 
of vortices, 182 
Rotating cylinder, 61 
Rotation, 52 

S 

Schrenk, O., 239 
method of, 255 

Separation, effect of, on lift, 106 
Singular points, 33 

Slope of lift curve, airfoils, cambered, 98 
circular-arc, 90 

effect on, of trailing-edge angle, 95 
experimental, 95 
flat-plate, 87 
general, 85 
symmetrical, 94 
wings, elliptic, 206 
rectangular, 212 
tapered, 214 
Span, effective, 205 
vortex, 227 

elliptic loading, 228 
tapered wings, 229 
Span loading, 194 
Stagnation point, 37, 80, 105 
Stivers, 120, 142, 150, 152 
Stream function, 29 
for sink, 32 
for source, 32 
for uniform flow, 31 
for vortex, 54 
Streamline, 29 
Sweepback, effect of, 241 
Symmetrical airfoil, 91 

T 

Taper ratio, 214 

Thomson, Sir William (liord Kelvin), 184 
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Theodorsen, T., 120,133,149,165,171 
Theodorsen’s condition, 91 
Thin airfoils, 120 
arbitrary, 129 
characteristics of, 130 
definition of, 120 
with flaps, 133 
lift of, 122 
lift coefficient of, 124 
moment coefficient of, 124 
pressure distribution over, 134 
reference chord of, 132 
velocity over, 122 
Trailing*edge angle, effect of, 95 
Trailing vortices, 181 
Transformations, conformal, 75 
Joukowski, 76, 121 
Kdrm&n-Trefftz, 115 
of velocity, 76 
von Mises, 115 

Trefftz graphical construction, 100 
Turbulent boundary layer, 106, 178 
Twist, linear, 258 
uniform, 258 

U 

Uniform loading, 194, 195, 217 
V 

Vectors, 1 
addition of, 2 
angle between, 7 
components of, 1 


Vectors, cross product of, 3 
derivative of, 8 
dot product of, 6 
subtraction of, 2 
triple product of, 6 
Velocity, potential, 62, 276 
over thin airfoil, 122 
von Doenhoff, A. E., 120, 133, 142, 150, 
152 

Vortex, bound, 184 
horseshoe, 217 
motion, 51 
span, 227 
starting, 183 
strength of, 53 
three-dimensional, 51, 183 
trailing, 181, 217 
two-dimensional, 51 
Vorticity, 53 

W 

Wind-tunnel corrections, 266 
closed round jet, 266 
open round jot, 268 
rectangular, 272 
Wings, rectangular, 209 
tapered, 214 
Wright Brothers, 181 

Z 

Zero lift, angle of, 88,91,98,120,178 
Zero-lift pressure distribution, 136, 138 





